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A scheme for locally adaptive bandwidth selection is proposed which
sensitively shrinks the bandwidth of a kernel estimator at lowest density
regions such as the support boundary which are unknown to the statisti-
cian. In case of a Holder continuous density, this locally minimax-optimal
bandwidth is shown to be smaller than the usual rate, even in case of ho-
mogeneous smoothness. Some new type of risk bound with respect to a
density-dependent standardized loss of this estimator is established. This
bound is fully non-asymptotic and allows to deduce convergence rates at
lowest density regions that can be substantially faster than n=1/2. It is
complemented by a weighted minimax lower bound which splits into two
regimes depending on the value of the density. The new estimator adapts
into the second regime, and it is shown that simultaneous adaptation into
the fastest regime is not possible in principle as long as the Holder expo-
nent is unknown. Consequences on plug-in rules for support recovery are
worked out in detail. In contrast to those with classical density estimators,
the plug-in rules based on the new construction are minimax-optimal, up
to some logarithmic factor.

1. Introduction. Adaptation in the classical context of nonparametric func-
tion estimation in Gaussian white noise has been extensively studied in the statis-
tical literature. Since Nussbaum (1996) has established asymptotic equivalence in
Le Cam’s sense for the nonparametric models of density estimation and Gaussian
white noise, a rigorous framework is provided which allows to carry over specific
statistical results established for the Gaussian white noise model to the model
of density estimation, at least in dimension one. Density estimation is as one of
the most fundamental problems in statistics subject to a variety of recent stud-
ies, see e.g. Efromovich (2008), Gach, Nickl and Spokoiny (2013), Lepski (2013),
Birgé (2014) and Liu and Wong (2014). It has become clear that under the con-
ditions for the asymptotic equivalence to hold, minimax rates of convergence in
density estimation with respect to pointwise or mean integrated squared error loss
coincide with the optimal convergence rates obtained in the context of nonpara-
metric regression, and the procedures are typically identical on the level of ideas.
A main requisite on the density for Nussbaum’s (1996) asymptotic equivalence
is the assumption that it is compactly supported and uniformly bounded away
from zero on its support. If this assumption is violated, the density estimation
experiment may produce statistical features which do not have any analog in the
regression context. For instance, minimax estimation of non-compactly supported
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densities under L,-loss bears striking differences to the compact case, see Juditsky
and Lambert-Lacroix (2004), Reynaud-Bouret, Rivoirard and Tuleau-Malot (2011)
and Goldenshluger and Lepski (2011, 2013). The minimax rates reflect an interplay
of the regularity parameters and the parameter of the loss function, an effect which
is caused by the tail behavior of the densities under consideration. In this article we
recover such an exclusive effect even for compactly supported densities. It turns out
that minimax estimation in regions where the density is small is possible with higher
accuracy although fewer observations are available, leading to rates which can be
substantially faster than n~/2. Even more, this accuracy can be achieved to a large
extent without a priori knowledge of these regions by a kernel density estimator
with an adaptively selected bandwidth. As discovered by Butucea (2001), the exact
constant of normalization for pointwise adaptive univariate density estimation on
Sobolev classes depends increasingly on the density at the point of estimation itself.
The crucial observation is that the classical bias variance trade-off does not reflect
the dependence of the kernel estimator’s variance on the density, which brings the
idea of an estimated variance in the bandwidth selection rule into play. Although
Butucea’s interesting result requires the point of estimation to be fixed, it suggests
that a potential gain in the rate might be possible at lowest density regions. In
this paper we investigate the problem of adaptation to lowest density regions un-
der anisotropic Holder constraints. A bandwidth selection rule is introduced which
provably attains fast pointwise rates of convergence at lowest density regions. On
this way, new weighted lower risk bounds over anisotropic Holder classes are estab-
lished, which split into two regimes depending on the value of the density. We show
that the new estimator uniformly improves the global minimax rate of convergence,
adapts to the second regime and finally that adaptation into the fastest regime is
not possible in principle if the density’s regularity is unknown. We identify the best
possible adaptive rate of convergence

__B_
n B+d

up to a logarithmic factor, where 3 is the unnormalized harmonic mean of the d-
dimensional Holder exponent.

This breakpoint determines the attainable speed of convergence of plug-in estima-
tors for functionals of the density where the quality of estimation at the boundary
is crucial. We exemplarily demonstrate it for the problem of support recovery. In
order to line up with the related results of Cuevas and Fraiman (1997) about plug-
in rules for support estimation and Rigollet and Vert (2009) on minimax analysis
of plug-in level-set estimators, we measure the performance of the plug-in support
estimator with respect to the global measure of symmetric difference of sets under
the margin condition (Polonik (1995), see also Mammen and Tsybakov (1999) and
Tsybakov (2004)). In contrast to level set estimation however, plug-in rules for the
support functional possess sub-optimal convergence rates when the classical kernel
density estimator with minimax-optimal global bandwidth choice is used. We derive
the optimal minimax rate for support recovery

B
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where v denotes the margin exponent, d the dimension and 3 the isotropic Holder
exponent. Our result demonstrates that support recovery is possible with higher
accuracy than level set estimation as already conjectured by Tsybakov (1997). We
finally show that the performance of the plug-in support estimator resulting from
our new density estimator turns out to be minimax-optimal up to a logarithmic
factor.

The article is organized as follows. Section 2 contains the basic notations. In Sec-
tion 3 the adaptive density estimator is introduced, new weighted lower pointwise
risk bounds are derived and the optimality performance of the estimator is proved.
Section 4 addresses the important problem of density support estimation as an ex-
ample of a functional which substantially benefits from the new density estimator.
The proofs are deferred to Section 5 and the supplemental article [Patschkowski
and Rohde (2015)].

2. Preliminaries and notation. All our estimation procedures are based
on a sample of n real-valued d-dimensional random vectors X; = (X, 1,..., Xi.4),
t=1,...,n (d > 1 and if not stated otherwise n > 2), that are independent and
identically distributed according to some unknown probability measure P on R¢
with continuous Lebesgue density p. E?” denotes the expectation with respect to
the n-fold product measure P®". Let

n

ZKh(t - Xi),

i=1

. R 1
pn,h(t) = pn,h(ta Xq,. .. aXn) = ﬁ
denote the kernel density estimator with d-dimensional bandwidth h = (hq,..., hq)
at point t € R%, where

Kn(z) := (f[l h) B K (ii . fLZ)

describes a rescaled kernel supported on H?:ﬂ_hzv h;]. The kernel function K is
assumed to be compactly supported on [—1,1]¢ and to be of product structure, i.e.
K(x1,...,xq) = [, Ki(z;). Additionally, K, 5, (z) := h; ' Ki(z/h),i = 1,...,d.
The components K; are assumed to integrate to one and to be continuous on its
support with K;(0) > 0. If not stated otherwise, they are symmetric and non-
negative, implying that the kernel is of first order. Recall that K is said to be
of kth order, k = (k1,...,kq) € N if the functions z — 2! K;(z;), ji € N with
1<5; <k i=1,...,d, satisfy

/ &) Ki(x)dN ;) = 0,

where A denotes the Lebesgue measure on R? throughout the article. The Lebesgue
measure on R is denoted by A. For any function f : R — R and = (1, ...,24) €R?
we define the univariate functions

fi7$2R—>R

(2.1)
Y= f($17-~-al’i—1,y733i+17--~7$d)-
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and denote by Pé’;”) the Taylor polynomial

l (k)
(2.2) %ﬁWJ:Efo)c—wk

k=0 k

of f; . at the point y € R of degree [ (whenever it exists). Let 5(8, L) be the
anisotropic Holder class with regularity parameters (3, L), i.e. any function f be-
longing to this class fulfills for all y, 7’ € R the inequality

sup |fl,£(y) - fi,m(y/)

zER4

for those i € {1,...,d} with 8; < 1, and in case §; > 1 admits derivates with
respect to its i-th coordinate up to the order |f3;] := max{n € N : n < f;}, such
that the approximation by the Taylor polynomial satisfies

sup | fia(y) — B8] () for all y,y € R.

z€ERY

For adaptation issues, it is assumed that 8 = (81,...,84) € Hz 11871, B1,) and
L € [L}, Ly] for some positive constants 8}, < Bf,, i = 1,...,d, and Ly < L.

For short, we simply write 8* and L* for the couples (Br ,ﬁ*) and (LZ‘,LZ), and

u
finally R(8*, L*) for the rectangle Hl BE s BEL) < (L], Ly] - Tt turns out that all
rates of convergence emerging in an amsotroplc setting involve the unnormalized
harmonic mean of the smoothness parameters

= (25)

To focus on rates only and for ease of notation we denote by ¢ positive constants that
may change from line to line. All relevant constants will be numbered consecutively.
Dependencies of the constants on the functional classes’ parameters are always
indicated and it should be kept in mind that the constants can potentially depend
on the chosen kernel, the loss function and the dimension as well. Furthermore,
P4(B, L) denotes the set of all probability densities in J5(5, L). It is well-known
that any function f € P4(8, L) is uniformly bounded by a constant

(2.3) (8, L) = sup{|[pllsup : p € Za(B, L)}

depending on the regularity parameters only.

-1

3. New lower risk bounds, adaptation to lowest density regions.
The fully nonparametric problem of estimating a density p at some given point
t = (t1,...,tq) has quite a long history in the statistical literature and has been
extensively studied. Considering different estimators, a very natural question is
whether there is an estimator that is optimal and how optimality can be exactly
described. A common concept of optimality is stated in a minimax framework.
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An estimator T,,(t) = T, (t, X1,...,Xy) is called minimax-optimal over the class
P4(B, L) if its risk matches the minimax risk

inf sup  E&™|T,,(t) — p(t)|”

Tn(t) pe2,4(8,L) p "
for some r > 1, where the infimum is taken over all estimators. However, the mini-
max approach is often rated as quite pessimistic as it aims at finding an estimator
which performs best in the worst situation. Different in spirit is the oracle approach.
Within a prespecified class .7 of estimators, it aims at finding for any individual
density the estimator T,, € .7 which is optimal, leading to oracle inequalities of the

form
Qn (A r . ® r
ES" T (t) — p(t)]" < CT,ILréfﬂ ES" T (t) —p()|" + Ry

with a remainder term R, depending on the class 7, the underlying density p
and the sample size only. Besides having the drawback that there is no notion
of optimality judging about the adequateness of the estimator’s class, an equally
severe problem may be caused by the fact that the remainder term is uniform in &
and thus a worst case remainder. The latter is responsible for the fact that our fast
convergence rates cannot be deduced from the oracle inequality in Goldenshluger
and Lepski (2013), the order for their remainder being unimprovable, however. In
this article, we introduce the notion of best possible p-dependent minimax speed of
convergence ¢Z(t)7 .L within the function class &24(8, L) and aim at constructing
an estimator T, (¢) bounding the risk

PEP4(B,L) teR*:

sup sup Ef?" (
p(t)>0

T (t) — p<t>|>r

n
p(t),8,L

uniformly over a range of parameters (8, L). Firstly, this requires a suitable defini-
tion of the quantity wg(t) 8L

3.1. New weighted lower risk bound. As we want to work out the explicit
dependence on the value of the density, it seems suitable to fix an arbitrary constant
e € (0,1), and to pick out maximal not necessarily disjoint subsets Us of Z4(3, L)
with the following properties: UUs = {p € P4(8,L) : p(t) > 0}, and pairwise
ratios p(t)/q(t), p,q € Us, are bounded away from zero by € and from infinity by
1/e. This motivates the construction of the subsequent theorem.

THEOREM 3.1 (New weighted lower risk bound).  For any 8 = (81, ..., B4) with
0<pi<2,i=1,...,d, L >0 and r > 1, there exist constants ca(8,L,r) > 0 and
no(B, L) € N, such that for every t € R the pointwise minimazx risk over Hélder-
smooth densities is bounded from below by

T _ T
inf inf sup  ES" (M) > (B, L)
0<8<c1(B,L) Tn(t) pepy(B,L): %(t),ﬁ
§/2<p(t)<s

_B
for alln > no(B, L), where 1y 5 :=x A (x/n)25+ and c1(B, L) defined in (2.3).



REMARK 3.2. (i) The lower bound of the above theorem is attained by the oracle
estimator

(3.1) To(t) = P, s(t) - 1{6 >n= /DY

I
with hys; = (6/n)2é+1 % . Hence, wg(t) 5 cannot be improved in principle. We re-
fer to it in the sequel as p-dependent speed of convergence within the functional

class 248, L).

(ii) Note that for the classical minimaz rate n~P/(28+1)

T (t) — p(t)|\"
lim inf inf sup Ef?" (M> =0
n—00 0<6<ec1(B,L) Tn(t) pEP4(B,L): n—B/(2B+1)
0/2<p(t)<d

as a direct consequence of the subsequently formulated Theorem 3.3. The p-dependent
speed of convergence Y7, 5 U8 of substantially smaller order than the classical one
along a shrinking neighborhood of lowest density regions.

Note that the exponent 3/(23 + 1) implicitly depends on the dimension d and
coincides in case of isotropic smoothness with the well-known exponent 8/(28+d).
It splits into two regimes which are listed and specified in the following table.

Regime Rate 1y g
__B
(i) x<mn B+ x
__B_ 3
(ii) n A+t <z <c(B,L) (£) 28+

The worst p-dependent speed of convergence within &4(3, L), namely

sup Yy s,
0<z<eci1(B,L)

reveals the classical minimax rate n~%/(2f+1) The fastest rate in regime (ii) is of
the order o o
n BB for = B/BHD),

which is substantially smaller than the classical minimax risk bound. Figure 1
visualizes the split-up into the regimes and relates the new p-dependent rate of
Theorem 3.1 to the classical minimax rate for different sample sizes from n = 50
to n = 800.
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z
(B, L)

F1c 1. New lower bound (solid line), Classical lower bound (dashed line)

It becomes apparent from the proof that the lower bound actually even holds for
the subset of (3, L)-regular densities with compact support. At first glance however,
the new lower bound is of theoretical value only, because the value of a density at
some point to be estimated is unknown. The question is whether it is possible to
improve the local rate of convergence of an estimator without prior knowledge in
regions where fewer observations are available, that is, to which extent it is possible
to adapt to lowest density regions.

3.2. Adaptation to lowest density regions. Adaptation is an important chal-
lenge in nonparametric estimation. Lepski (1990) introduced a sequential multiple
testing procedure for bandwidth selection of kernel estimators in the Gaussian white
noise model. It has been widely used and refined for a variety of adaptation is-
sues over the last two decades. For recent references, see Giné and Nickl (2010),
Chichignoud (2012), Goldenshluger and Lepski (2011, 2013), Chichignoud and Led-
erer (2014), Jirak, Meister and Reifl (2014), Dattner, Reifl and Trabs (2014), and
Bertin, Lacour and Rivoirard (2014) among many others. Our subsequently con-
structed estimator is based on the anisotropic bandwidth selection procedure of
Kerkyacharian, Lepski and Picard (2001), which has been developed in the Gaus-
sian white noise model, but incorporates the new approach of adaptation to lowest
density regions. Although Goldenshluger and Lepski (2013) pursue a similar goal
via some kind of empirical risk minimization, their oracle inequality provides no
faster rates than n~'/2 times the average of the density over the unit cube around
the point under consideration. They deduce from it adaptive minimax rates of con-
vergence with respect to the L,-risk over anisotropic Nikol’skii classes for density
estimation on R?. As concerns adaptation to lowest density regions such as the
unknown support boundary, this oracle inequality is not sufficient as no faster rates
than n~'/2 can be deduced from it, and it is not clear whether these faster rates
are attainable for their estimator in principle. Besides having the drawback that
there is no notion of optimality judging about the adequateness of the estimator’s
class, an equally severe problem of the oracle approach may be caused by the fact
that the remainder term is uniform in the estimator’s class and thus a worst case
remainder. The latter is responsible for the fact that our fast convergence rates
cannot be deduced from the oracle inequality in Goldenshluger and Lepski (2013),
the order for their remainder being unimprovable, however. It raises the question



whether this imposes a fundamental limit on the possible range of adaptation. We
shall demonstrate in what follows that it is even possible to attain substantially
faster rates, indeed that adaptation to the whole second regime of Theorem 3.1 is
an achievable goal, and that this describes precisely the full range where adaptation
to lowest density regions is possible as long as the density’s regularity is unknown.
Our procedure uses kernel density estimators p,, ,(¢) with multivariate bandwidths
h = (hi,...,hq), which are able to deal with different degrees of smoothness in
different coordinate directions. Note that optimal bandwidths for estimation of
Holder-continuous densities are typically derived by a bias-variance trade-off bal-
ancing the bias bound

d
(3.2) p(t) = ES"Pnn(t)] < c(B,L)- > h",
i=1
see (5.3) in Section 5 for details, against the rough variance bound
L)||K|)3
(33) Var(, (1) < DI
nlizi i

where |- |2 is the Euclidean norm (on Ly(A?)). This bound leads to suboptimal rates
of convergence whenever the density is small since it is not able to capture small
values of p in a small neighborhood around ¢ in contrast to the sharp convolution
bound

(3.4) Var(on u(1)) < ~((Kn)? #p)(1) = o7(h).

