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Discrete time

Historically, financial mathematics originated in continuous time - like in the famous works
from Black & Scholes (1973) and ? and the main driving force was a Brownian motion. It seems
very plausible, that a large number of traders who act independently can be approximated by
a Gaussian distribution through the central limit theorem, such that this is a very appealing
setup.

However, this requires the full power of stochastic integration and the technical details are
quite subtle. It is remarkable, that the main concepts of financial markets, like absence of ar-
bitrage, the first and second fundamental theorem can be proven in discrete time without the
need to dive into the technicalities while providing similarly deep insights. I therefore believe,
it is a good start to spend some time on discrete time.

A discrete-time financial market

An excellent introduction to the field is Follmer & Schied (2016). We follow this book for the
introduction and directly start in a multi-period financial market. The advantage of this ap-
proach - as we will soon see - is that a multi-period market essentially can be reduced to a
one-period market.

To this end we fix a probability space (Q),.%, P). A financial market consists of one primary
risk-free asset S® which is assumed to be strictly positive. Furthermore, we have d risky assets
S = (S',...,5%) which are assumed to be non-negative. All assets are described as stochastic
processes on the time interval T = {0,..., T}.

The information flow is described by the filtration F = (.%;);cT. We denote by S = (S, S)
the d + 1-dimensional stochastic process including the risk-free account. We assume that S is
adapted to the filtration IF.

Definition 1. A trading strateqy H is a predictable, d + 1-dimensional stochastic process. The
trading strategy is self-financing, if

Ht'S_tZHt+1-S_t, t=1,...,T—1.

Intuitively, a self-financing trading strategy does not require external funds while rebalanc-
ing at time f, neither does it produce a consumable profit.
Let us denote the increments of S by

AS; = St — 544, t=1,...,T.
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It is a remarkable result, that for a self-financing trading strategy, the position at time ¢ can
be decomposed in the initial value plus the gains from trading. The gains itself can be written
as a (discrete) stochastic integral.

Lemma 2. For a self-financing trading strategy H, we obtain that

Ht'gt:Hl'S_0+2Hk‘AS_k/ 1<t<T.
k=1

Proof. This follows in two steps:

- Ht . gt + Ht_l . gt_] — Ht . S_t—l
;- (St — S¢—1) + Hy—1 - S

t
=Y Hi (Sc—Sk-1)+Hi- 5
where we used that H is self-financing. For the last time step we obtain,
Hy-S1=H$+H;-So—H;-Sp
= Hi (51— S0) + Hi - So
and the claim follows.

Example 3 (Bank account). A typical example for S is the bank account. The bank account
starts at 58 = 1 and offers the interest rate r; from t — 1 to tt. Note that r; is of course already
known at t — 1 and hence predictable. Hence,

t

SP =TT +rs).

s=1

We always require r; > —1. But often one additionally assumes that r; > 0.

Moving to discounted quantities

An important step - economically, and mathematically - is to move to discounted quantities.
While this simplifies that setup drastically, it also has a number of subtle consequences (in
particular in continuous time).

We introduce the discounted price process

S

=—, t=0,...,T, i=0,...,d.
t S?

Note that X? = 1 and in particular AXY = 0. As previously, we use the notation H = (H?, H).
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Definition 4. The discounted value process V = V¥ of the trading strategy H is given by
Vt::Ht-Xt, l’:1,...,T

with Vy := Hy - Xo. The discounted gains process G = G is

t
GtI: ZHk'AXkI t:1,...,T
k=1

with Gy = 0.

Of course,
t
Gr =) Hi-AXy,
k=1

which explains why we can switch from H to H on discounted quantities.

Proposition 5. Consider the trading strategy H. Then the following are equivalent:
(i) H is self-financing,
(ii)Ht'XtIHt+1-Xt, t=1,...,T—1,

(iii) Vi = Vo + Gy for0<t<T.

Proof. By definition, self-financing is equivalent to

Ai-Si = Hiup -5 F=0,...,T—1,
- gt ~ S;

& Hy-— =H;yq1 - =, t=0,...,T—1,
t S? t+1 S?

since S > 0. This yields equivalence of (i) and (ii). For the next step we compute the incre-
ments of the value process. By (ii),

Vi—Vio1 = Hpy - Xpp1 — Hr - X = Hipp - (X1 — Xi) = Hipr - (X1 — Xo).

Hence,
t
Vi-Vo=) He-(Xs—Xs-1), t=1,...,T
s=1

and the conclusion follows. U

Remark 6 (Trading strategies). If we start with a d-dimensional trading strategy H, we can
determine the associated self-financing strategy H as follows: choose H? according to

H?Jrl_H?:_(HtJrl_Ht)'Xt/ t=0,...,T—1,

and HY = V) — Hj - Xo. In the following, if we speak of a self-financing trading strategy H, we
mean equivalently this associated strategy H.
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Arbitrage and martingales

The central concept for our analysis of financial markets is the concepts of arbitrage.

Definition 7. An arbitrage is a self-financing trading strategy H, such that the associated
discounted value process V satisfies

@ Vo <0,

(ii) Vr =0, and

(iii) P(Vr > 0) > 0.

If there are no arbitrages on a financial market, we call it arbitrage-free.

If we recall our introduction, we realize that a financial market consists of the triplet (I, S, P).
It can be easily shown that the above conditions are equivalent to the same conditions for the
undiscounted value process (H; - S¢).

Proposition 8. A financial market is free of arbitrage if and only if every one-period financial market
(St,S¢41),t=0,..., T —1is free of arbitrage.

Proof. The idea of the proof is to show the equivalence of the negotiations: there exists an
arbitrage if and only if for a t € {1,..., T} there exists a .%;_1-measurable random ¢ € RY, such
that ¢ - AX; > 0 P-a.s. and P(¢ - AX; > 0) > 0.

For the first part we start with an arbitrage and show that there exists a single period with
an arbitrage: let H be an arbitrage with value process V. Let

t:=min{se€{1,...,T}: Vs> 0und P(Vs >0) >0}

be a deterministic time with the convention that min @ = co. Since H is an arbitrage, we obtain
that t < T. There are two possibilities to be taken into account: either V;_1 = 0, or P(V;_1 <
0) > 0. In the first case, we are ready, since

H- Xy —Xpo1) =Vi— Vi1 =V,

so ¢ = H; does the job.
For the second case we choose ¢ := Hily, | <oy- Then ¢ is .#;_;-measurable and

(Xt =Xi1) = (Vi = Vi) gy, <oy 2 —Vicalyy, <0y 2 0.

Now observe that the r.h.s. is positive with positive probability and the first part is finished.
The other direction is straightforward: set H; = ¢1,_;; and construct the associated self-
financing trading strategy H, which is an arbitrage. O

Remark 9. It is interesting to see that the property to deduce absence of arbitrage from one
time period only breaks down if one allows for two filtrations, see Kabanov & Stricker (2006).
A fundamental theorem for two markets with two filtrations is still an open research question.
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Definition 10. A probability measure Q on ((,.%7) is called martingale measure, if X is a
Q-martingale.

We note that a martingale measure refers to the discounted price process being a martingale.
It is a bit surprising that an artificial probability measure takes up such a prominent role in
no-arbitrage theory. We will see later, why. Recall that Q is called absolutely continuous with
respect to P (Q < P) if P(F) = 0 for an F € . implies that Q(F) = 0. Q is called equivalent to
P(P~Q),ifQ«Pand P K Q.

Martingale measures

We denote the set of equivalent martingale measures by #.(IF) = #,. If we assume that the ini-
tial filtration is trivial, the following result can already be obtained. It is remarkable that the
integrability condition of a martingale can be obtained from no-arbitrage (equivalently the exis-
tence of a martingale measure as we will see later) and a substantially weakened integrability.

Satz 11. Let %y = {@,Q}. Then, the following are equivalent:

(i) Q € Mg (F)

(ii) For any bounded self-financing trading strategy H, VH isa Q-martingale.

(iii) For any self-financing trading strategy H such that Eq[(VE)~] < co VH is a Q- martingale.
(iv) For any self-financing trading strategy H with Vy = VIH > 0 it holds that

Vo = Ep[V7].

Proof. i) = ii): we start with a bounded sglf—financing strategy H, i.e. \HH <¢ fori=0,...,d,
t =0,...,T. Then, integrability of V = VH follows from the integrability of X since

d . .
Vil < Vol + Yo e ) (1% + 1% 4).
k=1 i=1

Moreover, we have that

Eq[Vi|.#i-1] = Eq[Vie1 + Hy - (X — Xi—1) | F41]
= Vio1 + Hi - (EQ[Xt|Fi—1] — Xi—1) = Vi1
ii) = iii): We want to show the martingale property under a minimal integrability assumption.
We start with the assumption that Eg[V;] < co. Then Eg[Vr] and, similarly, Eq[Vr|%71_1] is

well-defined (though possibly not finite).
Consider a > 0. Then,

Eq[Vr|Zr-1l1{a;<ay = EQlHT - X118 <0} | FT 1]

= Eq[Hr (X1 = Xr- )Ly <ap| Fr-1] + Vr-1 Ly <a)

= Vr-1l{ja|<a)- (12)

Now witha — oo, {|Hr| < a} — Q, since Ay is a R*!-value random variable. Hence,
EglVr|#r-1] = Vr_1 Q-as. The next step is to show Eg[V,_;] < oo with Jensens” inequality:
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this follows since
Eq[Vr 4] = EQ[Eq[Vr|Fr—1]"] < EQ[Eq[Vy [Fr-1]] = Eq[Vy ] < c0.

Proceeding iteratively we obtain Eq[V,"] < co as well as Eq[V;| %1 = V;_1.
Then,
Vo = Eq[Vi].

