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1 Stochastic Exponential

For a semimartingale X with Xy = 0, the stochastic exponential of X, written £(X), is the
(unique) semimartingale Z that is a solution of

t
Zy =1 +/ Zs_dXs.
0

The stochastic exponential is also known as the Doléans-Dade exponential. An important
special case is when the semimartingale X is continuous. Then the stochastic exponential
is given by
1
E(X)t = exp {Xt — Q[X,X]t} .

The stochastic exponential is used to define a density process. In this context, consider
also Girsanov’s theorem. A central question that arises here is the following: Let M be
a local martingale. When is £(M) a martingale? The only known general conditions that
solve this problem are Kazamaki’s criterion and Novikov’s criterion. Moreover, these criteria
apply only to local martingales with continuous paths. Novikov’s criterion is a little less
powerful than Kazamaki’s, but it is much easier to check in practice. Since Novikov’s
criterion follows easily from Kazamaki’s, we present both criteria here. Note that if M is
a continuous local martingale, then £(M) is also a continuous local martingale. However,
even if it is a uniformly integrable local martingale, it still need not be a martingale.

Lemma 1.1. Let M be a continuous local martingale with My = 0. Then E(M) is a
supermartingale, hence E(E(M)y) <1 for all t > 0.



Proof. Recall that £(M)o = 1. Since M is a local martingale, £(M) is a nonnegative local
martingale, whence a supermartingale.
Let T, be a sequence of stopping times reducing £(M). Then E(E(M)iar,) = 1, and
using Fatou’s Lemma,
E(E(M),) =E (nm mfg(M)MTn) < liminf E(E(M)inr, ) = 1.

n—roo n—roo
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Theorem 1.2. Let M be a continuous local martingale and T a bounded stopping time.
Then

E[e%MT] < E[e%[M’M]T} 1/2

Proof. Recall that

(E(M)r)'/? = (eMT*%[M’M]T)lﬂ _ o3Mr (fz‘%[M,M]T)l/z7

which implies that
€3 — (8(M)p)V/2 (¢~ 2 MMIry 1/

This, together with the Cauchy-Schwarz inequality and the fact that E(E(M)r) < 1, gives
the result. O

Lemma 1.3. Let M be a continuous local martingale. Let 1 < p < oo, and set % + % =1.
Taking the supremum below over all bounded stopping times, assume that

supE (e(QV\%E‘l)MT> < 0.
T

Then E(M) is an L9-bounded martingale.

Proof. Let 1 <p < ooandr = gﬂ. Then s = @ and % + % = 1. Also, we note that
q VP

(q—+/%)s= =) which we use in the last equality of the proof. We have

E(M)T = tM—3MMr _ o/EM—4[M. Mz o(a=\/T)M
Now, we apply Hoélder’s inequality for a stopping time S:
E(E(M)?) <E (eﬁMsf%[M,ms)” "E (es@_\/gf)Ms)l/s
<E (e\/ﬁMS—%[MJVI]S)l/TE(eW%MS)l/S.
Recalling that E (e"s) < 1, we have the result. O
Theorem 1.4 (Kazamaki’s Criterion). Let M be a continuous local martingale. Suppose
sup E {e%M*} < 00,

where the supremum is taken over all bounded stopping times. Then E(M) is a uniformly
integrable martingale.



Proof. Let 0 < a < 1, and p > 1 be such that \/\5/51 < 1/a. Our hypothesis combined with

the preceding lemma implies that £(aM) is an LY bounded martingale, where % + % =1,
which in turn implies it is a uniformly integrable martingale. However,

£(aM) = (OM— L [MM] _ 0 M- [M,M] ja(1—a)M
— g(aM)azea(l—a)]VI.

Using Hélder’s inequality with exponents a=2 and (1 —a?)~! yields (where the 1 on the left
side comes from the uniform integrability):

1= E{E(GM)OO} < E(S(M)Oo)az (E«ea(l—a)Moo)l/(l—az)))17(12
2a(l—a)

= E(E(M)o)” (E{e¥~})

Now let a — 1; the second term on the right-hand side of the inequality converges to 1
since 2a(1 — a) — 0. Thus,
1 <E(E(M)o),

and since it is always true that 1 > E(F (M) ), we are done. O

Theorem 1.5 (Novikov’s Criterion). Let M be a continuous local martingale, and suppose

that
E (e%[M’M]M) < Q.
Then E(M) is a uniformly integrable martingale.