Balancing (3.2) and (3.4) leads to smaller bandwidths at lowest density regions as
compared to bandwidths resulting from the classical bias-variance trade-off between
(3.2) and (3.3). The convolution bound (3.4) is unknown and it is natural to replace
it by its unbiased empirical version

n

- 1 t—X;
A = e DK (5.
=1

i i=1

However, 62(h) concentrates extremely poorly around its mean if the bandwidth h
is small, which is just the important situation at lowest density regions. Precisely,
Bernstein’s inequality provides the bound

~2

53 (h) 3 :
. —1‘277) < 2exp | — oZ(h)-n* || 7],
o2 () 2 anEis,

sup

(3.5) Pe" (

which suggests to study the following truncated versions instead

log2 n

2 . 2

Ut,trunc(h) = maX{Wv O (h)}7
1= K3

log2 n

~2 N ~2

Ut,trunc<h) ‘= max { n2 Hd ) h2 y Ot (h) }
i=1""

(3.6)
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Without the logarithmic term, the truncation level ensures tightness of the family
of random variables 67 e (h)/07 ¢runc(h), because the exponent in (3.5) remains a
non-degenerate function in 7. The logarithmic term is introduced in order to guar-
antee sufficient concentration of supy, [1— 67 ,une(h)/07 trunc (7).

Construction of the adaptive estimator. Our estimation procedure is devel-
oped in the anisotropic setting, in which neither the variance bound nor the bias
bound provides an immediate monotone behavior in the bandwidth. Unlike in
the univariate or isotropic multivariate case, Lepski’s (1990) idea of mimicking
the bias-variance trade-off fails. Consequently, our estimation scheme imitates the
anisotropic procedure of Kerkyacharian, Lepski and Picard (2001) and Klutchnikoff
(2005), developed in the Gaussian white noise model, with the following changes.
Firstly, their threshold given by the variance bound in the Gaussian white noise set-
ting is replaced essentially with the truncated estimate in (3.6), which is sensitive to
small values of the density. Moreover, it is crucial in the anisotropic setting that our
procedure uses an ordering of bandwidths according to these estimated variances
instead of an ordering according to the product of the bandwidth’s components.
The bandwidth selection scheme chooses a bandwidth in the set

g

d
H::{h:(hl,..., eH mw:Hhizlo
i=1

where for simplicity we set (Amax,1, - s Pmax,a) = (1,...,1). Let furthermore

J = {j:(jlv-“vjd €N : Zﬁ— PO& <10;”>J}

be a set of indices and denote by

G = {(2‘?’1,...,2‘”) :jej} Cc H

the corresponding dyadic grid of bandwidths, that serves as a discretization for the
multiple testing problem in Lepski’s selection rule. For ease of notation, we abbre-
viate dependences on the bandwidth (277t,...,277¢) by the multiindex j. Next,
with 7 A m denoting the minimum by component, the set of admissible bandwidths
is defined as

A= A(t) = {j € T+ [pngnm(t) = (D] < c10y/67 () logn

(3.7)
for all m € J with 62(m) > &f(j)},

with a properly chosen constant c¢14 = ¢14(5*, L*) satisfying the constraint (5.17)

appearing in the proof of Theorem 3.3. Here, both the threshold and the ordering

of bandwidths are defined via the truncated variance estimator

A . N K 261
O'tz(h) ‘=Inn {U?,trunc(h)’ ng}
n]lizq hi
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log? 1 t—X; K|?
(3.8) =min{ max ogd i , p ZKQ ( > ’ I (9261 7
n? [[i— h  n? [Ticy h3 h n iz b

A e

where ¢; = ¢1(8*, L*) is an upper bound on ¢;(8, L) in the range of adaptation.
The threshold in (3.7) could be modified by a further logarithmic factor to avoid
the dependence of the constants on the range of adaptation. Recall again that this
refined estimated threshold is crucial for our estimation scheme. The procedure
selects the bandwidth among all admissible bandwidths with

(3.9) 7 =j(t) € argmin 62(j).
jeA
Finally,
Dn = ﬁn,j Acy

defines the adaptive estimator. In case of isotropic Holder smoothness it is sufficient
to restrict the grid to bandwidths with equal components, and we even simplify the
method by replacing the ordering by estimated variances in condition (3.8) ”for all
m € J with 62(m) > 62(j)” by the classical order "for all m € J with m > j” as
the componentwise ordering is the same for all components.

Performance of the adaptive estimator. Clearly, the truncation in the threshold
imposes serious limitations to which extent adaptation to lowest densities regions
is possible. However, a careful analysis of the ratio

sup 5—t2,trunc(h) 1
h U?,trunc(h)

rather than the difference supy, |67, une (h) — 07 (runc (7)| allows to prove indeed that

adaptation is possible in the whole second regime.

THEOREM 3.3 (New upper bound).  For any rectangle R(8*, L*) with [}, B} ,] C
(0,2], [L}, L] C (0,00) and r > 1, there exists a constant c3(8*,L*,r) > 0,
such that the new density estimator p, with adaptively chosen bandwidth according

to (3.9) satisfies

~ T
sup sup  sup EZ" (M) < e3(B5,L5,7),
(B,L)ER(B*,L*) pePa(B,L) teR Vo). 8
where
- _B B
wp = {n #1V (z/n) 2ﬁ+1} (logn)®/2.

The p-dependent speed of convergence ql;g(t) 5 (except the logarithmic factor)
is plotted in Figure 2, which shows the superiority of the new estimator in low
density regions. It also depicts that the new estimator is able to adapt to regime
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(ii) up to a logarithmic factor, and that it improves the rate of convergence signifi-
cantly in both regimes as compared to the classical minimax rate. Besides, although
not emphasized before, p, is fully adaptive to the smoothness in terms of Hélder
regularity.

n =100

n = 200

n = 400
n = 800

T
(B, L)

Fic 2. New upper bound without logarithmic factor (solid line), Classical upper bound
(dashed line)

As 1 and 1) coincide (up to a logarithmic factor) in regime (ii) but differ in
regime (i), the question arises whether the breakpoint

n—B/(B+1)
describes the fundamental bound on the range of adaptation to lowest density

regions. The following result shows that this is indeed the case as long as the
density’s regularity is unknown.

THEOREM 3.4. For any B2 < p1 < 2 and any sequence (p(n)) converging to
infinity with

p(n) = O(nm (log n)73/2)7
there exist L1, Ly > 0 and densities p, € 21(01,L1) with
n—P1/(B1+1)

pn(t)

as n — 0o, such that for every estimator T, (t) satisfying

=o(1)

10 BT -] < etz (20) 7 ogny

there exist ng(B1, B2, L1, L2) and a constant ¢ > 0 both independent of t, with

E&™ | T, (t) — q(t
wp BB a0
qee@d(ﬁz,ng: n_m

g(t)<e(n)n” FarT

for all n > no(B1, B2, L1, La) and any sequence (c(n)) with c(n) > p(n)~1.
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The following consideration provides a heuristic reason why adaptation to re-
gime (i) is not possible in principle. Consider the univariate and Lipschitz contin-
wous triangular density p : R — R,z > (1 — |z)1{|=| < 1}. If §,, < n=#/(B+D) =
n~1/2, the expected number of observations in {p < 4, } is less than one. Without
the knowledge of the regularity, it is intuitively clear that it is impossible to predict
whether local averaging is preferable to just estimating by zero.

3.2.1. Adaptation to lowest density regions when 3 is known. If the Holder-
exponent 5 € (0,2] is known to the statistician, the form of the oracle estimator
(3.1) suggests that some further improvement in regime (i) might be possible by
considering the truncated estimator

(3.11) P 1{pu() = n 551 (log )t}

for some suitable constant ¢; > 0. In fact, elementary algebra shows that this
threshold does not affect the performance in regime (ii) (up to a logarithmic term).
For isotropic Holder smoothness, we prove in the supplemental article [Patschkowski
and Rohde (2015)] that the estimator (3.11) indeed attains the p-dependent speed
of convergence

piers = Vpin.e V1

up to logarithmic terms, with ¢} 5 as defined in Theorem 3.1. Here, the constant
(5 can be made arbitrarily large by enlarging c14 and (7. That is, if the Holder
exponent is known, adaptation to regime (i) is possible to a large extent.

3.2.2. Extension to S > 2. As concerns an extension of Theorem 3.1 and The-
orem 3.3 to arbitrary § > 2, Lemma 5.1 (ii) demonstrates that the variance of the
kernel density estimator never falls below the reference speed of convergence 1;;}( 1.8
However, it can be substantially larger, resulting in a lower speed of convergence
as compared to the reference speed of convergence. Therefore, it seems necessary
to introduce a p-dependent speed of convergence which does not incorporate the
value of the density p(t) only but also information on the derivatives. An exception
of outstanding importance are points ¢ close to the support boundary, because not
only p(t) itself but also all derivatives are necessarily small. Theorem A.1l, which
is deferred to the supplemental article [Patschkowski and Rohde (2015)], reveals
that our procedure then even reaches the fast adaptive speed of convergence at the
support boundary for every § > 0. In fact, as § — oo, adaptive rates arbitrarily
close to n~! can be attained.

4. Application to support recovery. The phenomenon of faster rates of
convergence in regions where the density is small may have strong consequences on
plug-in rules for certain functionals of the density. As an application of the results
of Section 3, we investigate the support plug-in functional. Support estimation has
a long history in the statistical literature. Geffroy (1964) and Rényi and Sulanke
(1963, 1964) are cited as pioneering reference most commonly, followed by further
contributions of Chevalier (1976), Devroye and Wise (1980), Grenander (1981),
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Hall (1982), Groeneboom (1988), Tsybakov (1989, 1991, 1997), Cuevas (1990), Ko-
rostelev and Tsybakov (1993), Hardle, Park and Tsybakov (1995), Mammen and
Tsybakov (1995), Cuevas and Fraiman (1997), Gayraud (1997), Hall, Nussbaum
and Stern (1997), Baillo, Cuevas and Justel (2000), Cuevas and Rodriguez-Casal
(2004), Klemel4 (2004), and Biau, Cadre and Pelletier (2008), Biau, Cadre, Mason
and Pelletier (2009), Brunel (2013), and Cholaquidis, Cuevas and Fraiman (2014)
as a by far non-exhaustive list of contributions. In order to demonstrate the sub-
stantial improvement in the rates of convergence for the plug-in support estimator
based on the new density estimator, we first establish minimax lower bounds for
support estimation under the margin condition which have not been provided in
the literature so far. Theorem 4.4 and Theorem 4.5 then reveal that the minimax
rates for the support estimation problem are substantially faster than for the level
set estimation problem, as already conjectured in Tsybakov (1997). In fact, in the
level set estimation framework, when [ and L are given, the classical choice of a
bandwidth of order n=1/(28+4) in case of isotropic Holder smoothness leads directly
to a minimax-optimal plug-in level set estimator as long as the offset is suitably
chosen (Rigollet and Vert 2009). In contrast, this bandwidth produces suboptimal
rates in the support estimation problem, no matter how the offset is chosen. At first
sight, this makes the plug-in rule as a by-product of density estimation inappropri-
ate. We shall demonstrate subsequently, however, that our new density estimator
avoids this problem. In order to line up with the results of Cuevas and Fraiman
(1997) and Rigollet and Vert (2009), we work essentially under the same type of
conditions. The distance between two subsets A and B of R? is measured by

da(A, B) := \(AAB),
where A denotes the symmetric difference of sets
AAB = (A\ B)U (B\ A4).

Subsequently, A denotes the topological closure of a set A C R?. We impose the
following condition, which characterizes the complexity of the problem. It was in-
troduced by Polonik (1995), see also Mammen and Tsybakov (1999), Tsybakov
(2004) and Cuevas and Fraiman (1997), where the latter authors referred to it as
sharpness order.

DEFINITION 4.1 (Margin condition). A density p : R — R is said to satisfy
the k-margin condition with exponent v > 0, if

Ad({xERd|O<p(x) Ss}) < kg€
for all 0 < & < k1, where k = (k1, Kk2) € (0,00)%.
In particular, A?(dT',) = 0 for every density which satisfies the margin condition,

where OI', denotes the boundary of the support I',. To highlight the line of ideas,
we restrict the application to the important special case of isotropic smoothness.
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Let 27%°(3, L) denote the isotropic Holder class with one-dimensional parameters
B and L, which is for 0 < 5 < 1 defined by

%iso(ﬁ’L) — {f:Rd SR |f(l‘) _f(y)l < LHx—yH’g for all =,y ERd}.

For 8 > 1 it is defined as the set of all functions f : R? — R that are |3] times
continuously differentiable such that the following property is satisfied

(4.1) ‘f(:zc) qu L)ﬂj( )‘ < Lllz—y|f forall z,y € RY,
where .
D
PR = 3 5T =) a = )
\k\<l

with |k| := Z?Zl k; and the partial differential operator

k
D - oIkl
... 8x§d
denotes the multivariate Taylor polynomial of f at the point y € R? up to the I-th
order, see also (2.2) for the coinciding definition in one dimension. Correspondingly,

”"(6, L) denotes the set of probability densities contained in #;°(3, L). The
following lemma demonstrates, that not every combination of margin exponent and
Holder continuity is possible.

LEMMA 4.2.  There exists a compactly supported density in 2%°(8, L) satisfying
the margin condition to the exponent v if and only if v5 < 1.

4.1. Lower risk bounds for support recovery. For any subset A C R? and
€ > 0 the closed outer parallel set of A at distance € > 0 is given by

A® = {1’ eRY: inf ||z — y|o < 5}
yeEA

and the closed inner e-parallel set by A7¢ := ((AC) )°. Here, || - ||z denotes the
Euclidean norm (on R9). A support satisfying
M(Tp\T,°) M(Tp\T,°)
0 < liminf ————2 2 < limsup ——22 < o0
0 M(TE\Ty) — ihob M(TE\T,)

is referred to as boundary regular support. Note that a support is always boundary
regular if its Minkowski surface measure is well defined (in the sense that outer
and inner Minkowski content exist and coincide). The minimax lower bound is
formulated under the assumption of I',, fulfilling the following complexity condition
(to the exponent p = (), which even slightly weakens the assumption of boundary
regularity under the margin condition.
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DEFINITION 4.3 (Complexity condition). A set A is said to satisfy the &-
complezity condition to the exponent p > 0 if for all 0 < ¢ < & there exists a
disjoint decomposition A = Ay . U Ag . such that

)\d(Ais \ALE) N )\d(AQ,s)

folad

< &,
where £ = (£1,&) € (0,00)2.

Note that a boundary regular support of a (8, L)-Holder-smooth density satisfy-
ing the margin condition to the exponent ~ fulfills the complexity condition to the
exponent u >+ for the canonical decomposition I', = I';, U (. Let us finally relate
the margin condition 4.1 to the two-sided margin condition

Mz eR?:0 < |px) =\ <&} < ce?,

which is imposed in the context of density level set estimation for some level A > 0,
c.f. Rigollet and Vert (2009). If T, , = {z € R?: p(z) > A} denotes the A-level set
at level A > 0, the two-sided (k,y)-margin condition provides the bound

(4.2) A (LA \Tp) < Ko (cePM)Y

for all ¢ < k1, where ¢ = L for B < 1 and ¢ = sup,cpa | Vp(z)||2 for 5 > 1. In
contrast, the margin condition at A = 0 provides no bound on AM(I's \ T';). The
complexity condition is a mild assumption which guarantees such type of bound.
For g < 1, the relation (4.2) for A = 0 implies the complexity condition to the
exponent p = yf. Note that the typical situation is indeed

M(TE\T,)/e = O(1) and /AYTS\T,) = O(1)

as € — 0. For instance, this holds true for any finite union of convex sets in R? as
a consequence of the isoperimetric inequality (Theorem II1.2.2, Chavel 2001) and
Theorem 3.1 (Bhattacharya and Rango Rao 1976). If it exists, the limit

d
_NIT)

i
eN\0 IS

corresponds to the surface measure of the boundary if the latter is sufficiently
regular. Due to the relation v3 < 1 by Lemma 4.2 and the decomposition into
suitable subsets, the complexity condition relaxes this regularity condition on the
surface area substantially. The subset of 22°°(3, L) consisting of densities satisfying
the k-margin condition to the exponent v with support fulfilling the £-complexity
condition to the exponent u = /3 is denoted by 2%°(8, L, v, k, ).