Since Eq [V, "], the expectation is well-defined. Moreover, Vy € R, so Eg[V,"] < oo, and hence
Egl[|Vi]] < co. We obtain integrability and hence V is a Q-martingale.

iii) = iv): clear.

iv) = i): First, we show integrability of Xi. This can be achieved using X} = X} + Yl _; AX..
We choose accordingly Hg = Lysen izt such that Gy = Eé:l AXé and, (by Proposition (iii)),
Vo = X{- Moreover, V1 = X > 0. Then we can apply (iv), such that

o0 > Xp = Vo = Eg[Vr] = Eg[Xi] = Eq[|Xi[]. (13)

The next goal is to show
EQ[X;Jrllp] = EQ[X%lI:] VF € %
and for 1 < t < T. For this, we aim at a similar strategy, but H; = 1;cn1p — L4 1)1p is

not possible since 1 is only .#;-measurable. Instead we search for a strategy which achieves

Vr = Xf]lF + X§+1]1Fc > 0. Note that Vp = Xi + AX;H]IFC which can be achieved by the

trading strategy
Hg = Ts<py + Lpelis—t 11y

and H/ = 0 for j # i together with Vj = X}, as above. Again, by (iv),
Xy = Vo = Eq[Vr] = Eq[LrX; + 1 X 4.

Together with (13),
EQ[Xiy1] = Xo = Eq[LrX; + 1pcXi1q],

hence Eq[1rX}] = Eg[1¢X!, ], and the claim follows. O

The fundamental theorem

The following fundamental theorem relates absence of arbitrage with a very simple criterion -
the existence of a martingale measure. This measure can be used for pricing in a very simple
manner, which explains the immense success of this approach.

Theorem 14 (FTAP). A financial market is free of arbitrage, if and only if #,(F) # @. In this case
there exists a Q € ., with bounded density 4Q/ap.
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This theorem is proved in several steps. The first step, which is the most important step in
applications, is surprisingly easy.

Proposition 15. If .#, # @, then there is no arbitrage.

Proof. We use proposition 11 (iii). Assume that H is an arbitrage with discounted value process
V and chose a Q € #,.

Note that with Vj < 0 P-a.s. it holds that Vj < 0 Q-a.s. In the same manner, we obtain that
Vr >0 Q-a.s. and hence Eg[V; ] =0 < co.

Since H is an arbitrage, P(Vr > 0) > 0, and hence Q(Vr > 0) > 0. This implies Eq[Vr] > 0.
Since Proposition 11 (iii) yields that V is a Q-martingale, i.e.

V() = EQ[VT] >0,

we obtain a contradiction to Vj < 0. O

Examples

Let us visit shortly some examples which illustrate the importance to the application of Propo-
sition 15. Note that if we add a Q-martingale as additional coordinate to the price process X
the market remains arbitrage-free. It is therefore natural to use the risk-neutral pricing rule for
pricing additional contingent claims.

Consider n .#r-measurable contingent claim with (discounted) payoff Ct > 0 and let

Xt = EglCr|),  teT.
Then, the extended market X = (x4,..., Xd+1) is free of arbitrage.

Example 16 (Black-Scholes Model). The famous Black-Scholes modelgives the stock price
under P as a geometric Brownian motion, precisely:

dSt = St]ldf + StO’th

with a Brownian motion W and initial value R > Sy > 0. The unique strong solution of this
SDE is given by

StZSoexP((yf 2/2)t+awt>, t>0.
A typical derivative is an European call which offers the pay-off

(St —K)™.

If we additionally assume that the Bank account is ¢’’, then the Girsanov theorem shows that
the measure dQ = LpdP with
dL; = —LiAdW,

and A = r—#/c is a martingale measure. Under Q, Wi = W; + At, t > 0 is a Brownian motion
and so
dS; = Syrdt + SiodW,

and - of course — dX; = S;cdW;. Let us compute shortly the price of the call option,

Eq[Cr] = So@(d1) — Ke "T®(dy), (17)
log —KSP,T + ‘TE—T

dijp = oT (18)
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While this model is in continuous time, the discrete analogue S = (Sy,)i—g,., With t; = di
is of course in discrete time. It is remarkable that the continuous time model has only one
equivalent martingale measure, while the discrete time model has many.

Example 19 (The binomial model). An example in discrete time which is very illustrative, is
the Binomial model (also called the Cox-Ross-Rubinstein model). Here, we assume that

t
St:SOH@, t=1,...,T
i=1

with & € {14+ u,1+d}, —1 < d < u. The bank account is S? = (1+7r),, r > —1. This model
has no-arbitrage if and only if
d<r<u.

Indeed, for a martingale measure we need
1=EQ(1+n" &l Fia] = 1 +1 7 (g (L+w) + (1= ) - (1+4))

which is equivalent to
_r—d
"= —d
It is remarkable to realise that under Q, (¢;) are i.i.d., while this assumption is of course not

necessary under P. We also may see that the martingale measure is actually used to charac-
terise the convex hull of (1+d,1+ u) and so a geometric interpretation of existence of a mar-
tingale measure is the property that the return of the bank account 1 + r lies in the interior of
the convex span of the return of the stock.

It is also interesting to see that for a contingent claim with price C;_1 at t — 1 and values
{C,",C; } at t, the replicating strategy is determined by

G —Cf

= St—1 - (u—d)’

Note that this strategy is unique !

Complete markets

We call a contingent claim Cr replicable, if there exists a self-financing trading strategy, such
that V1 = C7. We call an arbitrage-free market complete, if every contingent claim is replicable.

Proposition 20. Assume that 7y = {@,.7 }. Then, an arbitrage-free market is complete, if and only
if
Mo = {Q}.

Proof. Assume that the market is complete. We first note that a replicable claim has a unique
price: we first note that by Proposition 11 the value processes of replicable trading strategies
are martingales, since Vr = Cy > 0. Hence, Eg[Vr] = V < oo for all Q € .#,. This implies that
the price of a replicable contingent claim Cr is unique, since for any replicable trading strategy

Vo = Eg[Vr] = Eg[Cr]

and the right hand side does not depend on V7.
Now we show that for Q, Q" € ., it holds that Q = Q’. Indeed, consider Cy = 1 for any
F € Z7. Then
Q(F) = Eq[Lf] = Egr[LF] = Q'(F).

We postpone the second assertion - since it needs a little bit more technique. d
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The second part of the proof of the FTAP

Now we return to the fundamental theorem. The main goal is to show the existence of an
equivalent martingale measure. Since this relates to linear functionals, our proof will reside on
the Hahn-Banach theorem

Since we already know that it is sufficient to consider one period only, we study the gains
which can be obtained in a self-financing manner with zero initial investment. Fix 0 < t < T.
Then these gains are given by

K={H-AX;: He L°(P, #_1,R%)}.
Then, absence of arbitrage (NA) is equivalent to
KNLY% (%, P,R) = {0}.

Since, t is fixed we shortly write L(_L (%1, P,R) = Li. One central and very useful observation
in the following theorem is that the set K can be replaced by the claims which can be super-
replicated which is given by the set K — LY.

Satz 21. Consider the one period-market from t — 1 to t. Then, the following are equivalent:
(i) KnLY = {0},

(i) (K—L%)NLY = {0},

(iii) there exists an equivalent martingale measure with bounded density,

(iv) there exists an equivalent martingale measure.

Proof. We show (iv) = (i) < (ii) and (iii) = (iv). The part (ii) = (iii) is the most difficult part
and will be treated separately.

(iv) = (i): we aim at a contradiction. Consider Q € .#, and assume there exists H €
L%(P, #_1,R?) such that H - (X; — X;_1) > 0 while P(H - (X; — X;_1) > 0) > 0. Note that
this implies Q(H - (X; — X;—1)) > 0.

This cannot hold if H is bounded. We therefore consider H® := H1 ) for ¢ > 0. Since
{H| < c} 1 Qfor c — oo, we can exploit o-continuity of the probability measure Q. Hence
Q(H® (X; — X;_1) > 0) — Q(H(X; — X;_1) > 0) > 0. Then there exists a ¢* such that
Q(H (X¢ — X;—1) > 0) > 0.

But,

EQ[H® - (X; — X4_1)|F_1] = HT EQ[X; — X;_1|.F1-1] =0,

which contradicts with H - (X; — X;_1) > 0 and Q(H® (X; — X;_1) > 0) > 0.
(i) = (ii): Consider Z € (K — L% ) N LY. With a .%,_;-measurable H and U € L9,

Z=H (X;—X;_1)—U3>0.

Hence H- (X; — X;—1) > U >0, such that H- (X; — X;—1) € KNLY. By ()t H- (X; — X;_1) =0,
also U =0and so Z = 0.
The missing (ii) = (i) and (iii) = (iv) are immediate. O
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For the remaining step (ii) = (iii) will be achieved through a number of steps:

(i) We first show that integrability can always achieved through a change of measure (Lemma
22). This allows us to consider the convex cone C as a subset of L!, see (23).

(ii) Then we apply the Hahn-Banach theorem: consider F € L! together with B = {F} and C.
The difficulty is to show that C is closed (which we postpone for a moment). This gives us a
strictly separating continuous functional.

(iii) Using duality we obtain a density (Lemma 28 (i)). Since C is countably convex we can even
select a positive density, hence an equivalent martingale measure (Lemma 28 (ii)).

(iv)
v)

The following step shows that we can always achieve integrability by an equivalent measure
change with a bounded density.

Lemma 22. There exists P ~ P such that E[|X;|] < oo and E[|X;_1|] < co.

Proof. Consider c > 0, let

C
Z = <c
14 | Xe| + | X¢-1]
and dP = ZdP. Obviously, E[|X;|] < co and E[|X;_1|] < co. O

Since (ii) only depends on the nullsets of P, it holds if and only it if holds with respect to
P when P ~ P. The same holds for boundedness of the density and we therefore can assume
without loss of generality that E[|X¢|] < oo und E[|X;_1]] < 0.

Define the convex cone

C=(K-L%)nL. (23)

Example 24 (C not closed). It is remarkable that NA actually implies closedness of C: indeed,
the following example (where an arbitrage exists) shows that C is not always closed: consider
Q = [0,1], the Borel o-field .7 =, trivial %) = {@,Q}, and AX(w) = w (clearly, we have
arbitrages here).