Proof. We have

1

E(EM)r) < (E (eé[M,M]T))E ’

where T is a stopping time.
Now, applying Kazamaki’s criterion, we conclude that £(M) is a uniformly integrable
martingale. O

2 Lévy’s Theorem

Theorem 2.1 (Lévy’s Theorem). A stochastic process X = (Xy)i>0 is a standard Brownian
motion if and only if it is a continuous local martingale with [X, X]; = t.

Proof. We have already observed that a Brownian motion B is a continuous local martingale
and that [B, B]; = t. Thus, it remains to show sufficiency.

Fix u € R and set F(z,t) = exp{iuz + ju*t}. Let Z; = F(Xy,t) = exp{iuX; + u’t}.
Since F € C?, we can apply Ito’s formula to obtain

t e W2 [t
Zt=1+iu/ stXs+—/ sts——/ Zsd[X, X]s.
0 2 Jo 2 Jo
Using [X, X]¢ = ¢, this simplifies to

t
Zt:1+Z’U,/ stXs,
0



which is the exponential equation. Since X is a continuous local martingale, we now have
that Z is also one (complex-valued, of course) by the martingale preservation property.

Moreover, stopping Z at a fixed time 79, Z;,, we have that Z,, is bounded and hence a
martingale. It then follows for 0 < s < t that

E{exp{iu(X; — X5)} | Fs} = exp {—;u2(t . s)} .

Since this holds for any u € R, we conclude that X; — X, is independent of F; and that
it is normally distributed with mean zero and variance ¢t — s. Therefore, X is a Brownian
motion. O]

Theorem 2.2 (Lévy’s Theorem: Multi-dimensional Version). Let X = (X!,...,X™) be
continuous local martingales such that

[Xz Xj}t: {tv ZfZ:jv
’ 0, ifi#j.

Then X is a standard n-dimensional Brownian motion.

3 Arbitrage and Duality in Nondominated Discrete-time
Models

3.1 Existence of optimal superhedging strategies

In this section, we obtain the existence of optimal superhedging strategies via an elementary
closedness property with respect to pointwise convergence. For the remainder of this section,
P is any nonempty collection of probability measures on a general measurable space (€2, F)
with filtration {F;}¢eo,1,..., 7y, and S = (So, S1,...,57) is any collection of F-measurable,
R-valued random variables S;.

Denote by H of trading strategies, i.e., the set of all predictable processes. For H € H,
the wealth process H ¢ S is defined by the discrete stochastic integral, and the condition
NA(P) says that H « Sp > 0 P-q.s. implies H * S7 = 0 P-q.s.

We write Ei for the set of all nonnegative random variables. The following result states
that the cone C of all claims which can be superreplicated from initial capital z = 0 is closed
under pointwise convergence.

Theorem 3.1. Let C := {H « Sp | H € H} — LY. If NA(P) holds, then C is closed
under P-q.s. convergence; that is, if {W"},>1 CC and W is a random variable such that

Wnm — W P-q.s., then W € C.

Proof. Let
Wn=H"e«Sp - K"

be a sequence in C which converges P-q.s. to a random variable W; we need to show that
W =H e Sr— K for some H € H and K € ,CS)F. We shall use an induction over the number
of periods in the market. The claim is trivial when there are zero periods. Hence, we show
the passage from T'—1 to T periods; more precisely, we shall assume that the claim is proved
for any market with dates {1,2,...,T}, and we deduce the case with dates {0,1,...,T}.



For any real matrix M, let index(M) be the number of rows in M which vanish iden-
tically. Now let H; be the random (d X oco)-matrix whose columns are given by the vec-
tors H{, HZ,.... Then index(H;) is a random variable with values in {0,1,...,d}. If
index(H;) = d P-q.s., we have H = 0 for all n, so that setting H; = 0, we conclude imme-
diately by the induction assumption. For the general case, we use another induction over
i=d,d—1,...,0; namely, we assume that the result is proved whenever index(H;) > i P-
q.s., and we show how to pass to i — 1.

Indeed, assume that index(H;) >i—1 € {0,...,d — 1}; we shall construct H separately
on finitely many sets forming a partition of 2. Consider first the set

Q; := {liminf|H'| < 00} € Fo.