THEOREM 4.4 (Minimax lower bound). For any 8 > 0 and any margin expo-
nent v > 0 with v8 < 1, there exist c4(8,L) > 0, no(B,L,v) € N and parameters
Kk, € € (0,00)2, such that the minimax risk with respect to the measure of symmetric
difference of sets is bounded from below by

inf sup EZ™ [dA(f‘me)] > ¢4(B, L) .~ Fa
P pe&iro(B,Livm.6)

for all n > no(B, L,7).
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4.2. Minimaz-optimal plug-in rule. We use the plug-in support estimator
with the kernel density estimator of Section 3. This density estimator improves
the rate of convergence in particular at the support boundary. For the isotropic
procedure, the index set J is restricted to bandwidths coinciding in all components.
We even simplify the ordering by estimated variances in condition (3.8) ”for all
m € J with 62(m) > 62(j)” by the classical order "for all m € J with m > j”
as Lemma 5.2 shows that the relevant orderings are equivalent up to multiplicative
constants for 0 < § < 2. Furthermore, under isotropic smoothness it is natural to
use a rotation invariant kernel, i.e. K (z) = K (||z|2) with K supported on [0, 1] and
continuous on its support with K (0) > 0. The following theorem shows that the
corresponding plug-in rule

fn ={z e R : p,(z) > an}

with offset level

oo 1)3/2 B
(4.3) oy = c5(8, L) (M> Vlogn

n

and constant ¢5(3, L) specified in the proof of the following theorem, is able to
recover the support with minimax optimal rate, up to a logarithmic factor.

THEOREM 4.5 (Uniform upper bound). For any 8 <2, v > 0 with v8 <1 and
Kk, & € (0,00)2, there exist a constant cg = cg(8, L, v, k,&) > 0 and ng € N, such that

sup ]Eff’” [dA (I‘pi‘n)} < ¢ - n~7ta (logn)*
PEP(B,L,v,k,€)

for allm > nyg.

As the rate already indicates, it is getting apparent from the proof that this
result can be established only if the minimax optimal density estimator actually
adapts up to the fastest rate in regime (ii).

REMARK 4.6. The results show the simultaneous optimality of the adaptive den-
sity estimator of Section 3 in the plug-in rule for support estimation. Correspond-
ingly, they are restricted to 8 < 2. Whether the rate n~"%/(B+4) s minimaz optimal
for B > 2 provided v6 < 1, and whether it can be attained by a plug-in rule in prin-
ciple, remains open for the moment.

Let us finally point out two consequences. We have shown that the optimal
minimax rates for support estimation are significantly faster than the corresponding
rates for level set estimation s

n- 2B8+d
under the margin condition (Rigollet and Vert 2009). Although any level set of a
fixed density satisfying the margin condition to the exponent ~ fulfills the com-
plexity condition to the exponent u = 3 as long as 5 < 1, the hypotheses in the
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proof of the lower bounds of Rigollet and Vert (2009) do even satisfy this condi-
tion for some fixed £, uniformly in n, as well. Hence, their optimal minimax rates
of convergence remain the same under our condition. On an intuitive level, this
phenomenon can be nicely motivated by comparing the Hellinger distance H (P, Q)
between the probability measure P with Lebesgue density p and Q whose Lebesgue
density ¢ = p + p is a perturbation of p with a small function p around the level
a > 0, see Tsybakov (1997), Extension (E4). If o > 0, then simple Taylor expansion
of /p+p yields H3(P,Q) ~ [ p2dA?, whereas H?(P,Q) ~ [HdA in case a = 0.
Thus, perturbations at the boundary (o = 0) can be detected with the higher ac-
curacy resulting in faster attainable rates for support estimation than for level set
estimation. Moreover, the rates for plug-in support estimators already established
in the literature by Cuevas and Fraiman (1997) turn out to be always suboptimal
in case of Holder continuous densities of boundary regular support. To be precise,
Cuevas and Fraiman (1997) establish in Theorem 1 (c) a convergence rate under
the margin condition given in terms of p, = n” and the offset level a, = n~¢ (in
their notation), which are assumed to satisfy 0 < « < p and their condition (R2),
namely

pn/|ﬁn —p|ld\ = op(1) and p,alt’ = o(1) as n — oco.

As a consequence, p,, = o(n?/2#+d) for typical candidates p € Pi°(B, L), i.e. den-
sities p which are locally not smoother than (53, L)-regular. Under the margin con-
dition to the exponent v > 0, this limits their rate of convergence n=°7% to

da(Ty,T) = OP(n—ﬂﬁﬁﬁ%),

which is substantially slower than the above established minimax rate. The crucial
point is that even with the improved density estimator of Section 3, the above
mentioned condition on p, in (R2) cannot be improved, because any estimator can
possess the improved performance at lowest density regions only. For this reason,
the Li-speed of convergence of a density estimator is not an adequate quantity to
characterize the performance of the corresponding plug-in support estimator.

5. Lemma 5.1 - 5.7, Proofs of Theorem 3.3 and Theorem 3.4.
Due to space constraints, all remaining proofs are deferred to the supplemental
article [Patschkowski and Rohde (2015)]. In the proof of Theorem 3.3, we frequently
make use of the bandwidth

8

1 B_ 1
; logn\ 7% (p(t)logn He
(51)  hy:=cn(B, L) max (°§”> <P(>Og">ﬂ

n

fori=1,...,d, with constant c1;(3, L) of Lemma 5.1, which can be thought of as
an optimal adaptive bandwidth. The truncation in the definition of A results from
the necessary truncation in Uf’trunc. With the exponents

(5.2) ﬁﬁay{b&(£>J+L i=1,....n

7
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the bandwidth 277 is an approximation of h; by the next smaller bandwidth on
the grid G such that h;/2 <277 < h; foralli=1,...,d.

Before turning to the proof of Theorem 3.3, we collect some technical ingredients.
First, recall the classical upper bound on the bias of a kernel density estimator.
With the notation provided in Section 2, and K of order max; 3; at least, we obtain

b(h) = p(t) ~ B"pon(®) = [ K () (plt +1x) = p(0) V(o)
—Z/K pllt,t -+ haliy) = p(t. 1+ haly) JaN(z),

using the notation [xay]o =Y, [xvy}d = T, [x7y]z = (xlv s Ty Yit 1 e ayd)a
i=1,...,d—1 for two vectors z,y € R? and denoting by hx = (hiz1,...,herq)
the componentwise product. Taylor expansions for those components ¢ with 5; > 1
lead to

18i] (hlxl)k
p([t,t + hali—1) — p([t,t + hal;) Zp . t+hz] T

+ (p([t, E halimy) — PP hx)) .

Hence,

d
(5.3) 1be(R)| < LS e1,4(8) b =: By(h)
with constants c2,;(8) := [ |2;|%| K (x)] dA(z) < .

With a slight abuse of notation, dependencies on some bandwidth h = 277 are
subsequently expressed in terms of the corresponding grid exponent j = (j1, ..., jd),
i.e. By(h) equals By(j), etc. For any multiindex j, we use the abbreviation

d
il = Z]z
i=1

The following lemmata are crucial ingredients for the proof of Theorem 3.3.

LEMMA 5.1. (i) For any (B,L) with 0 < 8; < 2, p € P4(B,L), and for any
bandwidth h = (hy, ..., hq) with h; < c11(B, L) p(t)Y/ P, i =1,...,d with

)= o, (s [l e

the following inequality chain holds true

1 K
- || ||2 p(t) <

1 K3
2 Hz L hi n

2, 3
((Kn)”xp)(t) < 2 W

p(t).
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(ii) For any constant ca7 > 0, there exists a constant co3(f, L) = co3(8, L, co7) > 0,
such that for any (6,L), 0 < 8; <00, i=1,...,d, and p € £4(8, L),

623(57 L)
nH?:l hi

for every bandwidth h = (hy, ..., hq) with h; < corp(t)Y/Pi, i =1,...,d.

p(t) <

() ) (1)

(#i) For any density p with isotropic Hoélder smoothness (8,L), 0 < 8 < oo and
bandwidth h, we have

Ly LIKI ¢, . | g
_ < _
L )0 < =g (e int = yla)

where K is a rotation invariant kernel supported on the closed Euclidean unit ball.

LEMMA 5.2. There exists some constant c¢13(8,L) > 0, such that for any p €
Pa(B,L),0< B; <2,i=1,...,d, and t € R? the inequality

U?,trunc(j A m) < Cl3(ﬁ7 L) (O-tz,trunc(j) \ U?,trunc(m))

holds true for all (non-random) indices j = (j1,...,ja) and m = (m1,...,maq) with
j > j componentwise. If additionally m > j componentwise, then

Jt2,trunc (.7) S €13 (57 L) U?,trunc (m) .

The next lemma carefully analyzes the ratio of the truncated quantities o7,
and &f?,trunc'

LEMMA 5.3.  For the quantities o7 i, n.(h) and 67 . .(h) defined in (3.6) and
any n > 0 holds

]P®n < 5t2,trunc (h‘)

U?,trunc(h)
LEMMA 5.4. For any (B,L) with0 < 8; <2,i=1,...,d, there exist constants
c15(B8, L) and c21(B,L) > 0 such that for the multiindez j as defined in (5.2) and
the bias upper bound By as given in (5.3),

-1

> < 2ex — 3772 log?n
=)= 2SR\ T KR, 2 ")

sup

(54) Bt(j) S clS(ﬂvL) U?,trunc(j) logn

B

B
(5.5) Ug,trunc(j) < en(B, L) <logn> A1 y (p(t)logn) 2541

n n
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LEMMA 5.5.  For any (non-random) index j = (j1,...,jd), the tail probabilities
of the random wvariable
_ bust) B, 1)

)

Ut2,trunc (]) IOg n

Y:

are bounded by

" logn
PV 2 m) < 2exp (= 2 (n An))

for anyn >0, any t € R? and n > ng with ng depending on || K ||sup only.
LEMMA 5.6. Let Z be some non-negative random variable satisfying
P(Z>n) < 2exp (f An)~
for some A > 0. Then
(EZm)l/m < 028%
for any m € N, where the constant cog does not depend on A and m.

LEMMA 5.7 (Klutchnikoff 2005). For all k,l € J, the absolute value of the
difference of bias terms is bounded by

[be(k AL) = be(1)] < 2By(k)

for all t € R,

PROOF OF THEOREM 3.3. Recall the notation of Section 3 and denote ﬁnj =
Dn- In a first step, the risk

E" (B, ;(t) — p(t)|"
is decomposed as follows:

ES" B, 5(0) — pOI" = E5" [Ip, ;1) — p()]" - 157 () < 670D}

827 15,500~ 2O - 1{67G) > 57G)]
(5.6) =i RT+ R

We start with RT, which is decomposed again as follows
R <3 (519,500 = 5,501 - 14620) < 0273
RN || A r A2/ A2
FE B3 () = B g (O - 1{67() < 630}

FES [P (6) ~ p(O)]" - 1{570) < 62}



ADAPTATION TO LOWEST DENSITY REGIONS 21

(5.7) =: 3" 1S, 4 Sy + S3),

where we used the inequality (z +y + 2)" < 3"~ }(a" 4+ y" + 2") for all z,y,z > 0.
This decomposition bears the advantage that only kernel density estimators with
well-ordered bandwidths are compared. We focus on the estimation of Sy, Sy and
S5 and start with S using the selection scheme’s construction. Clearly, j € A as
defined in (3.7). As a consequence the following inequality holds true

_ , 52 P
SQ S C?{4E?n (a_tQ(j) 1ogn) /2 .1 ;,truno({) 1 < 1
Ut,trunc(])
= r &2 run j
+ GBS | (62(j) logn) P 1 |2 C(Z) —1>1
0 trunc(])
r/2
_IK|2
S 27‘/20’{4 min Jgtrunc(j)vm IOgTL
’ n2*|]|
K 3 T/ 6—2 runc J
+ iy < H27,01 logn pen 7? (‘Z) -1|1> 1],
n2_|]‘ Ut,trunc(])

where we used the condition in the indicator function in the first summand to bound
the estimated truncated variance 67 ,,,. from above by 207, .., and additionally
the upper truncation level in the second summand. By the deviation inequality of
Lemma 5.3, we can further estimate So by

r r = r/2
SQ S 2 /2014 (UtQ,trunc(]) 1Og n) /

r/2
- (1K 3 2
+Cl4 ( n2—|3| logn . 2€Xp —mlog nij.

The second term is always of smaller order than the first term because 2-lil < 1,
and therefore for n > 2,

r/2 3 /2
| K||3e1 ) ( 3 2 ) log” n
— logn 2exp | ———=—1og°n | <c| ———
( no—lil 08 P\ o2, 8 w2 (2-01)?

for some constant ¢ depending on ¢, r and the kernel K only. Finally,

S5 < (B, L) (0 runc(7) logn) /.

We will now turn to Ss, the third term in (5.7). We split the risk into bias and
stochastic error. It holds

(5.8) S5 < B (16 5(0) — BB, 501 + Bi())

and by Lemma 5.4

(5.9) Byi(j) < c15(8, L)\/ 02 trunc(J) log .
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Denoting by

b 1 (t) — EE"p,, 1 (¢
(5.10) PO b i O

Ut27trunc (k> log n

the decomposition (5.8), the bias variance relation (5.9) and the inequality (z +
y)" <27 Ya" +y"), 2,y > 0 together with Lemma 5.6 yields

( t2 runc log n)r/2 . ES?" (|Z§| + 015(67 L))T
( tQtrunc 1Og n)r/2 . 2r_1E§7L (|Z3|T + 015(67 L)T)
(57 ) (Ut trunc( ) lOg n) " .

It remains to show an analogous result for Sy, the first term in (5.7). Clearly,

512 5 5

(5.11) ieg

E® pn] )| + ‘ﬁn,j/\j(t) - ]E?nﬁn,j/\j(t)’

+|bt<jA3>—bt<j>!) UoE(G) < 62(7), 1 = 3.
By Lemma 5.7 and Lemma 5.4,
|bt(J /\§> - bt( )| < 2Bt( ) < 201&(67 ) Uﬁtrunc(i) lOgTL

On account of this inequality and in view of (5.11), it suffices to bound the expec-
tations in the following expression

51 <3771 (of () logn)T/2

t,trunc
r
w | [ 1Brg(t) —EP"By ;(t)] YN
'{ZEE? ~= = 1{67(j) < 67(5), 5 = j}
NISV 0% trunc (.]) 1Og n
n |ﬁn, ﬁ(t)iE@mﬁn,' i(t)| A9 A9/ A .
(612)  + > Ep I | 16} () < 67(7), = J)
JjE€ET 0%, trunc (]) IOg n

+ 3 2es(8. L) B = j)}.

jeT
Denoting
0'2 1 2 = 1
(513) Ajj = M — 1] < = and ;,trunc(Z) < 2%
Ut,trunc(]) 2 Ut,trunc(j) 2
it follows

o | [ 1P () —EF" Py ;(1)] Ao o AZeE A
> E" — 1{67(j) < 67(j), j = j}
JjeT 0% trunc (.7) log n
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T
g ()~ B s\ o o
= DB || T | 1MeE6) <676). 5 =4} -1a,
JjeT 0% trunc (J) IOg n

T

n | [ 1Brg(®) = EP"Du;(t)] Y I
+Y E : — - 1{67(j) <67(5), J =35} - Lac_
JjET 0% trunc (j) IOg n

=: 51,1+ S1,2.