Note that C is a true subset of L!, since for F > 1 (for all w € Q), F ¢ C. Define

Fy= (F" An)ly sy —F forFell,

1
such that F, L—> F. Moreover, F, € C: note that

n we[l/nl,

FrAn)lp,q <
( ) [1/n1] {0 = [O,l/n).

Hence,
(F* Al ) < n-nAX = n*AX,

such that (F* An)ly ) =n*AX —U € C.
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The Hahn-Banach theorem

Recall that a topological vector space is a vector space with a topology, such that addition
and scalar multiplication are continuous. It is called locally convex if its topology is generated
by convex sets. Note that any Banach space is locally convex, since we can use as base the

¢ balls for each element. However, the space of all random variable L with the topology of
convergence in probability is not convex if ((),.%, P) has no atoms.

Theorem 25 (Hahn-Banach). Consider two non-empty sets B and C of the locally convex space E
and assume that

(i) BNC =g,
(ii) B, C are convex,

(iii) B is compact and C is closed.

Then there exists a continuous linear functional ¢ : E — R, such that

sup ¢(x) < inf £(x).
xeC x€B

By a duality argument the linear functional can be represented by a Z satisfying the follow-
ing property (27). We first show that this is sufficient to obtain a martingale measure.

Lemma 26. Let ¢ > 0and Z € L®(P, %), such that
E[ZW]<c¢  forall W€ C. (27)

"Then
(i) E[ZW] <0 forall W € C,
(ii)) Z > 0 P-a.s.,
(iii) If P(Z > 0) > 0, then

dQ

— =7

dp

defines a martingale measure and Q < P.

Proof. (i) Since C is a cone, it follows for any W € C and « > 0, that
E[ZW] = & - E[Za"'W] < ac,
and the equation holds already for ¢ = 0.
(ii) Choose W = —1(7 g € C. Then,
E[Z_] =E[ZW] K0,
such that Z_ = 0 and hence Z > 0 P-a.s.

(iii) Choose H in L*(P, ﬂt,l,]Rd), « € Rand Y = (X; — X;_1). Then, Y € C and, since H
and Z are bounded,
E[ZHY] <c and E[xZHY]<c.
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As above, E[ZHY] < 0. Aulerdem ist fiir alle « € R
«E[ZHY] <0,

also E[ZHY] = 0 = E[H(X; — X;_1)]. Wir erhalten EQ[1r(X{ — X! )] = Ofiiralle F € .%;_4,
also ist X Q-Martingal. O

So, by Lemma 26, the existence of an equivalent martingale measure is equivalent to find an
element of the following set:

Z:={Zel® 0<Z<1, P(Z>0)>0, E[ZW] <OVYW € C}.

Lemma 28. Assume that C is closed in L' and that C N LY = {0}. Then,
(i) forall F € LY\{0} there exists an Z € Z, such that E[FZ] > 0, and

(ii) there exists Z* € Z, such that Z* > 0.

Proof. For the first part, consider B = {F}. Then BN C = &, C # &; both sets are convex, B is
compact and C is closed by assumption.

Then, we can apply the theorem of Hahn-Banach which gives us a continuous linear func-
tional ¢, such that

sup ¢(W) < L(F). (29)
wecC

The dual space of L! can be identified with L™ by the Riesz theorem, such the linear function ¢
can be represented by a Z € L* such that

((F)=E[Zz-F), FelL.

Without loss of generality we may assume that || Z || = 1.

By Equation (29), we obtain that /(W) = E[ZW] < ((F) = E[ZF] for all W € C. Hence, Z
satisfies (27) and we can apply Lemma 26. This yields that Z € Z. Since 0 € C we obtain that
E[FZ] > 0.

For the second part, we start by showing that Z is countably convex. To this choose a; €
[0,1], k € N with Y27 ; ay = 1, and (Zy)gen C Z and consider

[e9)
Z = Z ‘Xka-
k=1
For W € C,
() (o)
Yol ZeW| < [W| Y o] = [W] € L1,
k=1 k=1

such that by dominated convergende

E[ZW] = Z DCkE[ZkW] <0
k=1

and hence Z € Z.
Now set
c:=sup{P(Z>0): Zec Z}.
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and choose a sequence (Z,) € Z, such that P(Z, > 0) — c. Then,
* o~ 1
VARES k; 2—ka € Z.

Now we show that P(Z* > 0) = 1. Indeed, {Z* > 0} = U1{Zx > 0}, such that

P(Z* >0) 2 supP(Z; >0) =c.
kelN

If we would have on the contrary that P(Z* = 0) > 0, then F := 1;7._, # 0and F € L. By
Lemma 28 there exists Z' € Z, s.t.

0 < E[FZ'] = E[l{7_0y Z'].
Hence P({Z' > 0} N{Z* = 0}) > 0. This implies that the convex combination achieves
1
P(—(Z’ +7%) > o) > P(Z* > 0),
2
a contradiction to the maximality of ¢ and the claim follows. O

The following Lemma generalizes the theorem of Bolzano-Weierstrafs to infinite dimensional
spaces. Boundedness is not sufficient in infinite dimensional spaces, such that we require exis-
tence of an accumulation point instead.

Lemma 30. Consider a sequence (Hy) of d-dimensional random variables and assume that

A:=liminf || H, ||< .
n

Then there exists H € LO(R?) and a strictly increasing sequence (cv,) such that
Ha,n(w)(w) — H(“’)

for P-almost all w € Q.

The idea is to proceed pointwise, such that we can rely on the classical Bolzano-Weierstraf3.

Proof. Define 0, = m on {A = 00}. On {A < oo} let 0 := 1 and
0 ~ 0 1
of () i=inf {n > o_1(w) : | Ha(w) | =M (@)] < E} m=2,3,...

Now we proceed inductively through the coordinates. We denote for the sequence (¢ 1),
H' := liminf, e H:‘T,-_1 and construct (o) as follows: let (7{ =1land

(w) = H'(w)] <

S|

ol (w) = inf{afl_l(w) s o Hw) >, (w) und |H¢i7;;*1(w)

}.

Then, 0y, := 0 on {A < co} does the job. O

We are almost ready, but two portfolios can lead to the same payoff, which creates problems.
Or, equivalently, it could happen that

H(X;— X;-1) =0



18 thorsten schmidt

holds even if H # 0. Using orthogonal projections we create a subset where this can not hap-
pen.

We consider the not locally convex space L? with the topology of convergence in probability,
which is generated by the semi-metric E[|X — Y| A 1].

Lemma 31. Define:

N={HeLl%0,%_1,P;RY): HX;—X,_1) =0 P—fs.}
Nt ={G e L%0,.%_1,P;RY) : G-H =0 fiiralle H € N}

Then it holds that
(i) N,N+* are closed in L. Moreover, for ¢ € L°(Q, . Z;_1, P;R) it holds that
gHENifHEN andgGe NtifGe N*.

(i) NN N+ = {0}.
(iii) Every G € L°(Q, %;_1, P, R?) has the following unique decomposition

G=H+G*, HeN, Gte N

Proof. (i) Consider a sequence H, L5 H. Then we have an a.s. converging subsequence
(Hy,, ). This implies

Hy, (w) - (X(w) — X;_1)(w) = H(w)(Xi(w) — X;_1(w)) for P-almostall w € Q. (32)
Similarly, if we now consider a subsequence (H,) € N with H, — H a.s., then the left hand
side of (32) is equal to O for all n and so is the limit. Hence, H € N.

Similarly, for (Gx) € N L with G,, —»%5 G, we obtain G € Nt.

The additional property is immediate.
(ii) Since for G € N N N+, it holds by definition that

0=G-G=|G|

which is equivalent to G = 0 a.s.
(iii) For & € R? we write & = &le; + - - - + e, with respect to a basis {ey, ..., e;}.

First, assume that ¢; = n; + eiL with n; € N and eiJ- €Nt ,i=1,...,d. Then

d d
I=Y tm+ Y et
i=1 i=1

eN cN-L

The decomposition is unique since N N N+ = {0}.

Now we show ¢; = n; + ef-. To this end consider the Hilbert space 1?2 = LZ(Q, F, P;RY )
with scalar product (X,Y) = E[XY]. Both NN L? and N+ N L? are closed subspaces of L?,
since convergence in probability implies L2-convergence and we already showed closeness
of N and N*. We define the orthogonal projections

w2 NNL? nt:L> = NtnL?
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and set n; = 7(e;), e- = - (e;).
Now consider § := e; — 7t(e;). Since 7t(¢;) is the orthogonal projection, it holds that
(&mn)=0 (33)

for all n € N N L% Note that ¢; € L? and so is 7t(¢;), such that ¢ € L?. We show that & € N*:
assume, ¢ ¢ N+ N L2. Then there exists H € N with P(¢- H > 0) > 0. Set

H:=Hl .y, |Hj<c) € NNL2

If ¢ is large enough,
0 <E[H-¢] = (H,E),

a contradiction to (33).
d

The final step is done in the following lemma: it shows, that already K N L% = {0} implies
the required closeness.

Lemma 34. If KN LY = {0}, then K — LY is closed in L°.

Proof. Consider a sequence (W,) of elements of K — L. converging in LY (hence in probability)
to W. By changing to a subsequence we can assume that the convergence is even almost surely.
Then we have the representation

Wy = Hy - AX — Uy =2 HuAX + HEAX — Uy = HEAX — Uy = HyAX — Uy,

with H, € N, since H,AX =0,
First, we assume that liminf |H,| < oo P-a.s. Then, Lemma 30 implies that we find a subse-
quence for which H,, — H P-a.s. Moreover,

0< Uy, = Hy, AX—W,, - HAX—W=:U P—fs.

with some U > 0, such that W € K — Lg and closeness holds.