We can find Fp-measurable random indices ny, such that on ©;, H{"* converges pointwise to
a (finite) Fp-measurable random vector Hy. As the sequence

T
Wh = Wn — H{*AS, =Y H{"™AS, — K™
t=2

converges to W — H{AS; =: W P-q.s. on Qy, we can now apply the induction assumption
to obtain Hsy,..., Hr and K > 0 such that

T
W:ZHfASf*K

t=2

and therefore W = H ¢ St — K on 2. It remains to construct H on
Qy :=Qf = {liminf’Hﬁ = +oo}.
Let "
Gr = Hl
Pl Hp[
As |G?| < 1, there exist Fp-measurable random indices ng, such that G* converges pointwise

to an Fp-measurable random vector G, and clearly |G1| = 1 on Q. Moreover, on {25, we
have W™ /(1 4 |H{"*|) — 0 and hence —G1AS; is the P-q.s. limit of

T thk Knk
E T ASE — T
— 1+|H; 1+ |H™|

By the induction assumption, it follows that there exist H,, ..., Hy such that Zthz H,AS, >
—G1ASy on Q9 € Fy. Therefore,

T
G1AS + > HAS, =0  on Oy, (1)

t=2

since  otherwise the trading strategy (G, H,, ..., I:[T)]_Q2 would  violate
NA(P). As |G1] = 1 on Qy, we have that for every w € 3, at least one component
G (w) of G1(w) is nonzero. Therefore,

Ay = QN {Gi #0},
Aj : (QQQ{G{#O})\(AluuAJ_l), j:2,,d



defines an Fy-measurable partition of 25. We then consider the vectors

_ 4o g N
th = HZL—Z]_AJ. (;j (Gll{tzl} +Ht1{t22})) t=1,...,T.
J=1 1

Note that H™ « Sp = H™ « Sy by (1). Hence, we still have W = lim H" « Sp — K™.
However, on 9, the resulting matrix H; now has index(]I:]Il) > 4 since we have created
an additional vanishing row: the jth component of H} vanishes on A; by construction,
while the jth row of H; cannot vanish on A; C {GJ # 0} by the definition of G;. We can
now apply the induction hypothesis for indices greater or equal to i to obtain H on 5.
Recalling that = Q1 U €3, we have shown that there exist H € ‘H and K > 0 such that
W=H-+*Sr—K. O

Theorem 3.2. Let NA(P) hold, and let f be a random variable. Then
7(f) :=inf{x € R|3H € H such that x + H * Sp > f P-q.5.} > —o0,
and there exists H € H such that w(f)+ H « Sy > f P-q.s.

Proof. The claim is trivial if 7(f) = co. Suppose that 7(f) = —oo. Then, for all n > 1,
there exists H"™ € ‘H such that —n + H™ « Sp > f P-q.s. and hence

H"«Sp>f+n>(f+n)Al P-q.s.

That is, W™ := (f +n) A1 € C for all n > 1. Now Theorem 3.1 yields that 1 = im W™ is
in C, which clearly contradicts NA(P).

On the other hand, if 7(f) is finite, then W™ := f —w(f) —1/n € C for all n > 1 and
thus f — 7w (f) = lim W™ € C by Theorem 3.1, which yields the existence of H. O

3.2 The one-period case

In this section, we prove the First Fundamental Theorem and the Superhedging Theorem
in the one-period case; these results could also be generalized to the multi-period case. We
consider an arbitrary measurable space (2, F) with a filtration (Fy, F1), where Fo = {0, Q},
and a nonempty convex set P C PB(2). The stock price process is given by a deterministic
vector Sy € R? and an Fj-measurable, R%valued random vector S;. We write AS for
S1— 50 and note that @ is a martingale measure simply if Eg[AS] = 0; with the convention
00 — 00 == —00. Moreover, we have H = R%. We write Q <& P if there is a P € P such that
Q < P. We define Q ={Q € B(Q) | Q < P, Eg[AS] = 0}.

3.2.1 First fundamental theorem

Theorem 3.3. The following are equivalent:
(i) NA(P) holds;
(ii) for all P € P there exists Q € Q such that P < Q.
Proof. Exercise 10.1. O



In the following, we will use a separation theorem in R*. First, the following definitions:
For any two convex subsets C; and Cy of R¥, a hyperplane H is said to separate C; and
C5 if ' is contained in one of the halfspaces corresponding to H and C5 is contained in
the other halfspace. A hyperplane separates C7 and Cy properly if both are not wholly
contained in the hyperplane. For I' C R* we define the affine hull aff(T") by

aff(T') := {xERk|x:Zaixi,n€N,xi ev,Zaizl}.

i=1 i=1
The relative interior ri(I") of I' is defined by
ri(T) == {x € T'| 3¢ > 0 s.t. B:(z) Nnaff(T") C ~}.