Applying Lemma 5.6 and Hélder’s inequality for any p > 1,

r/2
3(1\/01||K||§)> .
Si1 < ( EZ™ | Z;]" - 1{j = j}
kR ) 25 }

r/2
. (3<1vc1||f<||%>> :

14+ E®™ ||Z.I" 1 Z‘Zl]lﬁ:'
VAL SOES™ 177 141251 > 1114 = )]

JjET

r/2

31V el B) N Vi e

< (M) (1 S e izl = ) rG =)
JjET

r/2 T
3(1\/61”[(”%) 8’/"]) ~ L p—1
< | ——— 1 A P(7 = P
—( a[K[B s \iogn) 2P0 =7

j€eT

p—1

r/2 T
3(1 VC1||K||%)> ( 8rp ) _ 1
< (22t lE) L () [P = 1 T)
S = \logn) | &F0=0 )

By the constraint 27171 > log? n/n for any j € J, there exists some constant ¢ > 0
such that | 7] < ¢(logn)?. Setting finally p = dlogn, yields S11 < c(B8*,L*). As
concerns S 2, by the Cauchy-Schwarz inequality,

A\ 772
02 runc(]) “ .
S12< ) <t;] Eg" 125710 = j} 1ac |

jeT at,trunc ( )

A\ /2
0—2 runc(]) ~ . 1/2
<2 ( By (12,1105 = 5}

jeT Ot,trunc (.7)

~ . - - 1/2
. ]P)@n O—g,trunc (]) 1l > 1 ]P®n Jt2,tr11nc (‘Z) — 1l > 1
Ut%trunc (]) -2 Ut%trunc (.7) T2

Via the lower and upper truncation levels in the definition of crimmc,

Jtz,trunc(k) < (1 \/ClHKH%)nz

UtQ,trunc(l) - 10g4 n

(5.14) for any k,l € J,
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and the remaining expectation >,  ; ES"(|Z;]* 1{j = j}] can be bounded by

Lemma 5.6 as above. Finally, the probabilities compensate (5.14) by Lemma 5.3.
As concerns the expectation in (5.12), we proceed analogously using

U?,trunc (-] A 3) < 013(/8’ L) (Uf,trunc (5) N Ut2 trunc (.7))

by Lemma 5.2 and O, trunc( ) < C(ﬁa )Ut trunc( ) on A m {Jt( ) < t2( )} COII]—

bining the results for Sl, Sy and Ss proves that RT as deﬁned in (5.6) is estimated
by

r/2
R+ < C(ﬂv ) (Ut trunc( )log n) .
To deduce a similar inequality for R, it remains to investigate the probability
P (52(5) > 62(7) )

since p,, and p are both upper bounded by ¢;. If 67 (j 2(7) > 52(j), then j cannot be an
admissible exponent, see (3.7), because j had not been chosen in the minimization
problem (3. 9) otherwise. Hence, by definition there exists a multiindex m € J with
62(m) > 62(j) such that

B jam () = Prm (8)] > €141/ 67 (m) log n.
Subsuming, we get
P (52() > 62(7))

< 3 pen (ﬁn,jm<t>—m,m<>|>m 2(m)logn , 62(m) > 6 <3>),

meJ

and we divide the absolute value of the difference of the kernel density estimators
as in (5.11) into the difference of biases |b;(j Am)—bi(m)| and two stochastic terms

|ﬁn,j/\m(t) - ]E;?nﬁnj/\m(t)' and |ﬁﬂ,m(t) - E?nﬁﬂ,m(t” As before,

[b:(j A m) = bi(m)| < 2B4(j) < 2¢15(8, L)/ 07 trunc (i) log n

by Lemma 5.7 and Lemma 5.4, leading to the inequality
P (52(5) > 67(7))

S Z IP@" ‘ﬁn,ﬁ/\m(t) - ®nﬁn,j/\m( )l + |ﬁn,m( ) E®nﬁn m(t)|

meJ
> ¢4/ 6F(m)logn — 2¢15(8, L)/ 0 srunc(4) logn , 67 (m) > @2(]’)>
<> (%”(Bl,m)W@”(Bzm))

meJ
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with

P (®) = E5" B jam ()]

> % (Cl4 \/ &tQ (m) logn - 2015(ﬁ7 L) Jt%trunc(j) 10g TL) ) a-t2 (m) 2 6—3 (.7)}

Bl,m ::{
Prom(®) = B Bam ()|

Bgym Z_{
1 /. = . a9
> 5 (Cl4 O’? (m) logn - 2015(57 L) Ut%trunc(]) 10g TL) ) Ut2 (m) > Otz (]) } .

To start with the second probability, we intersect event Bs ,, with A,, 5 as defined
n (5.13). Obviously,

P®"(Ba.,,) < PP (Bgm N A )+ IP’®”(A§L5).
The definition of ¢4 and Lemma 5.5 allow to bound the probability

]P)®n < ‘ﬁn,m (t) - E?”ﬁn,m (t)|

O—i%,trunc (m) IOg n

9 exp (_ ci6(0, L)Qi\ c16(8, L) log n)

]P®n(B2,m N Amh}) S > Ci6 (/Ba L) )

(5.15)

IN

with

- 1V er|| K2 1 K3
1 L):=|+5 - 2TLIER ) N2 TvealKR
(516) (B, L) <2 cs (B, )\/ A 2 1V el |[K[3

At this point, we specify a lower bound on c14. Precisely, c14 has to be chosen large
enough to guarantee that

816(67L)2/\016(ﬁa[/) > TB
4 S B+1

for any (8 in the range of adaptation. Finally, by means of Lemma 5.3,

(5.17) +1

~ 2 N =~ 2
P®n (AC ) ]P®n t2trunc (Z) -1 1 ]P)®n tztrunc (m) 1 2 1
Ut trunc (.7) 2 Ut trunc (m) 2

5.18 <4dexp < log? n)
(518 KT,

which is of smaller order than the bound in (5.15). Altogether, with this restriction
on ci4,

P®n(32 m) < C(ﬂ7 ) (Ut trunc( )IOg n) " :
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By Lemma 5.2, the probability P®" (B ,,) can be bounded in the same way using
additionally

Jt2,trunc (5 A m) S Cl3(5a L) (J?,trunc (5) \4 U?,trunc (m)) = C(ﬂv L) o't2,trunc (m)7

because Ug,trunc(j) S 0(57'[/) 0t2,trunc(m) on the event Am,j N {6—t2(m) Z &?(5)}
Summarizing,

(5.19) P (63(7) > 62(7)) < (B L) (0F wuncl) logm) '*

Finally, by Lemma 5.4,

B

(B5m10, 50 - st < (51§ (FE) 7 v (HLER) W

n n

This completes the proof of Theorem 3.3. O

PROOF OF THEOREM 3.4. Before we construct the densities p,, and g,,, we first
specify their amplitudes A,, and §,, in ¢, respectively. Let

JAVREES n_% -o(n)
B1
A, \ i
(5.20) O := 4eg(B7, LY, T) (n) (log n)3/2

B1+1 .
— des (B, L5, m)A,, - o(n) " (logn)®/2,

for

B1—B2
Q(n) = n (B1+1)(B2+1)

converging to infinity. Note first that with this choice of p(n) it holds that
A, = n=P2/(B241) and hence tends to zero as n goes to infinity. The amplitude
0, is smaller than A,, for sufficiently large n and hence also tends to zero. Further-
more, it holds

* * — B2 o Bash 3/2 L
Op =4es(By, Ly, r) - n” Pl . n@AFDGEFD - (logn)** = o (n ﬁ2+1)

Denote by K(-;0;),i = 1,2 the univariate, symmetric and non-negative functions
to the Holder exponent f;, respectively, as defined in the supplemental article
[Patschkowski and Rohde (2015)], Section A.4, normalized by appropriate choices
of ¢17(5;) such that both functions integrate to one. Let L; = I:i(ﬂi),i =1,2 be
such that K(-;8;) € 21(B:, Li). Note that K(-;h,B;) := h%K(-/h; ;) has the
same Holder regularity as K (as opposed to Ky (-;3;) := h = K(-/h; B;), which has
the same Holder parameter 5; but not necessarily the same L)
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To ensure that p,(t) = A,, we use the scaled version K (-—t; g1 », 61) for some band-
width g1, defined below, preserving the Holder regularity. In order to re-establish
integrability to one, a second part is added alongside. The density ¢, is then defined
as p, with a perturbation added and subtracted around ¢, i.e.

Pn(r) = K(x —t;91m, 1) + K(x —t — g1.n — 92,05 92,n, B1) € P1(B1, L1)
q”(z) :pn(m) - K(I - t;hna/@Q) + K(J} —t—2hp; hnaﬂZ) S ng(BZalﬂ)v

with

A, \Pr ke A, — 6, \ 7
ni=—"— ni=(1—ght) ™ , hp = —/—= .
= (K(o;m) o= (10 (K(o;ﬂz))

and suitable constants L; and Lo independent of n. The construction of the hy-
potheses is depicted in Figure 3. Recall that the particular construction of K ( -; h, §)
does not change the Holder parameters and note that the classes Up~0%.N%? (8, L),
0 < B <2, are nested (%, denotes the set of continuous functions from R to R of
compact support). The bandwidth ¢; ,, tends to zero and hence g3, converges to
one. In particular, gs ,, is positive for sufficiently large n. In turn, h,, ensures that
gn(t) = 6,. Note furthermore that A, > A, —4d,, and K(0;81) < K(0; 82) since the
constant ¢17(8) is monotonously increasing in 8 and By < (1. Thus, h,, is smaller
than g1, and consequently g, is non-negative for sufficiently large n.

t @@ >pal@)

2hy,

2910 292
Fic 3. Construction of pn (dashed line) and qn (solid line)

Let T, (t) be an arbitrary estimator with property (3.10). Note first that we can
pass on to the consideration of the estimator

T, (t) == T (t) - 1{T,,(t) < 2A,.},
since it both improves the quality of estimation of p,(t) and g, (t): Obviously,

ESM|To(t) = pu(t)] = EZ" [pa(t) - L{T0(t) — pa(t) > pu(t)}]
+ES" [T () — pu ()] - L{T0(t) — pu(t) < pu(t)}]
< ES"|Ta(t) — palt)]

and because of ¢, (t) < p,(t) also

Egiﬂfn(t) —qn(t)] < E?;n|Tn(t) — qn(1)]-
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As in the proof of the constrained risk inequality in Cai, Low and Zhao (2007), by
reverse triangle inequality holds

ESMTo(t) = gn(t)] = (Ap = 60) = EZM|To(t) — pal()].
In contrast to their proof, we need the decomposition
Eg" T (t) = gn(t)]
> (Bn = 6a) =BG [ [Talt) = pu(®)|1, | = B[ 1T(t) = pult) 15,
(5.21) =: (A, —dp) — 51 — S,
where
A,

Bn::{x:(arl,.. ,Ty) €R™: an : <}.

By definition of A,, and ¢, in (5.20) and the risk bound (3.10) the first two sum-
mands in (5.21) can be further estimated by

(Ap —6,) — Sy > (A, — §,) — E&"

Pn

Tn(t) = pn(t)] - =

(e ogm) 2
" 463(ﬁT7LTaT)

B1
ca(B1, L) (5) ™7 (logn) /2 5
B
Ay (1= 4es(87, Li.v) - oln)” 5 (1og )2

1—

which is lower bounded by

B1
n ) 281 +1 (log n)3/2

n

B1+1
o(n) 71 (logn) =¥/ [ 2e5(B}, Li,v) (
8cs(By, L1, )

(An - 5n) - Sl 2 5n

B1+1
- o(n)? (logn) 32
" 16c3(B5F, L, )

for sufficiently large n. Furthermore,

o(n) 7 (log n) =%/

Sy < 2A,-QF™(BS) =5,
2 S 280 Q" (By) 263 (BT, L1.7)

. Q;(L@n(B;%
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and it remains to show that Q¥™(B¢) tends to zero. By Markov’s inequality,

Q¥™(B:) = Q2" <an ) n)

S an (thl qn Xl))
5, !
<A (1+/ qn (7)1 {qn(x )>pn(w)}dfv)
On (A, —6n)? )"
PCLEN (i [T S LT A—T )
= A, < K 3hn,g1n,/31)
9 n
< On (1 + A0 2hn>
JAW gln (3hn/g1,n: B1)
5 Bo+1
< A—" (1 + c(Br, B2)An"? )

for sufficiently large n, where the last inequality is due to

B1—B2

ho/g1n = c(B1, Bo) A2 — 0,
i.e. K(3hn/g1.n;P1) stays uniformly bounded away from zero. Finally,

Q%™"(BS) < Z—" exp (n log (1 + 6(51,52)A:%;1)>

n

5 Bo+1
< Ai exp (n (B, B2) An™ )
and
Ba+1
nA,? =1,
such that Q®"(BS) < ¢(B1,82) - 0n/An — 0. O
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SUPPLEMENTARY MATERIAL

Supplement A: Supplement to ” Adaptation to lowest density regions
with application to support recovery”
(doi: COMPLETED BY THE TYPESETTER; .pdf). Supplement A is organized
as follows. Section A.1 contains the proofs of Lemma 5.1 — Lemma 5.6, which are
central ingredients for the proof of Theorem 3.3. Section A.2 is concerned with the
remaining proofs of Section 3. Section A.3 contains the proofs of Section 4. Section
A .4 introduces a specific construction of a kernel function with prescribed Holder
regularity, which is frequently used throughout the article.
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SUPPLEMENT TO ”"ADAPTATION TO LOWEST
DENSITY REGIONS WITH APPLICATION TO SUPPORT
RECOVERY”

By TiM PATSCHKOWSKI AND ANGELIKA ROHDE

Ruhr-Universitdt Bochum

Supplement A is organized as follows. Section A.1 contains the proofs of Lemma
5.1 — 5.7, which are central ingredients for the proof of Theorem 3.3. Section A.2 is
concerned with the remaining proofs of Section 3. Section A.3 contains the proofs
of Section 4. Section A.4 introduces a specific construction of a kernel function with
prescribed Hélder regularity, which is frequently used throughout the article.

For any A C R? define

1 A t):= inf ||t —
(0.1) d(A,1) ;gAHt yll2

where || - || denotes the Euclidean norm (on R%).

A.1. Proofs of Lemma 5.1 — 5.6.

PROOF OF LEMMA 5.1.
(i) Recall the decomposition

d

p(t+ha) =p(t) + > (p(ltt + halioa) = p([t,t + haly) ).
i=1

It holds for 8; <1,

(0.2) [p((t,t+ halia) = p(t,t + hal) K

and for 1 < 3; <2

[p(tt -+ halir) = plt t+ hali) + By, (1) - Bz

In both cases

i(<K¢>2*p>u>::TLrEilhiJ/z6%x>pa-+hw>dw%x>

K|2p(t 1 d
(0.3) SO — >
nllicihi nlliz hi i

1




with
S; :/K2(x)<p([t,t+hx}i,1)—p([t,t+hx]i))dxd(x).

For B; <1 and

2dL 178 _
< (e [l R @)
&1

inequality (0.2) implies

(0.4) |S;| < L/ || K2 () AN () - hf
< IKI3p()
- 2d

For 1 < 8; < 2, in case of a product kernel (anisotropic smoothness) the i-th
factor K? is of first order again as it remains symmetric. The same holds true for
a rotation invariant kernel (isotropic smoothness), because the function K; , (as
defined in (2.1)) is symmetric for every z € R?. Hence, the quantity

sz«|\ / 12() (p([t -+ hki1) = pUE o+ BEls) + 9oy, (8) - it ) AN ()

/K pl[tt—&-}u]( i) - hiz; dA (z)

is bounded from above by

(0.5) 15 < L/|xi|BiK2(m)d)\d(x)-hfi
_ I3 p0)
S T od

which proves together with (0.3) the claim.

(ii) We prove the statement for d = 1. For higher dimension and product kernel,
the result follows by telescoping and Fubini’s Theorem. Denote by H1(8, L; I) the
Holder class of functions from some interval I C R to R with parameters (3, L).
With the previously introduced notation, H1 (8, L) = H1(8, L;R). The result has
been shown in Rohde (2008) for f € H1(8, L;[0,1]) and t = argmax, (o 1) |f(2)| and
is now generalized for arbitrary ¢. Since the kernel K is continuous on its support
with K (0) > 0, there exists an

1\/8
— 1
ee |0, (2L> A
such that K (z) > K(0)/2 for all x € [—¢,¢]. It is sufficient to prove the following
statement: For any f € {g € H1(8,L) : ||gllsup < E} for some E > 0, and ca7 > 0,

i
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there exists a constant cps(3, L) > 0, such that for every h < ca7 |f(t)|"/?, there
exists an interval

It(f, h) - Jt(f, h) = [t — €h, t+ €h]
with

(0.6) ML (f, h)) = ca5(B, L) h

and the property

1
(0.7) §|f(t)| < |f(x)| for every x € I(f, h).
This in turn implies

1 2 x 1 2 (1 x x
A0 = g [k (50 1w

K? 1

T I
K2(0) 1

4 nh2 It(le)
K2(0) |f(t)]
YR AL (f, 1))
> K?(0)ca5(8,L) |f(1)]
- 8 nh

v

%

|/ ()]dN(z)

v

It remains to prove the existence of such an interval I;(f, h) with properties (0.6)
and (0.7). For 8 < 1, choose I;(f,h) = Ji(f, (cor A 1)h) C Ji(f,h). For B > 1, we
consider the rescaled function

f (t + (02_71 A 1)shx) relo
Uf(.’L') = f(t) ’ € [ 1,1],

which is contained in H1 (5, L; [—1, 1]) with |juy|lsup > 1. Taylor expansion around
any point y € [—1,1] provides the approximation

up(x) = P (2) + Ru, (2,7)
with a remainder term |Ry, (z,y)| < L |z — y|°. Hence,

z —y)A
( uf00)] < 2Nusllon+ Lo =yl

(x—y)u}(y)—i—...-i— B!