The proof is finished when we can show that liminf|H,| < oo P-a.s. To this end, consider the
trading strategy ¢, = Ig_ZI and A = {w € Q : liminf|H,| = co}. We apply 30to &, = \E_Z\
This yields a subsequence (7, ), such that {;, — ¢ P-a.s. Now it holds that

u H W.
0<11A|HT"| _1A<|HT"| -AX—|H—T"|> — 146AX P—as.,
Tn Tn Tn

since g:”l — 0. This yield that 14éAX € KN LY, such that by our assumption 14¢AX = 0.

Note that for 7 € N,

[e¢] 1
=Y T Hi -7 =0,
ng 7’] = {Tnfk} |Hk| k 1/]

since H, € N+. Hence, Cr, € N1 and so is 1 4¢x,. Since N+ is closed, 14¢ € N-L. But we also
showed that 14¢ € N. This is, by (ii) of Lemma 30, only possible if 14¢ = 0. But |¢| = 1, such
that P(A) = 0 follows. O
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The 2nd fundamental theorem

In this section we study the second fundamental theorem of asset pricing. A proof for this the-
orem in discrete time under trivial initial conditions can be found in Follmer & Schied (2016).
We follow Niemann & Schmidt (2024) and show a full proof of the conditional version using
non-linear expectations.

We start with a super short introduction to non-linear expectations.

Dynamic non-linear expectations

As before, we consider a measurable space (Q), 7) with a filtration F = (%)¢yq,..,1}- For this
section, we assume that .77 = .% and that .% is trivial.

Consider a set of probability measures & on (Q),.%). A P-null set A C ) is a possibly not
measurable set being a subset of a measurable set A’ € .# with P(A’) = 0. Aset A C Qs
called a Z-polar set, if A is a P-null set for every P € &. We denote the collection of &?-polar
sets by Pol(Z?). We say a property holds #7-quasi surely, in short &7-q.s., if it holds outside a
P-polar set. If & = {P}, we write short Pol(P) instead of Pol({P}).

For two subsets of probability measures & and 2, we call 2 absolutely continuous with re-
spect to &, denoted by 2 <« Z, if Pol(#?) C Pol(2). We write 2 ~ Z,if 2 < Z and
7L 2.

On 2°(Q,.7) = {X : Q — R: X F-measurable} we introduce the equivalence relation ~ 5
by X ~4 Y if and only if X =Y &7-q.s.. Then, we set
L°(Q, 7, 2) = 2°Q, %)/ 2

LI(Q,7,2):={X € L%(Q,F,2) : sup Ep[|X|"] < 0}
PeP

L*(0,.7,2):={Xecl’(Q,.7,2):3C>0:|X| <C P-qs.}

Then, Proposition 14 in Denis et al. (2011) shows that for each p € [1,00|, LV (Q), %, Z) is a
Banach space. The space L°(Q),.#, Z?) can be equipped with the metric d given by

d(X,Y) := sup Ep[|X — Y| A1]
Pe

inducing uniform convergence in probability.
We consider a set .7 C L°(Q), .7, Z) containing all constants and set, for ¢ € {0, ..., T},

A= A NLNQ, T, P).

The following definition introduces the notion of a conditional nonlinear expectation and
the associated notion of a dynamic nonlinear expectation which is a set of conditional nonlin-
ear expectations.

Definition 35. We call a mapping &; : 7 — ¢ an .%;-conditional nonlinear expectation, if
(i) & is monotone: for X,Y € # the condition X < Y implies &(X) < &(Y),

(ii) & preserves measurable functions: for Xy € # we have &(X;) = X;.

,,,,,

&+ A — Jt is an F;-conditional nonlinear expectation.

We introduce further properties which will be of interest in the context of dynamic nonlin-
ear expectations. First, we introduce some well-known properties regarding the set JZ, all in
an appropriate conditional formulation. Denote 5%, := {X € 74 : X > 0}.
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Definition 36. We call the set 57

(i) symmetric, if —5€ = .

(ii) additive, if 0 + H# C .

(iii) Fy-translation-invariant, if 7 + 4 C .

(iv) Fi-convex, if for Ay € 74 with 0 < Ay < 1 we have

(v) Fi-positively homogeneous, if A+ - 4 C H.
(vi) F-local, if 1 452 C F for every A € Z;.

We simply call 77 translation-invariant, if it is .#;-translation-invariant for every t € {0, ..., T}
and do so in a similar fashion for all the other properties.

Next, we introduce well-known properties of nonlinear conditional expectations, all in an
appropriate conditional formulation which are frequently used for example in the context of
risk measures.

Definition 37. An .#;-conditional expectation &; is called
(1) subadditive, if 7 is additive

Et(X—i-Y) Sgt(X)-l-gt(Y), X, Ye.

(ii) Fi-translation-invariant, if 7 is F-translation-invariant and
5t(X+Xt):gt(X)+Xt, XeH, XieH
(iii) F-convex, if A is .F-convex and
& ()LtX-I— (1 — At)Y) < /\t&(X) + (1 — )Lt)gt(y), 0< M <1, v €4, X, Y € .

(iv) F-positively homogeneous, if F is Fi-positively homogeneous and

gt(XtX) = tht(X), XesHx, X € %Jr.
(v) Fi-sublinear, if it is subadditive and .#;-positively homogeneous.

(vi) Fi-local, if A is F; local and

gt(]lAX):ﬂAgt(X), XeAH, Ac F.

Moreover, we call a dynamic expectation & = (&t)cqo,., ) translation-invariant, (subaddi-
tive, convex or positively homogeneous) if for every t € {0,...,, T} the .Z;-conditional expecta-
tion & has the corresponding property.

Sensitivity and time consistency

In contrast to a classical expectation, a nonlinear expectation might contain only little informa-
tion on underlying random variables. Sensitivity is a property which allows at least to separate
zero from positive random variables. It should be noted that such sensitivity on a suitable set
of random variables is implied by no-arbitrage.

Definition 38. We call an .%;-conditional nonlinear expectation & sensitive, if for every X € ¢
with X > 0 and &(X) = 0 we have X = 0.
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Similarly, we call the dynamic nonlinear expectation & sensitive, if all &, t = 0,...,T are
sensitive.

Time consistency is an important property in the context of dynamic risk measures, which has
been intensively studied. It transports the tower-property to the non-linear setting.

Definition 39. We call a dynamic expectation £ time-consistent, if
852550515, OSSStST.

Since & = Fr, £t is the identity and hence, every expectation is time-consistent between
T—1landT,ie.,
Er10ér=¢&r1.

Remark 40 (Extension of time-consistency to stopping times). For simplicity, we restrict our
definition of time consistency to deterministic times s, t € {0,...,T}. This can easily be gener-
alized when & is translation-invariant and local: indeed, let T be a stopping time with values in
{0,...,T}. Given (&)t we define

5T(H) = Z]I{T:s}gS(H) .
S
If (&) is time-consistent, then for any two such stopping times ¢, T with ¢ < 7, the equality
(.C:g o) 5'( — gg

holds whenever £ is translation-invariant and local.

The remarkable connection between sensitivity and time consistency can already be seen
from the simple observation that a time-consistent dynamic expectation is already sensitive, if
&y is sensitive.

Remark 41. Let & and 2 be two sets of probability measures on ((,.%), and let

& L¥(O, F,2) — L®(O, F, 2) be a conditional nonlinear expectation. Then, & is well-
defined on L*(Q),.#, &) if and only if 2 < &. However, for H € L®(Q), .#, &) the evaluation
Ei(H) is a priori only an element of L*(Q), %, 2). For it to be well-defined in L*(Q), #, 2)
we require 2 ~ & on .%#;. Hence, if 2 < & and 2 ~ & on .%;, the conditional nonlinear
expectation & induces a nonlinear expectation & : L*(Q), #, ) — L®(Q, %, ). In case &; is
sensitive, sensitivity of & is equivalent to & ~ 2.

Lemma 42 below generalizes the well-known result that the acceptance sets of time-consistent
expectations are decreasing: if £ is time-consistent, then

{& <0} 2> {& <0}
fors <'t.

Lemma 42. Let £ be a time-consistent, local dynamic nonlinear expectation, fix t € {0,...,T} and
consider H € . If &(H) < 0, then

E(14H) <0 forall A € Fandall s < t.
If & is sensitive, then E(14H) < 0 for all A € F; and some s < t implies that &(H) < 0.

Proof. Since € islocal, &(H14) = 14&E(H) < 0. Together with monotonicity we obtain

Es(LaH) = E(1A&(H)) <O0.
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Now, suppose & is sensitive. If s = ¢, the result is clear with A = ). Let s < t and note that &
is sensitive. To show that & (H) < 0, it thus suffices to show

&(1a&(H)) =0
for A := {&(H) > 0} € .%#;. However, as above,
E(La&i(H)) = E(14H)
and the latter vanishes by assumption. O

Let £; be a .#p-conditional expectation. A dynamic extension of £; is a dynamic expectation &
such that & = &;.

Note that for any collection &7 of probability measures, the associated nonlinear expecta-
tion supp. 5 Ep['] is sensitive; see Remark 41. We call & dominated if there exists a probability
measure P on (Q), %) with & <« {P}, i.e., every P-null set is #-polar. In this case, the Halmos-
Savage Lemma guarantees the existence of a countable collection {P,: n € N} C & with
{P,: n € N} ~ 2. In particular, there exists a measure P* (not necessarily contained in
&) such that & ~ P*. Consequently, for any set of random variables M C LO(Q, F,P) =
L%(Q, #, P*), there exists a random variable called the Z-essential infimum and denoted by
& — essinf M such that

(i) & —essinfM <Y F-qss. foreveryY € M,

(if) & —essinf M > Z &-q.s. for every random variable Z satisfying Z < Y £7-q.s. for every
Y e M.

If & is not dominated, the 7-essential infimum might not exist, and it has in general no
countable representation. In light of the financial applications we have in mind, we will assume
in the next lemma that & is dominated.

