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Population genetic models

Populations of constant size have been modelled by
» Markov Chains (Wright-Fisher-model, Moran model)

» Diffusion approximations (Fisher-Wright diffusion)

dX = aX(1 — X)dt + /X(1 = X)dW

random tree

or measure-valued diffusions (Fleming-Viot superprocess)
» Keywords: Superprocess, duality of Markov processes,
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The Moran model with selection

> Alleles are b and w

(beneficial, wild-type)

» Each pair resamples with
rate 1

Time

» Each line creates red
arrows with rate «
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The Moran model with selection

» Black arrows can be used
by any allele

» Only b alleles can use red
arrows

Time

» The state at all times can
be read from this
graphical representation
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The Wright-Fisher diffusion

> Frequency path of beneficial allele is

dX = aX(1— X)dt + VX1 = X)dW,  Xo=x

L “f
N population size /

s selective advantage
a =sN

dt = Ndt generations

» Conditioned on fixation
dX = aX coth(aX)(1 — X)dt + v/ X(1 — X)dW, Xol0
] = =
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Selective sweeps: Classical case
population

> A highly beneficial mutant eventually fixes in a panmictic

» Fixation time T :=inf{t > 0: X(t)
T
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> A highly beneficial mutant eventually fixes in a structured
population

» Fixation time T :=inf{t >0: X;(t)=1,i=1,...,v}

g SR R I N REEEEEEEEEEEED
Sweep exported =
T 77T T T TfrequencyX;ofballele T T T T T T T frequencyX; of b allele =~ ~
» What is the distribution of T7?
=] = = = = QR
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» Conditioned on eventual fixation, on 2 islands

dXi= (,u(Xz—Xl)—i—aXl(l — Xi) coth (a(Xl —i—Xz)))dt—i- VX1(1 = X1)dWy

dXo = (,U(Xl —X3)+aXa(1 — X3) coth (a(X1 -I-Xz)))dt-i- vV X2(1 — X2)dWs

(07

T a—oQ 3—‘P,
log o 3+ X,

where X ~ exp(2c).

» Theorem: Let T :=inf{t > 0: Xi(t)r = Xo(t) = 1}

if u = caP for p €0,1],
if p= =<

loga?
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» Fixation time T :=inf{t >0: Xj(t)=1,i=1,...,v}
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Selective sweeps on v islands

o

a—00 2 1 P S )
log o

1+ 57,

» Theorem: Condition on eventual fixation, on v islands.
Let T:=inf{t >0: Xi(t)=1,i=1,...,v}. Then,

if u~ caP for p €0,1],
if =~

c
loga®
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panmixia.

Even if the population is only weakly structured (i.e.
w is large), fixation can take a lot longer than under
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The Ancestral Selection Graph

» Two lines coalesce at rate 1

> At rate « each line is hit by a
red arrow; thus it produces a
new line in the ancestral
graph
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The Ancestral Selection Graph

w w
[ ]
» Two lines coalesce at rate 1
> At rate « each line is hit by a
red arrow; thus it produces a
new line in the ancestry
graph
w w
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The Ancestral Selection Graph

b b
[ ]
» Two lines coalesce at rate 1
> At rate « each line is hit by a
red arrow; thus it produces a
new line in the ancestry
graph
b b
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The Ancestral Selection Graph

b b
[ ]
» Two lines coalesce at rate 1
> At rate « each line is hit by a
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The Ancestral Selection Graph

b b
[ ]
» Two lines coalesce at rate 1
> At rate « each line is hit by a
red arrow; thus it produces a
new line in the ancestry
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The Ancestral Selection Graph

» An individual e has b iff there
is an ancestor e which has b

> Reason: only b-alleles can
use every branch
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Fixation under strong selection in the ASG

» Consider 2 demes.

Assume that deme 1 carries the immortal line at time 0.

(7777

Sweep exported
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» Lemma 1: Start ASG with co many lines in all demes. Wait

Then,

until time t and mark a random line from deme 1 with b. Let
C; := {marked line potential ancestor of all starting lines}.

lim P.(T < tlfixation) = P(().
e—0

» Reason: Conditioning on eventual fixation means that at least
one line is b at time 0.
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present, only beneficial alleles

past, one copy of new beneficial allele
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» KC: line counting process of the ASG has the dynamics

K: +1 atrate aK;,
K —
Ki—1

at rate (1)
in each deme, and migration events.

» Lemma 2: K, ~ m,, a vector of Poi(2a) distributions,
conditioned on being positive.
» T, is reversible for K.

» The full graph is reversible in its equilibrium.

» Corollary: Up to a small error, Lemma 1 still holds if ASG
started in equilibrium.
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Fixation under strong selection in the ASG

| Poi(2n) number of lines

time
I
awn

Poi(20) number of lines !
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present, only beneficial alleles

past, one copy of new beneficial allele




Introduction and Result The Ancestral Selection Graph Sketch of proof Summary and Outlook

0000000000

000000 O00000@00000 O

Some observations on a single deme

>

Use reversibility of equilibrium in order to construct ASG from
past to present.

Start ASG in the past with equilibrium number of lines, one b
allele in deme 1

b-allele increases on deme 1 approximately according to a Yule
process with rate o, up to having ol = copies of b.

If w-allele has ~ a!~¢ copies, w-allele decreases on deme 1
approximately according to a subcritical branching process.

Fixation occurs iff all lines carry allele b.
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Some observations for 1 = caP

» Number of lines with allele b is about e®* for t < Iii—a

» Q: At what time T does the first migrant (occurring at rate
aP) move from deme 1 to 2 in the ASG?
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Some observations for 1 = caP

» Number of lines with allele b is about e®* for t < '°§a

» Q: At what time T does the first migrant (occurring at rate
aP) move from deme 1 to 2 in the ASG?

» A: Not before ' = (1 —p — 5)"’%:
Expected number of migration marks on Yule process before
t'is

al—pP—e —p—

. 1 _ pal p—e o —g a—0 O

1% |I— =" —— =« — U.
i—1 «l [0
i=
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Some observations for 1 = caP

» Number of lines with allele b is about e

» Q: At what time T does the first migrant (occurring at rate
aP) move from deme 1 to 2 in the ASG?

> A: Not after time t/ = (1 — p + ¢) '€
Expected number of migration marks on rate-a: Yule process
up to time t” is

1 p+e

e Q—00
”Z = -=a — 0.
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Some observations for 1 = caP
» Number of lines with allele b is about e®* for t <

log

~ o :
» Q: At what time T does the first migrant (occurring at rate
aP) move from deme 1 to 2 in the ASG?

» A: Combining the arguments,
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T a—r0Q 1 _
log « P
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Some observations for 1 = caP

» b allele increases in frequency up to time T~ (1-p)
» First migrants infects deme 2 at time T

log
P)=a

» Fixation on island 2 after duration 2'33—0’.

frequencyX; of b allele

"~ " "frequencyX; of b allele " "~
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» If the migration rate is ~ P, the fixation time of a beneficial
mutant is IC’%Q + (1 — p)Sy), where Sy is maximal graph
distance from the founder island.

> Ancestral selection graph can be extended to include

recombination in order to compute other statistics.
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