(0.8)
< 2fullsup + 2°L.
For any polynomial P(z) = Y r_, ara® of degree D the norms

||P||(1):mesgll)71]lp(af)l and [Pl = max |a|
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are two norms on the (D + 1)-dimensional space of polynomials on [—1,1] of de-
gree D, and these norms are equivalent. Consequently, there exists a constant
Cp,1—-1,1) depending on the degree D and on the interval [—1, 1], such that || P[] <
Cp,—1,lIPll(1)- In particular, there exists a constant C' = Cg ;1) > 1 such that
'y is in view of (0.8) uniformly bounded by C(2([uy|[sup + 28L), and hence, by the
mean value theorem,

Jug (@) = up ()] < [Wfllsup - 12 =yl < Cllusllsup +2°L) - |2~ y|

for all z,y € [~1,1]. Denoting z := argmax,¢(_y 1) |us(z)|, then

1
(0.9) lug(x) —up(zo)| < 5|uf(350)|
for
x € |z — ”Uf”sup zo + ||Uf||sup A [71 1]
ACugllsup +28F1CL ™" T ACuylsup + 29F1CL o

Due to ||uf|lsup > 1, inequality (0.9) holds also true on

1 1
- _1,1).
[mo TG EaYo) ARV oo 2B+10L} n[=1.1

Since C' > 1, we assume without loss of generality that [zg, zo + 1/(4C 4 2°+1CL)]
is fully contained in [—1, 1]. By the triangle inequality and (0.9),

FEN 2 51+ (e A Vehao)|
for all z € I;(f, h), where

1

— -1 —1
It(f, h) = |t+ (027 N 1)6]133‘0, t+ (827 A 1)6h (xo + m

)] C Ji(f, h).

Because |uf(zo)| > |us(0)| and consequently |f(t + ehxzo)| > |f(t)|, the result
follows.

The result of Rohde (2008) is established for isotropic smoothness and rotation in-
variant kernel in Rohde (2011). Our result analogously extends to isotropic smooth-
ness and rotation invariant kernel following the previous steps.

(iii) It holds

L)) = i [ (58 ) saiant (o)

|K|3
<——=. sup p(z),
nhd -’EGB}L(t)
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where By, (t) denotes the closed Euclidean ball with radius h around ¢. We have for
any x with ||z — ¢l < h
d(I'y, ) < h+d(T}, ).

(p)
Since P LB

;=0 for any y € (I'p)¢, and therefore
p(z) =p(z) — Py(f)[)ﬁj (x), foranyzel,
it follows that

B
sup p(z) < Ld(TS,2)° < L (h + d(r;,t)) .
zEB(t) =

PRrROOF OF LEMMA 5.2. We define

J1 :{16{1,,d}m1>‘71} Zz{il,...,is}
JQ = {177d}\<]1

With 21 = (25,0 € J1) and 2 = (2,0 € J2), hyy = (27%1,...,27%¢) and
thk,i(.) = h,;in(/h;“) for k = j,m, and

[T B2 = ) pla) x> (az) i s <

MEZ (1) := i€J;
p(x) ,if s =d,
we have the representation
1
(0.10)  02(j Am) = / K2, (b — ) M2 (1) dN (a1),
Il 1(hj1-vhm) zgl i
2
o7 (m) = /H (= ) M (a0) AN ().
”Hz b i€y

Note that Mﬁ() € Hs(Bs,, Ley,), where

c — || HiEJg Ki”sup , if JQ 7é @
" 1 i Ty =0

and 37, = (Bi)ics,. If h; satisfies

hji < en(Bas Leg,) - MR (0)3 foralli € Ji,

then Lemma 5.1 (i) yields

(0.11) Hejh/ I K24, (5 = 25) M (1) dN* (1)

i€Jy



3 [ 1Lics Kill3

< 3 %ME (t1)
HieJl Jyt

3 |Tlics, Kill3
<3 e By,

2 HiGJl hm,i ’2

1
33-—44141/IIKﬁWAm—waMZ@ﬂd”@07
HieJl m,i i€Jy

which is equivalent to
2 2
o;(j Am) < 307 (m).

Due to the monotonicity of the truncation level in the product of the bandwidth’s
components, this implies

Uﬁtrunc(j A m) S 3Ut2,trunc(m)‘

If there exists an index [ € J; with

’*‘»—-

3
l 9

hji > cui(Bs,, Ley,) ME (t1)

we obtain that

logn) prel y (p(t) 10gn> Py
n

(0.12) M (t1) < c6(B, L) < n

with ﬁ
c6(f,L) := max max(CH(B’L))) ’

Jc{1,...,d} 1eJ \c11(Br, Ley,

since j > j componentwise. The maximum in (0.12) is attained by its right hand
side term if and only if p(t) > (log n/n)?/ (1) in which case

B
(0.13) (p(t):)gn) 28+1 < p(t),
whence )
B
M (t1) < cs(B, L) (k)in) v p(t)

With (0.10), we obtain by the same arguments as in (0.3), (0.4) and (0.5) applied
to M%() € Hs(By,, Lcy,) as well as j > j componentwise,

o7 (j Am) <

c(B, L) (logn> B+t
n T (B V o)
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B
lo§2n if 1) < <logn)ﬁ
c(B,L) WP, i Il by 0 p(t) < (75 N

nl'[gi)hj,i , it p(t) >

<o, L) "= ’

__p@®) ; logn ) A+1
ST if p(t) > (=2 ) )

(
__loghn if p(t) < (‘(’%)5“
(

Since h;; < hi; < c11(8, L) p(t)Y/P, i =1,...,d whenever p(t) > (logn/n)?/(F+1)
due to (0.13), Lemma 5.1(i) can be applied and yields
O (-] A m) < C(ﬁ’ ) Ut trunc(j)
Finally, by monotonicity of the truncation level in the product of the bandwidth’s
components,
J?,trunc(j A m) S C(ﬂa L) O—f,trunc (])7

which proves the first statement of Lemma 5.2. As concerns the second claim,
assume now that m > j and j > j componentwise. We distinguish between the two
cases of a truncated and non-truncated reference bandwidth h, i.e.

B

1
_ 3+1 Bi _ 3
hi = en(B, L) <1°g”> b= en(8,1) (p“”g">

=

n

for all i = 1,...,d, respectively. If h is non-truncated, that is

5 5
p(t)logn\ 2+ S logn\ 8+
n “\n ’

we obtain p(t) > (logn/n)?/ B+ and therefore h; < ¢11(8, L) p(t)*/P for all i =
., d. Consequently, by Lemma 5.1 (i),

LR #)(1) < B )P+ p)(0) < 9((Kn, ) #p) (1)

By the monotonicity of the truncation level the claim follows for non-truncated h.
If A is truncated, that is

5 5
p(t)logn\ 2+ - logn\ 8+
n n ’

we have p(t) < (logn/n)?/(+1) Thus, following the steps in (0.3), (0.4) and (0.5),
for any h < h componentwise,

IIKIIQP()Jr c(B,L)
d
nHz 1h “H 1 hi i3 n? [[i— h?

(K *p)(1) <



and therefore

log®n log®n
—d 2 S 07 trune (1) < (B, L)ﬁ7
n? [Ti=y b3 n? [[izy b
where the left and right hand side are monotone in the product of bandwidth
components. O

Proor oF LEMMA 5.3. The proof is based on Bernstein’s inequality. First,
]P)®n (‘O-t trunc(h) - U?,trunc(h” > n O'tz,trunc(h)>
< PO (163(h) = 02 (R)| = 107 prunc(B) )
2

The random variable 62(h) — 02(h) can be rewritten as a sum of centered and
independent random variables

1 t— X t— X
7y = —— <K2 ( ; ) - E,K? (h ))
n Hi:lhi

with the properties

2[| K3,
|Zk| < 271’
n Hi:l
and
1 t—X
ZV&I‘ Zk EPK4< 1) S || ||S‘1p atQtrunC(h’)'
31_[1 1h4 h n? Hi:l h

Hence, Bernstein’s inequality yields the following exponential tail bound
P®n (‘6—?( ) - Jt ( )| > 77‘7t trunc(h))

n U?trunc(h')

. <
(0.14) B NN CSENG SO
n? Hz 1 ? 3
3n?
< 2exp ( log n>
203+ 2n)[| K |3y

O

ProoF oF LEMMA 5.4. The inequalities are proven separately and both the
proofs distinguish between the cases p(t) < (logn/n)?/(#+1) and p(t) > (logn/n)P/(F+1),

Proof of (5.4): Recall the definition of the reference bandwidth in (5.1), which for
p(t) < (logn/n)B/F+1) i equal to

B

1
_ 1 Bi
(0.15) hi = en (B, L) <loi"> L i=1,....d
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The corresponding truncation level satisfies

log?n _ logn 52751
019 e o0 ()
Consequently,
Bi(j) < Bi(h)
] _
= <L;C12,i(ﬂ) cn(B,L)? ) <loin)
d ) 1/2
= <LZ c12,:(B) c11 (B, L)? )Cu(ﬂvL)d< 08" )
=1 Hz 1 z
d
S <LZ C12 2(6) 611(53 ) )cll(ﬂa ) O—ttrunc(j)
=1

For p(t) > (logn/n)?/ (B+Y) | the reference bandwidth h is defined as

B

B "l IR
(017) h; :Cll(ﬂvL) (p()ogn> o RS 17"'>d7
n

and therefore

d
By(j) < <L2012,i( c11(B, L
i=1

I - L)d/?. p(t)logn v
= < i=21612’i( C11 ﬁ, )Cll B, (M)
d 1/2
(0.18) < <L2612,i( e (B, L >C11 B,L)%? . (p(t)logn) .
i=1

n2-1Jl
Since for p(t) > (logn/n)5/(B+1),

_B
logn 2B+1

(0.19) 277 < h; < e (B, L)p)Y P foralli=1,....d,

Lemma 5.1 (i) yields

p(t)logn < 2

. 2 5
nall < K 7t leen

and together with (0.18)

1/2
<L20121 C11 Bv ) > <261||1(}—(—B”7>) Ut%trunc(j)logn'
2
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Proof of (5.5): For p(t) < (logn/n)?/(B+Y) | the reference bandwidth & is given by
(0.15). Hence by (0.16),

25

2 2 2d :
(0.20) log N 92 1Ogd n_o_ ( 2 ) (1ogn) =
n2(2*\J|)2 n2 Hi:l B2 c11(B, L) n

%

Furthermore, by (0.3), (0.4) and (0.5),
oK, 1§
ot - IEI3D 7 |
o2 < B ot [

(5. L) logn (logn) A1

i

Bi K2 (2)dN () - (2*31-)

IN

nH?:1 hi n
| 28
ogn \ B+1
=C(5,L)~< : )
n

and finally for p(t) < (logn/n)?/(3+D),
] _B_
= ogmn \ B+1
(021) Ut%trunc(]) < C(ﬂ,L)< n ) .

For p(t) > (logn/n)?/(B+1) the reference bandwidth h is given by (0.17) and hence

log®n _ log?n t)logn )\~ mmt
giﬂ < 2%y (B,L)77 - gd = (p( ) log )
n? (2-1) n? [ q hi n
B
st (o)
n Hi:l hz n
1
< 2%y (B,L)77 - p(t)diog_n
n[Tizy hi
(t)logn) 55
_ t)logn \ 25+1
= e (8,0)7 (”f) .
Furthermore, since j satisfies property (0.19), Lemma 5.1 (i) reveals
3 K30t (t)logn') 3
= p _ p(t)logn \ 25+1
0f (1) < 5 =2 =32 K3 en(8, L) 7 (| m—— :
2 n2-lil n
such that together with (0.21)
_B_ B
_ (logn)5+1 ,lf p(t) < (10gn)5+1
Ug,trunc(j) < C(ﬁ’ L) : 3 B
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B

#
= c(8.L)- (ﬁf”) Py (p(t)lgn)

n

O

PrROOF OF LEMMA 5.5. Observe first that Y can be expressed as a sum of cen-
tered and independent random variables Y = >""" | Y; with

1 t1—Xi1 ta—Xia t1— Xy, ta—Xi.d
nz 171 (K< = g ) T E K =me o T

JtQ,trunc (]) log n

Y=

For n > ng with ng depending on || K ||syp only, it holds

21 K||su 1 - 1

> an .
3v/log®n ~ logn P logn

Bernstein’s inequality yields

1
~ly| <
Sl <

1 2
PO (Y] >n) < 2exp <—2 1177 logn) ,

leading to subgaussian and subexponential tail behavior for n < 1 and n > 1,
respectively. O

PrROOF OF LEMMA 5.6. Fubini’s theorem and the classical moment bound for
the exponential distribution reveal

EZm — /0 T (@)dN )
_ / - / "t ANE) poy () dN ()
0 0
_ / mt™P(Z > £)dA(E)
0

< Zm/ t™ L exp(—At)dA(t)
0

(m—1)!

<2
> am Am

A.2. Remaining proofs of Section 3.

PrROOF OF THEOREM 3.1. The construction of the hypotheses requires func-
tions K1 € Z4(8,L') and Ky € P4(B,L — L'), integrating to one and compactly
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supported within a rectangle, say Hle[—gu,gl,,-] and H?Zl[—gw,gg,i], respec-
tively, with K1(0) = \/3/4 - ¢1(8,L') and I’ < L chosen such that ¢;(3,L’) >
V/3/4-¢1(B3, L). The auxiliary constant L’ is introduced to permit the construction
of perturbed hypotheses in &,(3, L) with value larger than 3/4 - ¢;(8,L) at the
point t. First observe that

inf inf sup Ef?” <|Tn(t)—p(t)|>

0<0<c1(B,L) Tn(t) pe22,(B,L) w;l(t),g
5/2<p(t)<6
T _ r
= inf inf sup E?" 7| n(tl p(t)|
0<6<e1(B,L)/K2(0) Tu(t)  pesry(B,L) @Z}p(t)’g
0/2<p(t)/K2(0)<é
T(t) — p(t)]
= min inf inf sup E?" wlip()‘ ,
§<n—B/(B+1) Tn(t) pEP4(B,L) "/Jp(t))g
3/2<p(t)/K2(0)<6
To(t) —p@®) )
inf inf sup IE?" 7| (zl p(t)|
n=B/(B+D) <§<ci (B,L)/K2(0) Tn(t)  pe2a(B,L) Vpie).8
§/2<p(t)/K2(0)<d
The two situations
__B __B
(0.22) (i) 6 <n 71, (i) n 541 <& < (B, L)/ Ko(0)

are analyzed separately. In case (i), for any x1 > 0 Markov’s inequality yields

To(t) —p®) )
inf inf sup E?" 7| (BL p(®)]
s<n—B/B+1 Tn(t) pEP4(B,L) djp(t),ﬁ
3/2<p(t)/K2(0)<5
T, (t) —p)|\"
> inf inf sup E?" < n(t) = p( )|>
§<n—B/(B+1) Tn(t) pEP4(B,L) 5K2(0)
8/2<p(t)/K2(0)<§
> inf inf sup K] ~P®"(|Tn(t) —p(t)] = K1 - 5K2(0)).
s<n—8/B+1) Tn(t)  pe22y(B,L)
8/2<p(t)/K2(0)<s

Denote by h,, the multidimensional bandwidth with components
EUE
hpii=0%, i=1,...,d,

chosen in a manner such that
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attains the value 0 - K5(0) at the point 0. Setting s, := (t1 + hp1 + 91,1, t2, - .., ta),
we define the hypotheses
1
Pon(x) = Ki(x — sn) + B (Kg(z —t;hy) — Ko(x — 8p; hn))
Pin(x) = Ki(x — sp) + Ko(x — t; hy) — Ko(z — sp; hy).