Lemma 43. Assume that &7 is dominated. Then, every sensitive Fy-conditional expectation &y on a
symmetric set 7 has at most one translation-invariant, local, time-consistent dynamic extension E. If it
exists, it is given by
E(H) =2 —essinf{H; € s : H— H; € A},
where
A= {H IS A go(]lAH) <0, VA€ 9}}

Proof. Lemma 42 characterizes for t > 1 the acceptance set A; := {H € J: & < 0} solely in
terms of & and F. Indeed, it yields that
A = {HE%:S()(]IAH) <0VA Egt}.

This allows to recover every translation-invariant nonlinear expectation on a symmetric set
from its acceptance set through the representation

E(H) = P —essinf{H; € 74 : H > &(H)}
=P —essinf{H; € 74 : H— H; € A;}.

Summarizing, we have obtained an explicit expression of the extension. O

Next, we verify that translation-invariance implies locality if 2 C L*(Q),.%#, #). This
implies that every conditional risk measure on L*(Q),.%, ) is local. In particular, for every
probability measure P, every dynamic risk-measure on L®((),.%, P) has at most one time-
consistent extension. Moreover, one can show that not every coherent risk measure has a time-
consistent extension.
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Proposition 44. Every translation-invariant expectation on a local set 7 C L®(Q, ., P) is local.
Proof. Let &; be translation-invariant and A € .%;. Further, let H € /7. The inequality
1aH =14 |[H[l < H<14H+ 14 [[H||,

yields
gt(H) > gt(]lAH — 1 xe ”H”oo)’

and additionally
E(H) < &E(LAH 414 [[H||o)-

Multiplying both inequalities with 1 4 gives, exploiting translation invariance,
and thus
E(14H) = 16 (1aH) + 1 & (14H)
= ]lAgt(H) + ﬂAﬂAcgt(ﬂAH)
=1,&(H).

Super- and Sub-hedging

Now we turn back to a financial market. Recall that we worked on the filtered probability
space (Q), .7, F, P) with a fixed probability measure P. Our aim is to study the upper bound of
the set of no-arbitrage prices in more detail. It is given by

E(Cr) :=esssup{Eg|[Cr | #] : Q € A}, (45)
for H € L*(P). We are interested in its relation to the smallest super-hedging price given by
E(Cr) == essinf{C; € LY : IH € Pred : C; + G;(H) > Cr}, (46)

where the gains process for the predictable (and hence self-financing) strategy H is given by
Gt(H) = (H-X)r — (H - X)t. We denote £(C) for the process (€+(C));c(o.., 1} and use a
similar notation for the other dynamic non-linear expectations.

Lemma 47. Assume that NA holds. Then, the super-hedging price & defined in (46) is a sensitive
and Fy-sub-linear, F-conditional nonlinear expectation on L* for all 0 <t < T.

Proof. First, we show that & (Cr) is bounded for Cr € L®(P). The inequality &(Cr) < ||Cr||
follows by definition. If C; € L is a superhedging price, choose H € Pred with C; + G;(H) >
Cr.

Consider the set A := {C; < — ||Cr||} € %#:. Then there exists H € Pred with G;(Cr) >
14(Cr — C¢) > 0 and therefore P(A) = 0 by absence of arbitrage. We conclude that — ||Cr|| <
£(Cr) < |[Crl.

Second, one easily checks the properties of a sublinear expectation. The sensitivity of &;
follows from the no-arbitrage assumption. O

Up to now we treated only bounded random variables, which excludes for example Euro-
pean calls. Typically one would consider the space LY (%), which is of course not symmetric.
The extension to L°(.%r) is done by establishing continuity from below of the superheding
price. The main argument resides of course on monotone convergence.
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The superhedging duality

At time t < T, an .%#; - measurable random variable 7; is a superhedging price for the Euro-
pean claim Cr due at time T, if there is a self-financing trading strategy which provides always
a terminal wealth greater than Cr, i.e.there exists a predictable process H, such that

mti + Gi(H) > Cr.
Remark 48. For every Ct € LO(QT), and every predictable H one has the orthogonality

E(Cr + Gi(H)) = &(Cr). (49)

For the following lemma we recall that on a upwards directed set, i.e. for X,Y € M there
exists Z € M such that Z > X VY, the essential supremum can be approximated by a sequence,
see for example (Follmer & Schied 2016, Theorem A.37). The lemma shows that the essential
infimum of all superhedging prices is itself a superhedging price.

Lemma 50. Assume that NA holds. For every Ct € L(Fr), &(Cr) is a superhedging price for Cr.

Proof. Theset M := {C; € LY : 3H € Pred : C¢ + G;(H) > Cr} of superhedging prices is
directed downwards. Hence, by (Follmer & Schied 2016, Theorem A.37) there exists a sequence
(CI")n € M with C}' | &(C) a.s. By construction, we may write for each n € IN,

Cr= C? + Gt(Hn> —u"

for some H" € Pred and U" € LY (7).
As the cone {G;{(H) — U : H € Pred, U € L% (Zr)} is closed by Lemma 34, the claim
follows. O

The following result shows that the superhedging prices are actually time-consistent.

Theorem 51. Assume that NA holds. Then, the dynamic non-linear expectation & is time-consistent
on L™,

Proof. Applying Lemma 50 to the European contingent claims &;,1(Cr) and Cr allows to
choose strategies H, H' € Pred such that

Et(€41(Cr)) + Gr(H) > &41(Cr)

and
&41(Cr) + G (H') > Cr.

Combining both inequalities yields
gt(gt—i-l (CT)) + Gt(H) + Gt+1 (Hl) > Cr.

Hence, the claim Cr can be super-replicated at time ¢ at price &(&1+1(Cr)). As &(Cr) is by
definition the smallest super-hedging price for claim Cr at time ¢, we obtain

Et(&1(Cr)) = &(Cr).
Next, we obtain from Lemma 50 the existence of H " € Pred, such that

&(Cr) + G(H") > Cr.
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Applying &1 to this inequality gives
&(Cr) + E1(Gi(H")) = €41 (Cr).
By Equation (49),
E41(Gi(H")) = H\ 18Xy 41 + Er11(Gria (H”)) = HY 1A X1

and hence
&(Cr) 4+ H{ 1 AXi 1 > E41(Cr).

Again, by Equation (49),
E(&r1(Cr)) < &(Cr)
and the result is proven. O

Remark 52 (Time-consistency of £). Consistency of £ is related to the stability of .#,. With a
little bit of work we obtain from (Follmer & Schied 2016, Theorem 11.22) that the expectation E
is time-consistent.

The following result is the famous super-hedging duality.

Corollary 53 (Superhedging duality on L*). Assume (NA) holds. Then, for every 0 < t < T and
every Ct € L®(P), the superhedging-duality

&(Cr) = &(Cr) (54)

holds.

Proof. By Theorem 51 and Remark 52, both £ and £ are time-consistent. Moreover, they are
translation invariant and hence local by Proposition 44. We leave the claim that

50 = g()
to the reader. Then, Lemma 43 implies the claim. |

By some monotone convergence arguments this can be extended to the space of claims (i.e.
non-negative random variables).

Proposition 55 (Superhedging duality for claims). Assume that (NA) holds. The superhedging-
duality (54), and consistency of € extends to L. (Fr).

For the proof we refer to Proposition 2.16 in Niemann & Schmidt (2024).
Next, we prove a version of the optional decomposition directly by relying on the superheding-
duality. For the stochastic integral until ¢ we use the following notation

t
(H-X); =) HsAX.
s=1
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Theorem 56 (Optional decomposition). Assume that (NA) holds and let V be a non-negative .#,-
supermartingale. Then there exists an adapted increasing process C with Cy = 0, and a predictable
process H such that

Vt:V()—‘r(H'X)t—Ct.

Proof. By assumption,
EQ(Vi | F11] < Vi

for every 0 <t < T and Q € .#,. This is equivalent to & _1(V;) < V;_1 and hence & _1(AV}) <
0. By Proposition 55,
£ 1(AV}) < 0.

Hence, for t € {1,..., T} there exists a strategy H = H (1) € Pred such that
AV; < Gp_q( ZHSAXS

an application of & on both sides yields, by Equation (49),
gt(AVt) =AV; < gt(HtAXt + Gt(H)) = H;AX;.

Summing over ¢t € {0,..., T}, we obtain a predictable H' such that (H' - X) — V is increasing.
O

Structure of arbitrage-free prices

The main goal in computing arbitrage-free prices relying on the fundamental theorem of as-
set pricing is to obtain a price process for a new security which can be added to the market
without violating absence of arbitrage.

In this spirit, an .#;-measurable random variable 7t; is called arbitrage-free price (at time ¢t) of
a European contingent claim Cr if there exists an adapted process X4*! such that X?*! = 7,
X‘%‘H = H and the market (X, X?*1) extended with X?*1 is free of arbitrage. Note that every-
thing is formulated in discounted terms here. Denote by IT;(Cr) the collection of arbitrage free
prices at time .

Denote the upper and the lower bound of the no-arbitrage set at time by

m;"P(Cr) := esssup I1;(Cr), and 7™(Cr) := essinfIT;(Cr).

To achieve countable convexity of the set of equivalent martingale measures we exploit
nonnegativity of the price process and triviality of the initial o-algebra .% in the following
lemma.

Lemma 57. ., is countably convex.

Proof. Let (Q") C A, and (A"), C Ry with }, A" = 1. Set Q* := Y, A"Q". Obviously,
Q* ~ P. For every t € {1,..., T} we have by monotone convergence

Eq-[Xi] = ZA Eqn[Xi] = ZA”XO Xp < o0

and hence X7 € L'(Q*). Similarly, for A € .%; 4,
Eq-[Xela] = Y A"Egn[Xela] = )  A"Egn[X;—114] = Eg+[Xi—11 4]
n n

and therefore E*[X; | Z;_1] = X;_1. O
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It is important to acknowledge that, in the notation of Lemma 57, we typically do not have
Eg:[H | #] =) A"Eqi[H | Fi]
7
for bounded H at t > 0, while this holds, as just shown, for X, i=1,...,d.
Proposition 58. For every t € {0,..., T}, and for every Cr € L% (Fr) the set
{Eo[Cr | #4] : Q € e} (59)

is F-countably convex.