If I is convex then its relative interior is given by

i) ={x el |VyeT\{z} 3z, A€ (0,1)s.t. x =Ay+ (1 — A)z}.
Theorem 3.4. Let C; and Cy be non-empty convex subsets of RE. There exists a hyperplane
properly separating C1 and Cy if and only if riCy NriCy = (.
Lemma 3.5 (Fundamental lemma). Let NA(P) hold, and let f be a random variable. Then

0 € ri{ ER[AS] | R € B(Q), R < P, ER[|AS| +|f]] < o} C R

Similarly, given P € P, we also have

0 € 1i{ ER[AS] | R € B(Q),P < R << P, Eg[|AS| + |f]] < oo} CR%

Proof. We show only the second claim; the first one can be obtained by omitting the lower
bound P in the subsequent argument. We fix P and f; moreover, we set Z, := {1,...,d}"
fork=1,...,d and

0:={RePB(Q) | P< R<KP,Eg|[|AS]| + |f]] <oo}.

Note that © # @ by a standard construction of an equivalent measure R ~ P under which
AS and f is integrable. Given I € 7}, we denote

Iy :={Er[(AS"), ;] | RO} CR";

then our claim is that 0 € ril'; for I = (1,...,d) € Zy. It is convenient to show more
generally that 0 € ril'; for all I € 7 and all K =1,...,d. We proceed by induction.

Consider first £ = 1 and I € Zj; then I consists of a single number ¢ € {1,...,d}.
If Ty = {0}, the result holds trivially, so we suppose that there exists R € © such that
Egr[AS?] # 0. We focus on the case Ex[AS?] > 0; the reverse case is similar. Then, NA(P)
implies that A := {AS® < 0} satisfies R;(A) > 0 for some R; € P. By replacing R; with
Ry := (Ry 4+ P)/2 we also have that Rs > P, and finally we replace Ry with an equivalent
probability Rs such that Eg,[|AS|+ |f|] < oo; as a result, we have found R3 € O satisfying
ERr,[14ASY] < 0. But then R’ ~ R3 > P defined by

dR’ 1a+4+¢

T&,: ER3[1A+E] (2)



satisfies R’ € © and Ep/[AS?] < 0 for € > 0 chosen small enough. Now set
Ry:=AR+(1-)MNR €0
for each A € (0,1); then
0€ {Eg,[AS"] | A€ (0,1)} Cri{ER[AS’] | R € O},

which was the claim for k = 1.

Let 1 <k < dbesuchthat 0 € ril'; for all I € Z;,_1; we show hat 0 € riI'; for all I € Zj.
Suppose that there exists I = (i1,...,1;) € Zy such that 0 ¢ ril';. Then, the convex set I'y
can be separated from the origin, see Theorem 3.4; that is, we can find y = (y!,...,y*) € R¥

such that |y| =1 and
| R € @}.

Using an argument similar to that which precedes (2) (Exercise 10.2), this implies that
Zle y? AS% > 0 P-q.s., and thus Zle Yy AS% = 0 P-q.s. by NA(P). As |y| = 1, there
exists 1 <[ < k such that yl # 0, and we obtain that

k

> Yy ASE

j=1

0 S inf{ER

k
AS'==>"5u(y /y)ASYT  P-gs.
j=1
Using the definition of the relative interior, the assumption that 0 ¢ riI'; then implies that

0 ¢ ril'y/, where I' € T, is the vector obtained from I by deleting the Ith entry. This
contradicts our induction hypothesis. O

3.2.2 Superhedging theorem
We can now establish the Superhedging Theorem in the one-period case.

Theorem 3.6. Let NA(P) hold, and let f be a random variable. Then

sup Eglf] = n(f) = inf{z € R | 3H € R? such that x + HAS > f P-g.s.}.
QeQ

3)
Moreover, n(f) > —oo, and there exists H € R? such that 7(f) + HAS > f P-q.s.

The last statement is a consequence of Theorem 3.2. For the proof of (3), the inequality
“<” is left as an exercise (Exercise 10.4); For the inequality “>" we need to find @Q,, € Q such
that Eq, [f] — 7(f). Our construction proceeds in two steps. In the subsequent lemma,
we find “approximate” martingale measures R,, such that Er, [f] — 7(f); in its proof, it
is important to relax the martingale property as this allows us to use arbitrary measure
changes. In the second step, we replace R,, by true martingale measures, on the strength of
the Fundamental Lemma: it implies that if R is any probability with Er[AS] close to the
origin, then there exists a perturbation of R which is a martingale measure.