Both hypotheses pg,, and p; 5 have anisotropic Hélder smoothness with parameters
(8, L), since

d 2
(thz> Zhgfi foralli=1,...,d
i=1

and L'+ (L — L’) = L. Moreover, they integrate to one, are positive for sufficiently
large n > ng(B, L) and attain the values pg ,,(t) = §-K2(0)/2 and p1 ,,(t) = 6-K2(0).
The absolute distance in ¢ equals

Do () — prn(t)] = “(T“O)

It remains to bound the distance between the associated product probability mea-
sures IF’%%Z and IP’%Z. The squared Hellinger distance is bounded from above by 2,
so Bernoulli’s inequality yields the upper bound

2 n
_ PI(]P)O’;M> ) S TLH2(HDO,7L5 Pl,n)a

o,n»

H*(B§, PYR) =2 <1 = (1
which in turn is bounded by
n/ (VEale — ko) /2~ Vsl — Ehy) ) dN(2)
+ n/ (\/Kl(:v " sn) — Ko(2 — snihin)/2
VE (@ —5n) — Ka(z — 5n: ) )2 AN ()
< n/Kg(z;hn)d)\d(x)

B+1
= n(; B 5

where the inequality is due to

(0.23) (x/m—y/ —\/x—y)zgg forall 0 <y <.

__B
The last expression is bounded by 1 as § < n #+1. Finally, by Theorem 2.2 (Tsy-

bakov 2009) (Hellinger version) with k1 = 1/4, we arrive for n > no(8, L) at

T,(t) —p®)|\ _ 4
inf inf sup E?” Wlip()‘ > 1-— \/§ > 0.
§<mn—B/(B+1) T (t) pEZ4(B,L) wp(t),g 2 4

5/2<p(t)/K2(0)<5
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In case (0.22) (ii) the hypotheses have to be chosen in a different way. To this aim,
the interval

<n_5/(5+1), 01(,3,L)/K2(0)}

is decomposed again into
L= (n A0, e(8,1)| and I = (er(B, L), (B, L)/K2(0)]

with a constant ¢7(8, L) specified later. Since

y ot wp e [T =00)
n=B/(A+1) <6<c (B,L)/K2(0) Tn(®)  pepy(8,L) p(t),8
0/2<p(t)/K2(0)<5
= min inf inf sup Egn M )
i=12 €L Tult)  pesry(p.L) Voe).
3/2<p(t)/K2(0)<d

it is sufficient to treat the infima over I; and I, separately. We start with Is. Again,
by Markov’s inequality, for any xo > 0,

T _ r
inf inf sup E?” M
S€l Tu(t)  pesy(pL) s
3/2<p(t)/K2(0)<é
> inf inf sup Een |T(t) — p(t)]
Tl Ta(®)  peza(L) .\ (6Ko(0)/n)B/(2B+1)
0/2<p(t)/K2(0)<s
> jaf ot s kG P(|T(0) ()] 2 ke (5Ka(0)/m) D).
n € i
5/2% (1)) 13 (0)<5

As before, we construct a density shifted to an appropriate center s/, and perturbate
it. This time, the centering point s, is chosen such that it fulfills the equation

B

(0.24) Ki(t—s,) = %5-7{2(0) - EKQ(O) <2> o

This point exists since the function K is continuous and takes values between 0 and
| K1llsup > K1(0) =~/3/4-c1(B,L") > 3/4-c1(B8,L) > 3/4-6K2(0),
and K (t — s)) is larger than §K5(0)/2 due to (0.22) (ii). Define

B 1

6\ 28+1 Pi
hi,i = cs:(B8,L) (n) o , i=1,...,d

2L
C&i(ﬁvL) = <||K2”§/|$z

with

—1/Bi
BiK2(x) d)\d(x)) .



SUPPLEMENT TO ”ADAPTATION TO LOWEST DENSITY REGIONS” 15

The hypotheses can now be formulated as

po.n(r) == Ki(z — 57,
pia(z) = Ki(z —s)) + Ka(x — t;hy) — Ka(x — )5 hy).

Note that
limsup sup K;i(t—s)) < Ki1(0)
n—oo deliUly

and hence the perturbations’ supports do not intersect for n > nq(8, L) for suffi-
ciently large n1(8, L) € N (not depending on ¢ € I; U I5). Again, both hypotheses
are contained in #4(f, L). Furthermore, as for py ,,, the hypothesis p; ,, is bounded
from above by §K2(0) in ¢ and bounded from below by K;i(t — s},) > 6K3(0)/2.
The hypotheses’ distance in ¢

d ’ 0\ 25+1
[po.n(t) — P10 (t)] = K2(0; hy) = <H 68,1'(57L)> (n) K»(0)

determines the choice of

. 5
Ko = % (H C8,i(BaL)> K5(0)25+1.
=1

Furthermore, with K(.,.) denoting the Kullback-Leibler divergence,
KPEn,PEn) = nK(Pyn, Pon)

o - n/log (pln(x)> p1n(@) AN (2)

pO,n(x)
(0.25) < n/ { Ka(r —t; ?1)(;f(§/(f — Spifn)

(Kl = s4) + Kalx — t:h,) — Kale = shiha) } X (z)

= n/(Kg(x —tihy) — Koz — 8.5 hy)) dA(z)

+ Tl/ (KQ(x — t;hn) _ KQ(x - s/n; hn))2 d}\d(l')

Ki(z —s,)
_ n/ (Ha(2 — t; f;?i(; i(ziﬂg — sp3hn))? ()
e eTE o
<2n m dN(z)

<2n ( min Ki(z+t— 3%)) /Kg(ac; hy) dA% ()

z€l1%, [~92,ihn,i> 92,ihn,i]
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1 d 28+1
(0.26) <on (CﬂiL)) K>3 (H hn> 7
=1

for n > ny(f, L) for sufficiently large n2 (8, L) € N (not depending on § € I). Here,
inequality (0.25) is due to the inequality log(1+x) < z for > —1 and (0.26) holds
true for n > na (8, L) because ¢7(8, L) does not depend on n while h,, tends to zero.
Next, the latter expression (0.26) is bounded from above by

21 241
8||K2||2 (H cs.i ﬁ’ > ’ § < 801(6’(;[(2”2 (H 8, /8’ ) ’ =: .
e cr(P,

Combining all results, we obtain by Theorem 2.2 in Tsybakov (2009) (Kullback
version) for n > (n1(8,L) V na(8, L))

_ " —a) 1- /a2
inf inf sup ]Ef?” (M) zﬂg-max{eXp( a), o/ }

€l Ty(t) pEP4(B,L) ,L/)P(t)vﬁ y ?
8/2<p(t)<6

For the remaining infimum over I, we use for K7 the specific choice of the prod-
uct kernel as described in Section A.4 with factors specified in (0.54), rescaled
and normed such that it integrates to one and has the prescribed Hoélder regular-
ity (8,L). The corresponding norming constant of the i’th factor in the resulting
product kernel is denoted by ¢g ;(8, L), and at this point, we specify the choice

cr(B; L) := [ K1 [lsup-

By symmetry of K; we may assume without loss of generality s/, > ¢; for all
i = 1,...,d. The proof is conducted in complete analogy to the case I except
for the bound (0.26), which is too rough for the case under consideration now.
Instead, define

B

5\ 3 P
hn,i = ClO,i(ﬂ7 L) <n) o 5 = 1, ey d

with

j=1,....d 2 2ﬁj

Since Ki(t — s),) as given in (0.24) is bounded from below by §/2 - K2(0) for any
0 € I due to (0.22) (ii),

o 1) (K2<o>>ﬂl' e

c10,i(8, L) = ( min 22(0) <Cg,j(ﬁj’L)B]‘2)ﬁj>/3i.

: 28, 2
7 ivL Bi=2 K 0 ﬁill 2 ’ Biz
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co.i(Bi, L) 2 L
= #Kl(tl_szﬂ)&

By the mean value theorem, for any 0 <1 < g2 ; hy i,

Bi Bi i—1
(1—“_857") - (1—ti_’9;@v"+n) = -8 (1_5"#')/3 U
92,i 92,i 92,i 92,i

£ — s Bi—1
< B (1 S L n’z) I
92,i 92,i

Ki(t; )
— Bico1(Bi, L 1 Falti—sn)
ﬁ 09, (B ) Kl (tz _ Sn’i)l/ﬁi 9271_

1
< —""K t; — T s
= 2¢9,:(Bs, L) 1 Sn.i)

n,i
where &, ; € [t; — s;m, ti— sim. + g2,; hn;] denotes some suitably chosen intermediate
point. Consequently, for all i = 1,...,d,

Ki(t; — s;” +1) > K1( — nz) for all |n] < g2 hn s,

such that applied to the bound in (0.26),

d —
2|| K30 5
RN RN 2 .
K(Pl rL’IPO n) S 92— dKl( S;l) HCg,l(ﬁ,L)

i=1

2||Kz||2
<

:2d+2||K2||2 (H s (6L ) ’

and we conclude as before. O

ProOOF OF REMARK 3.2.1. Let p,, be the adaptive estimator as defined in Sub-
section 3.2. In case of isotropic Holder regularity with known exponent 5 € (0, 2]
define the threshold

Gy i= P (logn)“

for some constant

26+d

28+ 2d’

Recall that the construction of p, makes use of an upper bound on the second
parameter L* of the Holder class. Hence, since P4(8,L) C P4(8, L") whenever

G >
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0 < L < L', we may assume without loss of generality that both, 8 and L, are
given. It has to be shown that the estimator p,, (¢t)1{p,(t) > &, } attains the bound

< 00.

~ N ~ m1/r
| (BE" 5n(t) - 1{pn(2) > dn} —p()") "/
limsup sup sup 3
n pEP4(B,L) teR?: ﬂn(t) B(log n)EVCI
p(t)>n—B/(5+D) pie)

We distinguish between the two cases p(t) > n~#/(F+d) and p(t) < n=P/(F+d) For
any p(t) > n~P/(P+d) elementary algebra reveals

(B [5n (1) 1{pn(t) = @n} — p(t)[")/"
< B (1pn(t) = p(O]" 1{pa(t) = G })M" + (BT p(8) L{pa(t) < an})'/”
< B (1n(t) = PO + (B p() — Bu (D" L{pa(t) < G })V”
+ (B 1n (O] L{pa(t) < @ })'”
< 2B (|pa(t) — p(8)")Y" + .

That is, the threshold does not affect the performance of the estimator in regime
(ii) (up to a logarithmic term).
The case p(t) < n=#/(F+d) is more involved. We show the bound

~ ~ ~ M 1/r
. (EEpo (1) - L{pn(2) > G} —p(0)]") "
limsup sup sup

n pePa(B,L) teR%: 192(15) (logn)? VG
p(t)<n~ B/(B+d) B

< Q.

By Minkowski’s inequality it suffices to prove

E®np (£ -1 b > ap, 1/r
e s sy EEBO @) > 6)

n pePa(B,L) teR?: 191)() (logn)3 Bva
p(t)gnfﬁ/(ﬁﬂi)

Recall from the construction of the density estimator in Subsection 3.2, that in case
of isotropic Holder smoothness we simplify the method by replacing the ordering
by estimated variances in condition (3.8) "for all m € J with 67(m) > 62(j)” by
the classical order ”for all m € J with m > j” as the componentwise ordering is
the same for all components. We decompose

(EZ™ (5 (1) - L{pa(t) > @n})) " = 81 + S
with
Sy = (E;?” {ﬁn(t)’“ {pa(t) > @n)1{h > B}Dl/

5 = (E§” [pa 0 1(p0) > au1th < 1Y)
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with h as defined in (0.46). As concerns S,

1 ) B 1 1/r
S1<a {IP’®" <}3n(t) — Ppa(t) > idn’ h > h) + P <ﬁn’h(t) > an>}

since p,, < ¢1 by construction. Using the selection procedure in the first probability
and the bound

EE™p,, 5 (£) < by(h) +p(t) < c(B, L) +n~ 774,

which is bounded by &, /4 for all n > ng and suitable ng € N not depending on p
since (1 > B/(8 + d). Thus, the term S is for n > ng bounded by

- - 1. R R 1. 1/r
a {]P)®n ( JtQtrunc(h) logn > 2an> + P®n <pn,h(t) - ]E?npn,ﬁ(t) > 4an>} .

o

= 1 3 . 1
P®n ( Ut trunc(h) logn > Q&H) S ]P)®n(A%) + ]P)®n (\/2Ut trunc(h) logn > 2dn> .

Denoting B
Ut trunc (h)

— —1
atz,trunc (h)

we obtain

The second term in the last inequality vanishes by Lemma 5.4 and the choice of (7,

while 5
PO (AS) < 2exp ( log? n)
h 32[| K |[sup
according to Lemma 5.3. As concerns Sy,
Sg S 61P®n(il S B)l/r_

If h > h, then h cannot be an admissible bandwidth, see (3.7), because h had not
been chosen in the minimization problem (3.9) otherwise. Hence, by definition there
exists a bandwidth h € G with A < h such that

P 1 () = Prn(t)] > c14 62(h)logn.
Following the lines for the bound on R~ in the proof of Theorem 3.3, we obtain

PE(h <h) <> <P®n (Bi,n) + PO (Bap N Ay ) + Pm(ACﬁ)) ’
heg



1 - _
>3 <014 67 (h)logn — 2¢15(8, L)1/ 07 crunc (h) logn>, h < h}7

Prn(t) = B Bun(t)|

Bg’h 2:{
1 - -
> - <014 67(h)logn — 2¢15(8, L)1/ 07 runc (h) log n>, h < h},

2
1
Ah,fz :_{ <2}

The cardinality of G is of logarithmic size in n, while all probabilities can be bounded
by n~¢ with a constant ¢ depending monotonously increasing on the constant c14
of the bandwidth selection rule. Alltogether,

An £ — p(t T
sup sup E?” ( 1Pn () — p( 3)| ) < 0.
PEPa(B.L) teR 054y, 5 (logn) 2V

Jt2 trunc (h)

UtQ,trunc(h)

1
<§and

t ,trunc (}_l)

—1 =
Gt ,trunc (h’)

-1

THEOREM A.1 (Fast adaptive convergence rate at the support boundary). For
any 6,85 € (0,00), [Lj, L] C (0,00) and r > 1, there exists a constant
es(B*, L*,r) > 0, such that the new density estimator p, based on a compactly
supported kernel of order [B%] with adaptively chosen bandwidth according to (3.9)

u

satisfies
~ t _ t T
sup sup sup EZ™ (W) < (B L7, 7),
(B, L)ER(B*,L*) pePi*°(B,L) ter: ) T3
d(I'y,t) < (82 ) Frd
where 7 = n~ (logn)3/?
K .

Note that p,, requires no a priori information about OI'y. The result likewise
extends to the anisotropic setting because the Euclidean norm on R? (in the def-
inition of d(I'y,?)) and the maximum norm ||t — y|[max = max;=1,_q4[t; — yi| are
equivalent.

.....

PrOOF OF THEOREM A.1. The proof follows the same lines as the proof of The-
orem 3.3 except for the following modifications. We write

EZ"[5,,5(t) — p(t)” = ES™ [15,,5(t) — p()" - 145 < 7}
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+ B [[9,5(6) — pO 14 > 7}]
= R* + Rf,
where this time R is decomposed as

Rr <2 (B 19,50 ~ 5o O - 105 < 7]
+ES" 1300 - O 147 < 7] )
(0.27) = 2" 1(S; + S3).

Here, j corresponds to the reference bandwidth h defined in (0.46). We need to
verify the bounds

(0.28) Bi(j) < e(B,L) \/0F trunc(j) logn

B
logn \ #+4
n

(0.20) o2 ) < (8. 1) (

for isotropic Hélder smoothness of arbitrary 8 > 0 and d(T%,,t) < (log n/n)l/ (B+d),
Since for any 2 € R? the corresponding value of p is bounded by p(z) < L d(l'y, z)P
and in particular p(t) < L (logn/n)?/ P+ we obtain

logn 7
-)

e e, (

The first bound (0.28) is a consequence of the classical upper bound on the bias for
higher order kernels, whereas the second bound (0.29) follows by Lemma 5.1 (iii).
The terms S; and S in (0.27) then require no further arguments. As concerns R~
it remains to investigate

2o (7>3) < 30 P (1ng — ool > caay/Fm) ogn )

m>j

Note that only indices m > j are taken into account. In order to line up with the
previously developed arguments, it is sufficient to prove

(030) Ut2,trunc (3) é C(ﬂv L) Ut2,trunc (m)

for all m > j. Since p(t) < Ld(I',t)? < L(logn/n)#/(#+4) the reference bandwidth

h satisfies )
logn\ #+d  _ logn #+d
c11(B, L) ( = ) < h < e6(B,L) ( i )
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for some constant co6(8, L) > c11(8, L). By Lemma 5.1 (iii),

log®n
n2h2d’

27y ~ LIKI3 logn
n

a2(h) < R () 417 (RE) T <o)

which is for h < h smaller than

log®n
W = Gt%trunc(h)7

that is, (0.30) is verified. The further proof can then be conducted as before for
Theorem 3.3. O

A.3. Proofs of Section 4.