Proof. Let (Q") C ... By pasting we may assume that all Q" agree on .%;.
Set Q* := ),,27"Q". By Lemma 57, Q" € .#,. Denote by Z" := dQ"/dQ* the associated
densities. As Q* = Q" on .%; for each n € N, we have

78 = Eg [Z" | #] = 1.

Since Cr > 0, monotone convergence implies for a sequence (A}) € L% (%) with ¥, Ar = 1,
that

;A?Egn [Cr | #)] = Eg- [CT);A?Z" | %}.
Set Z := 3, A{Z" > 0. Note that
Eo- | D Arz! | 7] = LAt =1
n m
and we may therefore define the measure Q by

dQ/dQ* = Z.

Then,
Eg-[Cr Y Az" | #| = EglCr | #].
n
It remains to verify that Q is indeed a martingale measure (after t). As the price process is

nonnegative, its conditional expectation is well-defined, and we obtain by monotone conver-
gence for s > ¢

Eq[Xsy1 | %] = Egr [Z%Xsﬂ | 7]
_ Zi L MEQ (2" X1 |
= 7 TN ZIEQ X | 7] = X,
such that Q € ... O
Note that, due to the integrability conditions, IT;(Cr) is not necessarily .%;-countably con-

vex. Even in the unconditional case this fails. It is an easy consequence that integrability is the
only difference between the set of risk-neutral expectations in (59) and IT;(Cr).

Lemma 60. Consider Q € .#,. If E[Cr | 4] is finite-valued, then it is an arbitrage-free price.
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Proof. If & := Eq[Cr | %] is finite, it is an element of L% (#7). We recall that we always may
achieve integrability for ¢ under an equivalent martingale measure: indeed, we can always find
a P’ such that ¢ € L!(P). Then we can choose a martingale measure with a bounded density.
Hence, there exists Q € .#, such that EQ[Cr | ] is integrable with respect to Q. We now
paste Q and Q, which is again a martingale measure. By construction, we even have Q ®; Q €
///eCT. Moreover, it follows that
E5e0lCr | #4] = Eg[Cr | Z4.
Since the associated price process is a martingale, this an arbitrage-free price by the fundamen-
tal theorem 15. O

Corollary 61. Consider a claim Cr € LY. (Fr), let (Q") C .#H and (A}) C LY (F) with ¥, A} =
1L If Y, APEQn[Cr | F4] is finite-valued, it is contained in T1;(Cr).

Proof. Due to Proposition 58, there exists Q € .#, with

Y MEgn[Cr | #1] = Eg[Cr | #).
n

Now the claim follows by Lemma 60. O
Now we collect some properties of the non-linear expectation I1;.
Corollary 62. Consider t € {0,...,T}. Then
(i) 11;(H) is F-convex for every claim H € LY (Fr),
(ii) T1;(H) is directed upwards for every claim H € LY (Fr),
(iii) I1;(H) is Fs-countably convex for every bounded claim H € L*(P), and,
(iv) for H € LY (Fr), any partition (A™) C F, and any sequence (Q") C .#H (P),
Y 1amEqi[H | #] € IL(H).
0

The next step is to show that I; is also local.
Lemma 63. Fort € {0,..., T}, A € F and H € L% (Fr), it holds that
I (14H) = 14IL:(H).

Proof. Let Q € .#, such that H1 4 is integrable with respect to Q. By construction Eq[H |
Ft|la + Eg[H | 4|14 is finite, and by Corollary 62 and Lemma 6o there exists Q" € M1
with
EQ* [H ‘ ﬁt} = EQ[H | ft]]lA -l—E@[H ‘ ﬁt}]lAc
and therefore
Eq«[H | #]14 = Eg[H1,4 | F4]
which finishes the proof. O

The next Proposition shows that, for every claim H, the non-linear expectation

E(H) = esssup{Eg[H | #]: Q € 4.}
can be computed by considering a subset of .#, only: one can restrict to the set of martingale
measure ./, (P) under which H is integrable. In particular, for every claim H, the non-linear
expectation £(H) agrees with the upper bound of the no-arbitrage interval 7t; * (H). This links
the superhedging-duality Proposition 55 with the pricing in financial markets.
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Proposition 64. For every H € L% (1) we have the equalities

esssup{EqQ[H | %] : Q € M} = esssup{Eg[H | 7] : Q € MY
and

essinf{Eq[H | %] : Q € M.} = essinf{Eg[H | F] : Q € M

Proof. We only show the first equality, the other one is left as exercise. Using Lemma 63 and
Lemma 60, it suffices to show the following: if there exits Q € .#, with Eq[H | .%;] = +oo, then
7P (H) = oo,

In this regard, consider Q € .#, with Eg[H | .%;] = 400 and some Y; € L?. Then, there exists
n € N such that {Y; < Eg[H A n | %]} has positive probability. By the fundamental theorem of
asset pricing we find 71y € IT;(H) such that {Y; < 7} has positive probability.

Since Y; was arbitrary, it follows that 7; 7 = +co with positive probability. Now set A :=
{m}"" < +oo}. Using Lemma 63, and arguing as above for the claim H1 4, we deduce that
P(A) =0. O

For the next lemma, recall that the smallest superhedging price & was defined in (46).

Lemma 65. Consider the claim Cr € L% (Fr). Then, Cr is symmetric w.r.t. & if and only if Cr is
attainable at time t.

Proof. We start with some observations. Symmetry requires to consider & (-) = —&;(—-). This
is the smallest subhedging price, and as a consequence of the superhedging-duality, Corollary

53,
Ef(H) = esssup{C; € LY : IH € Pred : H; + G;(H) < Cr}

is the largest sub-hedging price. Due to Lemma 50, £ (H) is itself a sub-hedging price.
Now, suppose that Cr is attainable, i.e. Ctr = C; + G¢(H) for some predictable process
H € Pred. Then,
& (Cr) = =&(=Cr) = =&(=C: — G(H))
=&/(C) = G =&(Cr+ G(H)) = &(Cr).
On the contrary, if Cr is symmetric, &(Cr) = & (Cr) is by definition finite. Hence there is a
super- and a subhedging strategy such that

& (Cr) + Gi(H) < Cr < &(Cr) + Gi(H). (66)
This implies
0<H-&(Cr)—Gi(H) < G(H—H).
By no-arbitrage, G;(H) = G¢(H) and so Ct = &(H) + G¢(H). O

Theorem 67 (2nd fundamental theorem). The market is complete at time t if and only if every
European contingent claim Cr € L% (Fr) has a unique price at time t.

Proof. Assume that the market is complete. Then, by Lemma 65 and the superhedging duality,
Proposition 55, every contingent claim has a unique arbitrage-free price.

On the contrary, if a contingent claim has a unique arbitrage-free price, the superhedging
duality implies that Ct is symmetric and hence the claim is attainable. O

One can additionally show a number of things: for example completeness is equivalent to
the pasting property .#, C .#. ®; Q with some Q € .#,. Moreover, if the market
For details, we again refer to Niemann & Schmidt (2024).



Continuous-time Finance

We start with a gentle introduction to semimartingale theory, relying on the scriptum on
stochastic processes from last semester.

Semimartingale theory

Let us first visit some important examples for semimartingales. We recall that a process is
called cadlag, if it is a process which has almost surely left limits and is almost surely continu-
ous from the right (RCLL - right continuous with left limits).

We will consider a filtered probability space (), .%,F, P) satisfying the usual conditions, i.e.
the filtration is right-continuous and .# is complete (subsets of null-sets are .%p-measurable).

The Poisson process

Definition 68 (Poissonprocess). An adapted, cadlag process X taking values in IN is called
extended Poisson process, if

(i) Xo=0,

(i) AX; € {0,1},

(iii) E[X¢] < oo for all t > 0,

(iv) Xt — X; is independent of .%;, for 0 <s < t.

We define the cumulated intensity A of X by
A (t) = E[X}], t>0.

Note that this is again an increasing, right-continuous process. X is called Poisson-Prozess with
intensity A > 0, if A(t) = At, t > 0.
If the cumulated intensity is absolutely continuous, i.e.

A(t):/ot/\(s)ds, >0

then the function A is called the intensity of X. X is called standard Poissonprocess if A = 1.
We note that we also may look at the time-transformed Poisson-process

X1, t>0,

Whenever T is increasing. If T is continuous and independent of X, we obtain that X is a Pois-
son process conditional on the filtration generated by the time-transformation T. If T has jumps
we can no longer guarantee AX; € {0,1}.

Figure 1: Path of a Po
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The Poisson process corresponds one-to-one to a point process. Indeed if T, = inf{t >
t : Ny > n} denotes the n-th jumping time of N, then (T},),>1 are an increasing sequence of
stopping time, so a point process.

If we additionally have a sequence (Z,),>1 of random variable on a Polish space E, then the
double sequence (Ty, Z,)n>1 constitutes a marked point process.

If we want to construct integrals over the marked point process we would be interested in
expressions like
Y H(T,, Zy) = /H(s,x)y(ds,dx)
n>1
where we can introduce the associated random measure

p(w;ds,dx) =Y b1, 7,)(ds, dx),

n>1

where §; is the Dirac measure in point a.

Survival processes

In many applications, the first jump of the Poisson process is the most important one: mortal-
ity, default, insurance, etc. and it is therefore interesting to study this process in more general-
ity.

Hence, consider a cadlag process H with Hy = 0 and a single jump of size 1. Then, this
process is increasing, and hence by the Doob-Meyer decomposition there exists a unique com-
pensator H?” which is a predictable process such that

H — HP

is a local martingale. H? takes over the role of a generalised intensity: indeed, in the Poisson
example above, H? = A. For a deeper study and applications to credit risk we refer to Gehm-
lich & Schmidt (2018).