Lemma 3.7. Let NA(P) hold, and let f be a random variable with w(f) = 0. There exist
probabilities R, << P, n > 1 such that

Epm [AS] —0 and ERn [ﬂ — 0.



Proof. The set
0 :={ReP(Q) | R << P, E[|AS| + |f]] < oo}

is nonempty. Introduce the set

I':= {Er[(AS, f)] | P € ©} C R,

then our claim is equivalent to 0 € I', where T’ denotes the closure of T' in R**!. Suppose
for contradiction that 0 ¢ T', and note that I" is convex because P is convex. Thus, I' can
be separated strictly from the origin; that is, there exist (y,2) € R? x R with |(y,2)| = 1
and a > 0 such that
0 < a= inf EgR[yAS .
a= inf ErlyAS + zf]

Using again a similar argument as before (2), this implies that
O0<a<yAS+zf P-q.s. (4)
Suppose that z < 0; then this yields that
f< ’z_l‘yAS — |z_1’a P-q.s.,

which implies that 7(f) < —|27!|a < 0 and thus contradicts the assumption that w(f) = 0.
Hence, we must have 0 < z < 1. But as 7(zf) = zn(f) = 0 < a/2, there exists H € R?
such that a/2 + HAS > zf P-q.s., and then (4) yields

0<a/2<(y+H)AS  P-gs.,
which contradicts NA(P). This completes the proof. O

Lemma 3.8. Let NA(P) hold, let f be a random variable and let R € B(Q2) be such that
R <« P and ER[|AS| + |f|] < co. Then there exists Q € Q such that Eg[|f]] < oo and

|Eqlf] = Erlf]] < c(1+ |Er[f]])|Er[AS]

where ¢ > 0 is a constant independent of R and Q.
Proof. Let © = {R' € B(Q) | R << P, Er/[|AS]|+|f|] < o0} and
I'= {ER/[AS] | R ¢ @}

If ' = {0}, then R € O is itself a martingale measure, and we are done. So let us assume
that the vector space spanI’ C R has dimension k& > 0, and let ey, . .., e; be an orthonormal
basis. Lemma 3.5 shows that 0 € 1iT; hence, we can find P¥ € © and o > 0 such that

O Epe[AS] = %e;,  1<i<h

Note also that Pf, ozli do not depend on R.
Let A = (A1,..., M) € RF be such that —ER[AS] = S-F | Mie;. Then we have |\ =
|ERr[AS]| and

k
—EgR[AS] = /ASd,u for o= Mraf P+ X\ o] P,

i
=1



where A\ and A\ denote the positive and the negative part of \;. Define the probability @
by

 R+p
O Ty
then R <« Q << P and Eg[AS] = 0 by construction. Moreover,
1 Q
Balfl = Erlf| = 1 [ Fau Tl
< [ fdut @) Ealy
< AL+ |ERIA)),

where ¢ is a constant depending only on af and Ep+[f]. It remains to recall that || =
ElAS]). O

Proof of Theorem 3.6. The last claim holds by Theorem 3.2, so 7(f) > —oo. Let us first
assume that f is bounded from above; then 7(f) < oo, and by a translation we may even
suppose that w(f) = 0. By Theorem 3.3, the set Q of martingale measures is nonempty;
moreover, Eg[f] < m(f) =0 for all Q € Q by Exercise 10.4. Thus, we only need to find a
sequence Q,, € Q such that Eqg, [f] — 0. Indeed, Lemma 3.7 yields a sequence R, << P
such that Er [AS] — 0 and Eg, [f] — 0. Applying Lemma 3.8 to each R,,, we obtain a
sequence @, € Q such that Eq, [|f|] < co and

|EQ.1f] = Er, [f]| < c(1+ |Er,[f1])| Er,[AS]] — 0;

as a result, we have Eq, [f] — 0 as desired.
It remains to discuss the case where f is not bounded from above. By the previous
argument, we have
sup Eg[f An] =7(f An), n € N; (5)
QEQ

we pass to the limit on both sides. Indeed, on the one hand, we have
sup Eg[f An] 7 sup Eglf]
QeQ QeQ

by the monotone convergence theorem (applied to all @ such that Eg[f~] < o0). On the
other hand, it also holds that

w(f An) S x(f),
because if « := sup, 7(f A n), then (f An) —a € C for all n and thus f — a € C by
Theorem 3.1, and in particular 7 (f) < a. O
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