THEOREM (Theorem I11.2.2, Chavel 2001) Given any compact set K C R?, let
D denote the closed d-disc of the same measure as K, i.e. N4(D) = A (K). Then
M(D?) < N(KF)
for all e > 0.

PROOF OF LEMMA 4.2. We first show the necessity of 73 < 1. Let p € 22%°(8, L),
and let y be an arbitrary point in the open set I';. Then p is constant zero in a
neighborhood of y, i.e. all derivatives are zero in y and thus

p(x) = |p(x) — PP ()| < Lllz -y}

for any = € R? and therefore
p(z) < L(d(0Ty,x))”

with d as defined in (0.1). Consequently,

)\d({xGRd|0<p(x) gs}) > )\d({xerp\0<L(d(arp,x))ﬁ 55}>

— M ({x €T, [0 <d(dr,,z) < (5/L)1/5}) .

It remains to prove that

g ({x €T,|0<d(dr),z) < (e/L)l/B})
lim inf

> 0.
eN\0 51//6

Let K, denote the closed Euclidean ball with volume

A (F;”), n > 0.
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For & = (¢/L)V/%,

A
(0.31) > M ((K5)°) = A (T,°)
M ((K5)° \ Ks)

where the isoperimetric inequality for the Minkowski area of compact sets (Theorem
II1.2.2, Chavel 2001) is applied in inequality (0.31). Since I, has non-empty interior,
because it is the support of a continuous Lebesgue density, there exists some dg > 0
such that

K;
K;

A (T %) > 0.

p

Finally,
Y N ((K5)°\ Ks) > M ((K5)0\ Ky

for all 0 < §p, while

d é
liminf)\ ((Kéo) \Kéo)

50 ) >0,

which implies 75 < 1.

Finally, we need to show that for any § > 0, v > 0 with v8 < 1, there exists a
compactly supported density p € 2%°(, L) which satisfies the margin condition to
the exponent +. For this aim, it remains to verify that the density K (-, 8) of (0.55)
in Section A.4 satisfies the margin condition to any exponent v < 1/3, which is
shown in the proof of Theorem 4.4. O

Let K4(-) = g~?K(-/g) with g = g 1,/2.4 be the specific kernel given by (0.55)
in Section A.4, and define K(-;h,[) := h?K(-/h;B3). The proof of Theorem 4.4
requires sharp estimates of the Lebesgue volume

(0.32) Aa(Ky(-1h, B),e) = Al ({x ERT: 0< Ky(z:h,B) < 5})
of complementary level sets of K,(-;h, 3), provided by the following lemma.

LEMMA 0.1. There exists a constant cag(8) > 0, such that for any bandwidths
g, h, and any

e < c(B)h’g 7,
the volume of the complementary level set defined in (0.32) is upper bounded by

1

Ad(Kg(~;h,,3),€) < CQQ(ﬂ)_%dVCy(gh)dilg%gﬁ7

where Vg denotes the volume of the d-dimensional unit ball.
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PROOF. Since K(-,3) is uniformly bounded away from zero on Bs(0) for any
o<1,
= inf K(z,06)>0.
go(B) ZE}SH% 0 K&P)

Hence, since w(x) (with w specified in (0.55)) is monotonously increasing in ||z||2,
{x eR?: 0< K(z,8) < 5} c {x ER? ;0 < eso(B)w(1/2)(1 — [la]l2)? < 5}
for 0 < e < g9. Consequently, whenever € < h?g~4¢,

{xeRd :0 < Ky(x;h, B) Se} C{zeR: 0<Qyn(-pB) <e}

>5
2/ + '
It remains to bound Ag(Qg,n (-, B),€) for any e < hBg~dey. Note first that both, the

support and the level sets of Q4 1 (-, 3) are concentric balls, and hence Ag(Qg.1(:, 8),¢€)
is for

with

5
Qg (-, 0) = 030(5)10(1/2)};7 (1 - |

gh

B
(033) e< hﬁg_d {Eo A (;) 630(6)11}(1/2)}

the volume of a spherical shell with inner radius larger than the radius gh/2. The
volume of a d-dimensional spherical shell with outer radius R and inner radius
r < R equals

d—1
034) M (Br(0) ~ X(B,(0) = Va(R! — 1) = Va(R— 1) 3 #I R,
7=0

which in turn is directly upper bounded by dVy R~ (R—7). Since Q.1 (-, 3) attains
€ on the sphere with radius

1 B+d 1

gh = [eao(B)w(1/2)] P g 7 e?
for e satisfying (0.33),
Aa(Ey (-3 B),) < [w(1/2)eso(B)]F V- (gh)™'g™F €7
]

PROOF OF THEOREM 4.4. Since we measure the risk with respect to the Li-type
distance da it does not suffice to reduce the problem to two hypotheses. Instead,
we use Assouad’s hypercube technique where the hypotheses constitute an m-
dimensional hypercube and thereby reduce the problem of testing m problems to m
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problems of testing two hypotheses. As before, we construct a Holder smooth den-
sity with prescribed regularity (5, L) using the function K4(z; 8) and a perturbation
based on K,(x; by, f) with bandwidth

(0.35) hn = (2n) 7
Recall that K,(-; hy,, 8) implicitly depends on L via g. Furthermore, choose
(0.36) my, = AP 4+ 1.

Again, denote by B,.(z) the closed Euclidean ball with radius r around z. Now
choose points z; = (2i,1,...,2i4), i = 1,...,my in By/5(0) separated in each coor-
dinate by at least 2gh,,, which is possible for n large enough since the total support
volume of all perturbations is of the order m,, (gh,)? and tends to zero. These points
are shifted outside the support of K, and the new points are denoted by

22{,1 = zi1 + 29,

27/;7]':272,]'7 ]:2,,d

for i = 1,...,my. Then, for w = (wy,...,wn,) € Q= {0,1}™ denote the hy-
potheses by

D) = Ky @5 8) 43w [Ky (@ — 245 oy B) — Koy — 243 s B)],

their supports by I', , and the corresponding probability measures by P, ,,. Obvi-
ously, p,,n is for sufficiently large n a density again and is contained in P46, L).
We will now show that p,, , has the right margin exponent as well. For sufficiently
large n it holds

Ad(pw,naf) SAd(ng‘g)
(0.37) + M Aa(Ky(-5hn, B),€) 1{e < cao(B)hig™*}
+2m,Vy - (g n ]l {E > ng(ﬂ ng d} .
Now, because m,, < h;’lﬁ_d +1< QhZLB—d7 Lemma 0.1 yields
B),e) - 1{e < cag(B)hlg~}
<c(B,L)- W) hied - 1 {e < eag(B)h g™}
)-hYP e E 1 {e < eag(B)REg™ )
) 677% E% -1 {6 < ng(ﬁ)hﬁ _d}
) e’ 1 {6 < 829 ngid}

(0.38) M Aa(K, (- h

I
o

IA
o

(
(
(
(

(0.39) =c

=

where the last inequality is due to the property 73 < 1. Furthermore, since m,he <
2h7P we can derive a similar bound for the last term in (0.37)

2m, Vg - (ghn)?® - 1 {e> Qg(ﬁ)hgg_d}
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(0.40) <c(B,L,y) €7 1{e > cao(B)hlg™"} .
Clearly, for & < c29(8)h2g~% A1, Lemma 0.1 also yields
(0.41) Aa(Kg e) < c(B,L)-c% < c(B,L)-&"

using the property 78 < 1 again. In summary, inequality (0.37) simplifies with
(0.38), (0.40) and (0.41) for & < cag(B)h2g=4 A1 to

Ad(pw,nag) < c(ﬂyLa’y)'E’Ya

i.e. there exist constants k1 = k1(8,L) and ke = k2(8, L,~y) such that p,, , fulfills
the xk-margin condition.

It remains to show that p,, , also satisfies the complexity condition to the expo-
nent p = yf. To check this condition, two different types of decompositions are
considered, depending on whether ¢ < gh,, or € > gh,,. For ¢ < gh,, we consider
the canonical disjoint decomposition I’ =T} U 0 =: Ay U Ay .. Clearly, by
formula (0.34),

M (T, AT ) < Vae ((9+ )" = g%+ ma(ghn + )" = ma(gha)?)
<ava- (

<avy-(
=dVy- (29

<dVyq- (29

(0.42) <¢(B,L,v,d) -

where inequality (0.42) follows from v3 < 1. For € > gh,, let & be an arbitrary
constant and choose the following decomposition for the complexity condition

(0.43) Ty, =Bg(0) U | Bgn,(2h) =1 A1 U Ay,
kiwp=1
Then for all £ < & similar calculations as before yield
M (By(0)7\ By(0)) < dVi- (g +¢)" e
<dVa-(g+&)IG TP,
where the last inequality again follows from ~3 < 1. To check the complexity

condition it remains to upper bound the Lebesgue volume of the second part in the
decomposition (0.43). For gh,, <& < &,

e ( U thn(22)> <mpVyg- (ghn)d

k:wr=1

< 2Vu9?h)P
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< 2Vdgd*'vﬁg'vﬂ’

i.e. there exist constants §; = &1(8, L, y) and & = £2(83, L,y) such that ', satisfies
the £-complexity condition to the exponent u = 3. The further proof accomplishes
two tasks. Firstly, the minimax risk will be reduced to the form

infsup ES” p(@, w),
W weN

where p is the Hamming distance and expectation is taken with respect to ]P’f?f;l.
Afterwards, Assouad’s lemma can be applied and it remains to bound a suitable
distance of all neighboring probability measures with Hamming distance one. For
any support estimator fn we evaluate

ES% [da (0T )] = B8 M (BT ,,) 0 (e \E))]

. [/‘11 . (x)‘d)\d(x)}

and due to the non-negativity of the integrand this expression can be estimated
from below by
/th( /)

Mn

E®n {dA( ns Pw,n):| 2 Z ]ES?;LL

i=1

n

1y (z) —1r, (x)‘ d)\d(x)] ,

which in turn simplifies to

ES" [dA(F rpm)} >3 EE / 1 (2) — w;| d\(z) ] .
i=1 By, (1) "
Introducing @ = (w1, . ..,w0m, ) with
w; := arg min/ ‘]lf (z) — w;| AN ()
wi {01} JByn, (=) "
depending on f‘n, we obtain
o [ 1
E@n [dA( 'y, n)} > Z (2 E%Z l/ 1 () — w; d)\d(m)]
=1 thn (ZZ)
1 ®n — )\d
+§Ew,n lfn(m) — Wi d (iE)
Bgn,, (27)
> = Z ES™ / |w; — @;| dN ()
Bgh,, (27)
> de (ghn) E®" Z |w; — wl|1
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1
= QVd(ghn)dEgzp(a)7w)
and consequently
(0.44) inf sup ]E?" [dA(f‘n,Fp)] > ¢(B,L)hY - inf maxES" p(w, @),
Lo pePa(B,Ly,k6) @ wes

where the infimum runs over all measurable & = &(Xy,...,X,,) with values in
{0,1}™n. Now we use the Hellinger version of Assouad’s lemma, cf. Theorem 2.12
(iii) in Tsybakov (2009), to bound the expression on the right-hand side of (0.44).
For this purpose, the squared Hellinger distance between two arbitrary probability
measures P, ,, and P, , with w,w’ € Q and p(w,w’) = 1 has to be bounded and
we use inequality (0.23) for this purpose. Of course, w and w’ coincide except for
one component, say j. Again, by Bernoulli’s inequality

B2 P2 <0 pr,n(x) - m,,n(x))Q d\(z)
—n [ (ng(x;m — K5 8) — Ky — 25 hn,ﬁ>)2dAd<x>

+ n/Kg(x — z;; o, B)dN ()

< 2n/Kg(:1:; R, B)dN ()

= 2nhP*d,
By the choice of h,, in (0.35), this distance is bounded by one which yields together
with (0.36) and inequality (0.44), see Tsybakov (2009),

inf sup Ef?n {dA(fm Fp)]
FnpeZa(B,L,v:k,8)

V
Qo
=
S/
Sa

o
N
—

\
=~ w
N~

\Y
Q
=
=
S
EI
1

For the proof of Theorem 4.5 we need the following lemma, which is based on
the work of Tsybakov (2004) and has been formulated for the problem of level set
estimation by Rigollet and Vert (2009), Proposition A.1. The proof likewise holds for
the support estimation problem and is transferred without any major modifications.
However, we additionally need to verify that the bound holds uniformly over the
class of densities satisfying the k-margin condition to the exponent ~.

LEMMA 0.2. For any density p which satisfies the k-margin condition with ex-
ponent v > 0, there exists a constant c1g(k,y) such that the Lebesque volume of a
measurable subset G of I'y, is bounded by

M(6) < st ( [ pla)ant(o)) s
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PrROOF. First note that for any p satisfying the k-margin condition to the expo-
nent v > 0,
M(T,) = MTpn{p<m}) + MT,N{p>r})
1
<kg-K] + — / Plys ., dA?
K1 Jrd

1
< Ky K] + —
K1

=: ci9(k,7).
Let G be a measurable subset of I',. Then,

MG {p> <) = [ 1ple) > £)dN(o)
G

p(x)
< /G Lip() > ) P an'()
<! /G p(z)dN(z)

3

and consequently for all 0 < & < k1,
[ p@int@) = xi@n o> )
—e(M(@) - (Gnp<e)
(0w (T7=9)

(0.45) > eA(G) — ca0(k,y)e? ™!
with (k)
N C19(R, Y
coo(K,y) = KoV 714;?(7 1

The right hand side of (0.45) is maximized by the specific choice of

T (caow,xj)@()wn)m : (cQow?ng'?)wn)m =

Plugging this specific € in (0.4

) yields
1

)
a+

/Gp(:c)dxd(x) > (M(@) 7 (eanlr, )" (v + )7V = (1)),
O

We now turn to the proof of the upper bound on the support estimator’s risk, which
can be proved for c5 satisfying

es(B,L) > 2{c1(ﬁ,L) v <CQ1(/3,L)(23/2(1+MCMHM(@L)))V‘TJ}.
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PROOF OF THEOREM 4.5. We prove an upper bound on the risk with respect
to the symmetric difference of sets for some p € 4(8, L,~, k, ). All constants hold
uniformly in p over this class. For notational convenience, we write p,(z) = p,, 5()
and denote by j = j(x) the exponent corresponding to the reference bandwidth

(0.46) h=h(z) = cn(B, L) -max{(loi”Yl” , (pmlog”)’”}

n

with h(z)/2 < 279 < h(z). We decompose the error into the two different kinds
of errors A
ES" da (Fp, rn) — B+ B,

with
By i= BN (T, \T,)
(0.47) . .
By i= B (T, \ )
and start with E;. We split E; again
Ei=FE1+E»
with
Eiq:=E3" [)\d (m eR? : D ;() = an, p(z) =0, 7> 5)}
(0.48) o
Brai=ES" [N (2 € R © () > an, p(@) =0, j < )]

We start with E; ;. Since

1
: _ 1 Fra
277" < (x) = ¢11(8, L) ( 05”) =: 6,
uniformly for all 2 with p(x) = 0, it follows
{oeR?: p, ;@) = an, pa)=0.j>j} < |JBs, (X)\T)
i=1

with B, (z) again denoting the Euclidean ball with radius r around x. The support
I', is assumed to satisfy the complexity condition 4.3 to the exponent u = v3. Note
that d,, < & for sufficiently large n > ng(&). We denote by I'1 5, and I'y s, the
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related disjoint decomposition of I',. Then,

By < E?n)\d U (Bs, (Xi)\T'p)

i: X;€l 5,

(0.49) +EZ N U (Bs,, (X:) \Tp)

i: X;€T2,5, {p<an}
LES" M U BT
X, EFQ’gnﬁ{p>0¢n}

The expectation of the first Lebesgue volume is immediately controlled by the
complexity condition

Bt U B (X)\NT) | < M (195 \ T, ) < &7,
i:X,€l 5,

The expectation of the second Lebesgue volume is also controlled by the complexity
condition

E;" A U (Bs,, (Xi) \ T'p)

i: X;€la 5, N{p<an}

IN

iEP [Vd 5;{ . ]l{Xi el N{p < Oén}H
i=1

Vdnéi P(Xy €Ty, N{p<an})

Vandd a, - A (Ty5,)

c(8, L) & 8)° (log n)?,

where V; again denotes the volume of the d-dimensional unit ball. Considering the
third expectation in (0.49), let z be some point with p(z) > «, and y any point in

the open set I';. Then p is constant zero in a neighborhood of y, i.e. all derivatives
are zero in y and thus