Brownian motion

Definition 69. A continuous, adapted process W is called Brownian motion if
(i Wo =0,

(ii) E[W;] =0 and Var (W;) < oo, for all t > 0,

(iii) Wi — W is independent of .%;.

One can show that
Wt 7W5 NN(O,t*S),

i.e. the increments are even normally distributed. If we choose a time-change T appropriately,
we can even construct a Poisson process as time-changed Brownian motion.
Classes of stochastic processes

To a stochastic process X we associate the mappgin

X: QxRsp — R
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This allows us to consider the stochastic process as a simple random variable on the product
space ) X R>. In particular, measurability can be considered with respect to .7 @ Z(R>¢),
which however lacks the link to the filtration.

Definition 70. (i) X is called progressivly measurable, if for all t > 0 the mapping

QO x[0,f] - R

(w,s) = Xs(w)

is 71 @ %([0,t])-#(R?)-measurable.

(ii) The optional o-algebra € is the o-algebra on () x R>(, generated by adapted, cadlag-
processes. X is called optional, if X is ¢-measurable.

(iii) The predictable o-algebra & is the o-algebra on () x R>(, generated by adapted, cag-
processes. X is called predictable, if X is 2-measurable.

In particular we obtain the following inclusions: predictable = optional = progressive =-
adapted. A classical example is that for a progressive process X, X* = sup,_. X; is optional.
Moreover, if we denote by X' the process stopped at the stopping time T, then the following
properties are kept while stopping: adapted, predictable, optional, progressive.

For the reverse consider an adapted process X. If X is cad, then X is progressive. If it is
cag, then it is optional. If it is cadlag, then X_ and AX = X — X_ are optional. For the
following result, see the almost sure blog (see https://almostsuremath.com/2016/11/15/
optional-processes/.)

Lemma 71. Consider an adapted process X which is lad. Assume that X is cad everywhere except of a
countable set S C R>q. Then X is optional.

We will often study random intervals, defined for two random times S and T by
[S,T] :=={(w,t) € A xRxp: S(w) <t < T(w)}.

As above we can call the interval optional or predictable if it is & resp. &?-measurable.

Localization

If we have a property ¢ of a class of properties, then we introduce the localised class 4}, by
all those processes X for which it holds there exists a sequence of stopping times T, — oo such
that XT* € & for all n. The sequence (T,) is called localising sequence.

Definition 72. (i) A martingale X is uniformly integrable, if the family (X;)¢>¢ is uniformly
integrable. We denote by .# the class of all uniformly integrable martingales.

(ii) A martingale X is called square integrable, if sup; E[X?] < co. This class is denoted by
A

(iii) A process in .#j,, is called local martingale and a process in %2 locally square integrable.
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Definition 73. A function f: R>¢ — R has locally finite variation, if

Var(f)i = sup Y. If(t) = F(tiy)] < o0

0<tg..ta<ti=1

for allt > 0. A process is called of locally finite variation, if it has paths of locally finite
variation.

Let 7 := denotes the increasing cadlag process A, with Ag =0,
V=9t T,
At ={A €V E[As] < o0},
o =d" -t ={A eV E[Var(A)w| < oo}.
Then ¥ is the set of all adapted processes of locally finite variation. For each A € ¥ we can as-

sociate t — A;(w) with a signed measure, denoted by dA;(w). Then we can define (pathwise)
for optional processes H,

fot HidA;s falls fot |Hs|d Var(A)s < o0

o0 sonst.

(H-A),(w) = {

We obtained the following theorem.

Theorem 74 (Integral of finite variation processes). Let A € ¥ (¥ ) and H > 0 be optional,
such that B=H-A < co. Then B € ¥ (¥ ™). If H and A are predictable, so is B.

We also obtained the important result that the only predictable local martingale with finite
variation is M = 0 (Recall that the Brownian motion is of course predictable).

Theorem 75 (Dual predictable projection). Consider A € <. Then there is a unique predictable
process AP € ", satisfying one of the following, equivalent properties

(i) A— AP € My,

(ii) E[A}] = E[A7] for all stopping times T,

(iii) E[(H - A)oo)| = E[(H - AP))] for all predictable H > 0.

One can also directly project on the predictable c-algebra, but here we have a more versa-
tile tool, the dual predictable projection. It helps us to generate local martingales, which is of
course very importance to classify absence of arbitrage.

As an example, you might want to check for an extended Poisson process X, XP = A.

Semimartingales

We can now define the set of all square integrable martingales by

H? = {M € M: sup E[X?] < oo}
t>0
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Proposition 76 (Predictable covariation). Let M, N € J2.. Then there exists a unique predictable
process (M,N) € ¥, s.t.

MN — (M,N) € M, .

If M,N € #7?, then (M,N) € of and MN — (M,N) € A

The process (M, N) is called predictable covariation and (M) = (M, M) (predictable)
quadratic variation.

Now you could show that a Wiener process with 0?(t) = Var(W;) is a continuous, square-
integrable martingale with (W) = o (t).

Mit .Z bezeichnen wir die Teilmenge von .7, fiir die My = 0 gilt

Definition 77. (i) If the process X can be decomposed as
X=Xo+M+A (78)

with M € Z and A € 7, then X is called a semimartingale. By .# we denote the space of
semimartingales.

(ii) If A is predictable, the decomposition in (78) is unique and we call X special. The space
of special semimartingales is denoted by .7),.

If a semimartingale is continuous, it is special and M and A in its decomposition are con-
tinuous. If a semimartingale has bounded jumps, it is also special. So the issue of not being a
special semimartingale arises from the large jumps.

We even can show a little bit more: for every semimartingale, there exists the decomposition

X=Xo+X+M+A
with a continuous local martingale X¢ and a purely discontinuous local martingale M € J#2

loc
and A € 7.

The stochastic integral

We call H simple, if
H=Y1 [o] oder H= Y]l]]S,T]]

with stopping times S und T and bounded, .#s-measurable Y. These are the prototypes of
simple processes, where it is clear how to integrate them. Indeed, let us define for simple H its
stochastic integral H - X with respect to a stochastic process X by

(H . X)t = .
Y- (Xtar — Xsat) otherwise.

(79)

By & we denote the space of simple (elementary) processes.



36 thorsten schmidt

an extension from & to the space of locally bounded, predictable processes, such that

(i) H - X is adapted and cadlag,
(ii)) H — H - X is linear,

process K, then

(H*-X); -2 (H-X);  VYt>0.

Theorem 8o (The stochastic integral). Let X be a semimartingale. The mapping H — H - X has

(iii) if predictable (H") converge pointwise to H, and is |H"| < K for a locally bounded, predictable

We obtained the following properties:

(i) H- X is again a semimartingale.

(if) If X is a local martingale, so is H - X.

(iii) If X € 7, then H - X is the Lebesgue-Stieltjes integral.
(iv) (H-X)gp=0and H- (X — Xp) = H- X.

(v) K- (H-X)=(KH) - X.

(vi) A(H-X) = H-AX.

(vii) Is T predictable and Y .#r-messbar, then

If X is even locally square integrable we can allow a larger class of integrands.

Theorem 81. Let X € #7>

loc*

Then, H — H - X has an extension from & to L2 such that

loc

(i) H-X € 42

(i) He 1%(X) <= H-X € #?
(iii) For X, Y € j‘!jgc and predictable K, M € L2 (X),

loc

(H-X,K-Y)=HK-(X,Y).

For two semimartingales X,Y € . we can define the quadratic covariation of X and Y by

X, Y] =XY—-XoYo—X_-Y—-Y_-X.
And we showed a number of properties: Consider X, X’ € . and Y € ¥. Then
(i) [X,X']€ ¥ and [X] € VT,
(i) [X, Y] =AX Y,
(iii) if Y is predictable, then [X, Y] = AY - X,
(iv) if either X or Y is continuous, then [X, Y] = 0.

W) [X, X = (X, X")t + ) AX;AXL.

s<t

(82)
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The Ito-formula

One major result was the following result on the semimartingale property of twice differen-
tiable functions of semimartingales.

Theorem 83 (It6-Formula). Consider a d-dimensional semimartingale X = (X?,...,X%) and
f € €*(R%,R). Then, f(X) € . and

f(X) = f(Xo) + Y Dif(X-) - X'

i<d
+ % Y Dif(X-) - (X, XI*) 82)
ij<d
+ L () = £ - LD F(X,)AXY).

As a first application we considered stochastic exponentials. Here Y was called a sotchastic
exponential, if X € . and

Y=1+Y -X. (85)

We denote the solution of (85) by Y = & (X).
As an important example we have met the geometric Brownian motion, &(W). If W is a
standard Brownian motion, then

E(W); = exp (Wt—%t), t>0.

Theorem 86. Consier X € .. Then there exists a unique solution of (85) given by

1
— _ —AXS . _ _ = C >
EX) =Y = 0<|SS| t(1 + AX)e exp (xt Xo— (X >t), t > 0.

Girsanovs theorem

We have already seen that measure changes are of prime importance in financial mathematics.
The key tool here is Girsanovs theorem. Define for a stopping time T

PT = PLQ‘T .
P’ is called locally absolutely continuous w.r.t. P, if
Pl< P, Vt>0

loc
which we denote by P/ < P. This is even equivalent to our localisation procedure (there exist
stopping times T, — oo for which P < Pr,, Vn.

l
Theorem 87. Let P’ & P. Then there exists a unique P-martingale Z > 0, such that

/
_4B . (88)

Z o
t= g P, >
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Z is called density of P’ w.r.t. P and E[Z;] = 1forallt > 0. If P’ < P, then Z is uniformly
integrable and

dr’
Zoo = —=.
7 dap
A typical example is a geometric Brownian motion
a2t
Zy=e""7, >0,

which however is not uniformly integrable!

!
Theorem 89 (Girsanov). Let P’ < P with density Z. Consider M € #,.(P) with My = 0. Then

1
M =M~ [M,2Z

is P'-almost surely well-defined and a P'-local martingale. If [M, Z] € <., then

1
M'=M~(M,Z)

is a P'-local martingale.