IN N I

an < pl2) = |p(z) = Py (2)] < Lllz =yl
for ally € T'y. If ||z — y||2 was smaller than §,,, this inequality contradicts the choice
of the offset level (4.3) for n > ny with n; depending on 8 and L only. Hence, the
subset of I', where p exceeds the offset level is contained in I' ;] o and consequently
Bs, (z) C T',. Therefore, the third expectation vanishes and finally

B
logn\ #+4
El,l S C(ﬂ>La€2)< i > (logn)2
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Regarding E1 » in (0.48), only the points z € R that belong to (U}, Bs, (X;))°\T'p
have to be considered. Otherwise, the point is contained in |J;"_; (Bs, (X;) \ T',) and
we proceed as before in (0.49). Note, that for x € ((J;_, Bs, (X;))°\T'p both p,, 3(x)
and 62 (j) vanish. According to Lepski’s selection rule, see (3.7), and Lemma 5.4,

Pp;(@) = [Py, 5(2) = P 5 ()]

S C1414/ &3(7) logn

log” n
< &
a(2ayd
2d 1 _B_
Ci4 ogmn \ P+
V1 .
—cH(@L)d( n ) e

For sufficiently large n > ng with ng depending on 8 and L (precisely 8* and
L*) only, p, 5(z) cannot exceed ay, for x € (U;, Bs, (Xi))° \ T, and hence the
expectation E 2 provides the same bound

logn \ 7+
E1,2 S C(/87La€2)< i ) (1Ogn)2

The second part of the proof is partially based on the proof for density level sets of

Rigollet and Vert (2009). The second type of error Es in (0.47) has to be estimated.
Since 'y, \ T', is a subset of the support I',, Jensen’s inequality and Lemma 0.2

provide
e
E;, < cis(k,7) <E?n l/ X P(ff)d)\d(ff)1> :
Fp\Fn

Furthermore, the support can be decomposed as follows

Fp: UXq’

q=>0

where

Xo = Z € BT:0< p(a) < 2a,)

X, = {z e R": 2%, <p(x) <27, }, ¢>1
Then,

e
By < cis(k,7) ZEZ,q
q=0

with
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For z € X, we estimate p(z) from above and use the margin condition such that
E270 S C(ﬁ, La Vs K/) : a}l+’y'

For g > 1, we distinguish between the error of stopping too late and stopping too
early, leading to the following decomposition

Byqy= /X p(g;)(ﬂm(Az,l)+P®"(Az,2))dxd(x)

q

(0.50) < /X p(x) (]p@n(Am N B,) +P*"(BS) + ]P>®”(Ax72)>d}\d(x)

q

with

We start with the first probability in (0.50)
P¥"(Ae1 N B, ;) - 1{z € Xo}
<P (Ip,5(0) — p(@)] > (2 = Dan N {7} N Byj) Lo ex,}
< B (1, 3(2) = p(@)| + [5,5(2) = Pz ()] > 27 an 0 < THN Boj) Lo € X, )

and the construction of Lepski’s method controls the second term |p,, 5(2) —p, j(2)|,
see (3.7). This yields, together with a bias variance decomposition

PO (Ay1 N B, ;) 1{z € X,

< per <|ﬁn73(m) —EE"p, 5(z)| > 29 e,
— /52 () logn — b)) N Bm-) Az e}
< pon (m,j(x) CES"p,5(2)] > 2 o

- (V3T2ers + a5, 1)) /o2 e 081 ) 1 € X,

where we used the definition of B, ; and Lemma 5.4 in the second step. The lemma
also yields for z € Xgpa=1

B B
- logn\ #+d z)logn 2+
02 srunc(j) 1087 < €21(B, L) - {( g ) v (p”g) } Jiogn

n
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logn #+4 20ty logn\ 2P+4
§C21(5,L)'{< i > \/<g > }\/logn

< 2@+D/2 0, (B, L) e5(8, L) 255 ay,
such that
P (4,1 N B, ;) 1z € X, }
< pon ( [P j () = EF"Py, 5 ()]

g,trunc (5) IOg n

Btd
S 2“2(%1)/2% _ <\/3/2cl4 + c15(ﬁ,L)) )

< pon ( [P j(2) — EP"p,, 5 ()]

a%,trunc (j) log n

g

B+d

j2-3/2 | (B, L)P7T oy
e l en(pny 2 (Vileu+ s, 1)

)

(@) = B0 0o

J?z,trunc (3) IOg n

< Ppon

by definition of ¢5(3, L), and thus

(0.51) P (Az1 N B, ;) Ha € X,b < 2exp (—loin 2W2>

by Lemma 5.5. Furthermore, Lemma 5.3 can be used to bound the probability of
B¢ by

3 2
(0.52) P®"(BS-) < 2exp (—log n) .
K 32| K3

A sufficiently tight bound on the probability of A, 2 in inequality (0.50) is required.
By definition of A; s,

PE (A, 5) < PE() > J)

< X (1h0s0) - a0 > ey fo7m) ogn).

meJ :m>j

and we divide the absolute value of the difference of the kernel density estimators
into the difference of bias terms |b;(j) — bs(m)| and two stochastic terms |p,, ;(t) —
]E?"ﬁnj(tﬂ and |pr,m (t) — E?”ﬁn)m(tﬂ. By Lemma 5.4,

|bt(.§) _bt(m)| < QBT/(.}) < 2020(67L)\/0-3,trunc(5) logn
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Furthermore, z € X, for some ¢ > 1 and therefore p(x) > 2a,. Consequently, for
n > ng with ny depending on S and L only,

o> (252)

n

such that h as defined in (0.46) satisfies

h<en(B,L)pla)s.

Lemma 5.1 (i) then yields for m > j

Jg,trunc (3) S 3 Ug,trunc (m) :

Thus, we can follow the arguments in the proof of Theorem 3.3 line by line straight-
forwardly, and arrive as in (5.15) and (5.18) at

(0.53) PE" (A, o) < exp ( — &16(8, L) logn + log (|j|)>

with a constant ¢16(8, L) that again, as c¢16(8, L), is monotonously increasing in
c14. Via ¢16(8, L) this requires some further restriction on the lower bound on ¢4,
namely such that

1\ B

G16(B8, L) > 2<1+ 7)7’

which implies in particular é16(8, L) > 2(1++)8/(8 +d). Plugging now the bounds

(0.51), (0.52) and (0.53) into (0.50) and applying the margin condition, we arrive
at

By, < /X p() (B (A, 1 01 By) + B2 (BS) + B (4, 5) ) dN' ()

q

logn 3
+1 _ (g+1)/2 _ 2
< (29 an){2exp ( 1 olat+1)/ ) + 2exp ( A log n)

sup

+ 2exp ( — ¢16(B, L) logn + log (|j|)) } /X d\(z)

q

logn 3
< /{2(2q+1an)1+7{2 exp <—i 2(‘”1)/2) + 2exp <_32||K||2 log? n)

sup

+ 2exp ( — ¢16(B, L) logn + log (|j)|>}
1
< a7 2/<;2{ exp (_Oi” 2 D/2 4 (g +1)(1+7)log 2)
+ exp (_3 log”n + (g + 1)(1 +7) 10g2>
32[| K12,

+ exp ( —¢16(B, L) logn+ (¢+ 1)(1 + ) log 2 + log (IJ|))}
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=: O‘}L+7An,q (Bv L7 s H)'
Since densities p € Z4(8, L,, k, €) are uniformly bounded by ¢1 (5, L), X, 1s empty

as soon as ( ( )/ )
10g C1 ﬂa L QA
q > qmax = 1
og 2

)

whence

Jie

y+1
S C(ﬂ7 Lv')/a K:) : a;yL‘

dmax

E2 SC(B,L,’Y,H)'O(Z' ( An,q(ﬁvLa,y?K“))

q=0

O

A.4. (B, L)-regular kernels. The proofs of Theorem 3.1, Theorem 3.4
and Theorem 4.4 make use of the following specific constructions of functions with
prescribed Holder regularity (8, L). The first construction, which is appealing due
to its simplicity, is taken from Rigollet and Vert (2009). Note that it works for
B < 2 only because the second derivative is not continuous. Define the function
K :R? - R by

(1= flll2)} if <1
(0.54)  K(z;8) == c17(PB) 218 —lz|l5 L if [lzf2 < 3
5 Jifl< B <2.
(I =llzll)f 5 if 5 <2

with the normalizing constant ¢;7(3) ensuring that K integrates to one, and fy =
max{ f,0} the positive part for a real-valued function f.
The second construction is a pointwise convex combination

(055)  K(@:8) =eso(8) (w() (1= o) + (1~ w(z)) u(x))

with

1 .
u(x) = {exp (~tm) ilal <1

0 if ||zfl2 > 1
w(z) =4 P (1 - Hxlng) if [|z][2 > 0
0 if [|z[l2 = 0

and the normalizing constant cgo(8). The idea behind is that (1 — Hx||2)i is domi-
nating when ||z||2 is close to one, while the choice of u and of the weight w guaran-
tees that K (-, 8) remains |(3]-times differentiable at zero. Note that u has Holder
regularity to the exponent § for every 8 > 0, see Tsybakov (2009), Section 2.5.

LEMMA 0.3. For any > 0, the kernel K(-,3) in (0.55) is Hélder continuous
to the exponent (3.
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For both constructions, (0.54) and (0.55), the dependence of K(-,3) on f is
omitted when there is no ambiguity. The function K(-, ) is supported on the
closed Euclidean unit ball B;(0), integrates to one (by definition of c;7(3) and
cs0(B), respectively) and has Holder regularity (8,L) for a constant L = L(f).
Recall that K(x;h,3) := hPK(z/h; 3) has the same Holder regularity as K, but
does not necessarily integrate to one, whereas Ky, (x;3) := h™K(x/h;3) is the
rescaled kernel having the same Holder parameter S but not necessarily the same
parameter L and is still integrating to one. With the choice

7 7+
gzgﬁ,L,dizl\/(L) , i=1,...,d

the function K,4(z; ) is supported on By(0) and is contained in &4(5,L).

In case of anisotropic smoothness we frequently use the product kernel K = H?:l K;
with factors K; = K,

9B;,L,1"
Proor or LEMMA 0.3. Rewriting
K (5 8) = e30(8) (w(z)d(x) + u(z))

with d(z) = (1 — Hx||2)?|r — u(x), it remains to prove that w - d has the Holder
exponent 3. For 8 < 1, this is an easy consequence of

[w(z)d(z) —w(y)d(y)| < lw(z)] - |d(z) = d(y)| +|d(y)] - [w(@) —wly)]

because both w and d are uniformly bounded on B;(0), while being Hélder contin-
uous to the exponent .

We now treat the case 5 > 1.
Case 1: (J|z||2 > 1 and ||y|]|2 > 1) Condition (4.1) obviously holds.

Case 2: (||z]l2 > 1 and ||ly||2 < 1) The expression (w - d)(x) equals zero. Using the
definition of the derivative via the difference quotient, w-d is shown to be | 8]-times
continuously differentiable at y = 0 with value zero. Hence, its Taylor polynomial

Po(ufgj vanishes. If y # 0, both d and w are |5|-times differentiable in y and

(wd o (wd)
- d)(a) = Y5 @) = P15 @)
with the Taylor polynomial
(0.56) PO @ = > @)@ —y)™ - (wa — ya)™

In|<LB]

and the coefficients

_ 1 || 11| k !
M(y) = g[;n I<;|!|l!(k1,...,k;d> (zl,...,zd Druly)D dly),
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where

kN R
iy ka)  kile kgl

denotes the multinomial coefficient. For I € N¢ with 1 < |I| < 8],

d
Dld(y) = BB —1)-+- (B || +1) (1 — [lyll)" " T](~ senw)" 1{y: # 0} — D'u(y)

i=1
where D'u(-) is of the form
4 Qi (y)
D'u(y) = u(y) - Z TN S
= (L= [lyl3)
with polynomials Qx, k = 1,...,|l| in at most d variables of degree at most |I|.

Using the representation of 1/(1 — ||y||3) as geometric series as well as the series
expansion of the logarithm, we get

_Vuly) = ex —1;—7710 -
05 gt o (S e (0 1)) o

for any m € N, as ||y||2 approaches one from below. Hence, there exists a constant
e31(B) € (0,1), such that \/u(y) < (1—|jyll2)7 ™ for all 1 <m < |8] and for all y
with [|y[l2 > 031(5) For any y Wlth lyll2 < 031(ﬂ)

Vi) S s € e ()

for any 1 < m < |8]. Summarizing,

|1

lDlu(y)lS((l—c;ﬂ(ﬂlﬂ exp(l)\/1> (= Il (Vi) - 3 )

)) =yt

1 - Bl
§C<(1_031(ﬁ))ﬁ =t v1> (1= lyll2)

with a constant

|1l
o= e, |V X e

y:llyll2<1 k=1

which is due to (0.57) and the uniform boundedness of the polynomials Qg, k =
., ], on the closed unit ball. Finally,

|D'd(y)|

)ﬁ—m

Cq =
y:0<ylla<t (1 — [yll2)’}
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Furthermore,
k
sup | DFw(y)] < oo
" RISIMSL8) iyl <1 ’

because the partial derivatives are products of w(y) and rational functions with a
pole in zero only. Summarizing,

1 |k| |1] Bt

< — 1 -
h/n(y” _k:;n k|'|l|'(klavkd> (ll""’ld Cdcw( ||y||2)+
~ 1 |k| |
< (1— p=In| w ITATIEIN
< (= lyl)f ™ cacw Y EZRHE (klk) (11,...7ld
k+l=n

5-In| ! ‘ g

< ”‘T*yHQ CdCw Z_nw<k17"'?kd Zl,--~7ld

k+l1

as ||z]l2 > 1. Together with (0.56), this proves

) (wd) (wd)

<ww>&wmk [P (@)
sup = sup

zyillzll2>1,]lylla<1 |z —yll5 wyllala>Llvll<t ||z — yll

Case 3: (||z]|]2 < 1 and ||y|l2 > 1) The Taylor polynomial Py(yig)J (z) vanishes, such

that

(w- d)(@) = PG @) = (- d)(@)] < |d@)| < (= [lz]2)] +u(a).

By the same arguments as in (0.57) and below, there exists a constant cs2(8) €

(0,1), such that u(zx) < (1 — Hx||2)§ and hence

(- d)(@) = P (@) <21 = lJoll)?

for all z with ||z|l2 > ¢32(8). For = with ||z|2 < ¢32(8), note first that w - d is by
triangle inequality uniformly bounded from above by 1 + exp(—1), implying

1+ exp(—1)
(1 —c32(8))°

for all  with ||z||2 < ¢31(8). Summarizing,

(- d)(w) — P @) < (1= [lall2)?

v, 18]

wd
|- d)(@) = P13 @) < (U= Jall2)} < e(lylle — 2ll2)” < ellz = yll3

for

Cc = max {2, L+exp(=1) } .

(1 —e31(8))°
Case 4: (|lz]l2 < 1 and |yl < 1) If y = 0, then P;UEZ)J vanishes and it remains to

note that J
(wd)@)| _

z0<zla<1 |25
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From now on we assume y # 0. By the triangle inequality

(0.58) ((w -d)(z) — P (a:)‘

v, 18]
d d
w d w
(0.59) + ‘Py LZ}J )ng,LBJ () — P;,Lﬁﬁ (a:)‘

(

with the Taylor polynomial Py“{gi as defined in (0.56). As concerns the product

d x n n
P (@) Py @) = > Aa@)@—y)™ - (2 — ya)™,
In|<2[B]

we have v, (y) = An(y) for 0 < |n| < [B]. For |B] < |n| < 2|B], the coefficient
, is a linear combination of products Dw(y) D7 d(y) with 0 < j, 5" < | 8], which
are uniformly bounded in y € R%\ {0}. For d, this can be easily checked via the
explicit form of the derivatives (note that d is not differentiable at zero), while w

is |8]-times continuously differentiable and of compact support. Hence, (0.59) is
bounded by

sup [ (2)| max o — v
18] <|n|<2| 8] O<llzll2<1

In]
- n r—Y
< 3w paene (250

18] <|n|<2|8] 0<||z]l2<1

B 8
<(E) > w2

18] <|n|<2|8] 0<||z]l2<1

=le—ylly > sup | (2)] 221805,
18] <|nj<2|p) O<lIzll2<1

Therefore, (0.58) is bounded by ||z — y|\§ times a constant, the latter uniformly
bounded in z,y € B;1(0).

Combining Case 1-4 implies that wd € J£*°(3, f/) for some constant L > 0. O
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