As a typical application we consider

62t
Zt:exp<9Wt—7), 0<t<T,
hence Z; = Zg+ Z_ - 6W;. Then
, 1
Mt - Wt — Z . [W,Z]t
1

= W; — = 'GZd<W>t:Wt—9t

is a local martingale. Since quadratic variation is not changed by the measure change, (W; —
0t)o<t<T is a Brownian motion under P’

Semimartingale characteristics

With the above tools we have a good access to jump-diffusion, i.e. processes of the type
dXy = pdt + 0 dWi + 14d ;.

We note that the distributional characteristics depend on the drift y, the volatility ¢ and the
jump term x. Semimartingale characteristics generalise this notion to the full generality of
semimartingale processes.

To describe the jumps of the semimartingale in a precise way, we utilize the concept of ran-
dom measure. A random measure on R>q x R? is a family ¢ = (u(w;dt,dx): w € Q) of non-
negative measures on (R>g x R?, Z(R>o) ® #(R¥)) such that u(w; {0} x R?) = 0 for all
w € 0.

To this end, we introduce

(N):QX]REOX]RL{ (90)
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with o-fields ¢ = ¢ ® Z(R?) and # = 2 © Z(R?). In principle, one can replace R? be a
general Polish space, but we will not need this level of generality here.

A function W on Q) is called optional (predictable) when it is 17 (ﬁ)-measurable. Now we
define the integral

Wk iy = / W(w,s, x)u(w;ds,dx)
[0,t]xE

whenever the integral is finite and +oo otherwise.
The random measure y is called optional (predictable) if W  u is optional (predictable) for
every optional (predictable) function W.
The Doob-Meyer decomposition can also be extended to this processes by the following tool:
for every optional &-c-finite random measure y there exists a unique, predictable random
measure vP such that for every Z-measureable W such that |W| * u € A, Wl pP e o}

loc

W (u— uP) is a local martingale.
In that case there exists a predictable A € &/ and a kernel K(w, t; dx) such that
P (w;dt, tx) = K(w, t;dx) dA(w).

We call u? the (predictable) compensator of y or the dual predictable projection of y (compare
Theorem 75).
To an adapted cadlag process X we associate the integer-valued random measure

pX(w;dt,dx) = Y T ax, () £015(s A%, (w)) (1, 4%).

As for semimartingales one can construct a stochastic integral with respect to the compen-
sated random measure pX — (uX)P.

We call /1 a truncation function if it bounded and satisfies #(x) = x in a neighbourhood of 0.
For a semimartingale X we introduce

X(h) = Z (AXS - h(AXs))/
= (91)
X(h) = X — X(h)

the process X (h) with truncated, in particular bounded, jumps. Then X (/) is special and hence
it may be decomposed, see Equation (78) uniquely into

X(h) = Xo + B(h) + M(H). (92)

Definition 93. The triplet (B, C,v) is called characteristics of the semimartingale X for the trun-
cation function i where

(i) B = B(h) in decomposition (92),
(ii) C = CY with C = (X', X/c),
(iii) v is the compensator of uX.
Proposition 94. One can find a version of the characteristics of X such that
B =0 A,
Cli=cl . A,
v(w;dt,dx) = K(w, t;dx)d A (w)

where
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(i) A'is predictable and A € o/, which may be chosen continuous of X is quasi-left-continuous;
(ii) b = (b') is d-dimensional and predictable,

(iii) ¢ = (c) is predictable with values in the set of symmetric nonnegative matrices,

(iv) K is a transition kernel, such that

K({0}) =0, /(|x|2 A)K(w, £ dx) < oo
AAw) >0 = b(w) = /h(x)K(w, t;dx) (95)

AA(w)K(w, R < 1.

We then have a nice version of the Ito-formula: for each bounded f € C?, the following
process is a local martingale

F(X) = F(Xo) = L D;f(X ) - B — 2 ¥ Df(X_) - O

~ (X4 3) = FOXC) — DX (x) . 0
]

This is is also sufficient for X being a semimartingale with characteristics (B, C,v).
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Affine semimartingales

We recall from our lecture on stochastic processes that there are a number of interesting affine
processes, in particular those satisfying

dX; = by + by Xpdt + \/%dwt
dXy = by + b1 Xpdt + /a1 XedWs.

For those processes we showed that

E[e"¥[Xo = x] = exp (¢(t,u) + 9 (t,u) - %)

with functions ¢ and ¥ solving some Riccatti equations. Our aim is now to extend this to the
semimartingale level.

Note that it is clear, that there are also affine processes in discrete time, which certainly do
not have a jump-compensator of dt-type. We hence should expect that dt can be replaced by a
more general dA; - but what kind of properties does this process have ? Moreover, we can now
longer expect a homogenous affine process (where the functions ¢ and i do only depend on
the length of the considered interval and not on the place of the interval). We consider a state
space D C RY which is a closed convex cone of dimension d together with a filtered probability
space, as previously, satisfying the usual conditions. Moreover, we define the complex dual cone
of the state space D by

U:={uecC: (Ru,x) <0forall x € D}. (97)

An important example is the set R, x R" with m +n = d, which we call s the ‘canonical
state-space’.

Definition 98. Let X be a cadlag semimartingale, taking values in D. The process X is called an
affine semimartingale, if there exist C and C%-valued deterministic functions ¢s(t,u) and ¢s(t,u),
continuous in u € Y and with ¢s(t,0) = 0 and ¢s(t,0) = 0, such that

E[eX0|.2,] = exp (¢s(t,u) + (ps(t,u), X5) ) (99)

forall 0 <s < tand u € U. Moreover, X is called time-homogeneous, if ¢s(t, 1) = ¢o(t —s,u) and
Ps(t,u) = po(t —s,u), again forall 0 < s < tand u € U.

Condition 100. We say that an affine semimartingale X has support of full convex span, if
conv(supp(X¢)) = D, for all £ > 0.
Under Condition 100, ¢ and 1 are uniquely specified:

Lemma 101. Let X be an affine semimartingale satisfying the support condition 100. Then ¢s(t, u) and
Ps(t, u) are uniquely specified by (99) for all 0 < s < tand u € U.

Proof. Fix0 < s < t and suppose that ¢s(,u) and ¢s(t,u) are also continuous in u € U and

satisfy (99). Write ps(t,u) := Ps(t,u) — ¢s(t,u) and gs(t, u) = Ps(t,u) — ¢s(t,u). Due to (99) it
must hold that

ps(t,u) + (gqs(t,u), Xs) takes valuesin {2mik:k € N} as.Vuel.

However, the set U is simply connected, and hence its image under a continuous function must
also be simply connected. It follows that u — ps(t,u) + (gs(t, 1), Xs) is constant on U and
therefore equal to ps(t,0) + (gs(t,0), Xs) = 0. Hence,

ps(t,u) + (qs(t,u),x) =0,
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for all x € supp(X;s) and u € U. Taking convex combinations, the equality can be extended for
x € D. Since D has full linear span, we conclude that ps(t,u) = 0 and gs(t,u) =0 forall u € U,
completing the proof. O

Lemma 102. Let X be an affine semimartingale satisfying the support condition 100. Then,
(i) the function u — ¢s(t,u) maps U to C<g and u — (t,u) maps U toU, for all 0 < s < t,

(ii) ¢ and P satisfy the semi-flow property, i.e. forall0 <s <r <tandu € U,

¢s(t, u)= ¢r(t,u) + ¢s(r, ¢r(t,u)), ¢r(t,u) =0 (103)
s (t,u)= s (r, iy (t 1)), Ye(tu) =u
Proof. To show the first property, recall that by Equation (99) we have
E[‘3<M'Xt> ‘]:5] = exp (4’S(tr”) + (s (t,u), Xs) ) (104)

forallu € Y and 0 < s < t. Since (Ru, X;) < 0, a.s., the left hand side is bounded by one in
absolute value. Thus, also

Reps (t, 1) + (R (t,u), Xs) <0, as.

and consequently
Reps (8, u) + (Rps(t,u),x) <0, forall x € supp(X;).

Taking arbitrary convex combinations of these inequalities and using that conv(supp(Xs)) = D
by Condition 100, we obtain that the inequality must in fact hold for all x € D. Since D is a
cone this implies that R¢s(t, u) < 0 and s(t, u) € U, proving (i).

To show the semi-flow equations we apply iterated expectations to the left hand side of
(104), yielding

E[E[e"X)|F]|F:] = E[exp (¢r(t,u) + (e (t,u), X)) | Fe] =
= exp (‘PS(”/”) + @5 (1, P (£, 1)) + (s (r, (1)), Xs) )

Note that the exponent on the right hand side is continuous in # and that the same holds true
for (104). By the same argument as in the proof of Lemma 101 we conclude that

s (£, 1) + (s (8, 1), x) = Ps(r,1) + @5 (r, r (8, 10)) + (s (r, e (B, 1)), %),

for all x € D. Since the linear hull of D is R the semi-flow equations (103) follow. Note
that the terminal conditions ;(t,u) = u and ¢(t,u) = 0 are a simple consequence of
E [exp((u, X¢))| Ft] = exp({u, X;)) and the uniqueness property from Lemma 101. O

Definition 105. Let A be a non-decreasing cadlag function with continuous part A and jump
points J4 = {t > 0|AA; > 0}. Let (v, B, &, 1) = (i, Bi, i, Hi)ie{o,..,ay be functions such that
Yo: Rsg x U — C,7: Rsg xU — €%, Bi: Rsg — RY, a;: Rsg — 8% and (p;(t, -))s>0 are
families of (possibly signed) Borel measures on D \ {0} with fD\{O}(l + [|x[1*) (£, dx) < co. We
call (A, 7, B, a, u) a good parameter set if for all i € {0, ...,d},

(i) «; and B; are locally integrable w.r.t. A°,
(ii) for all compact sets K C D\ {0}, u(+,K) is locally A°-integrable.

(i) y(t,u) = 0 for all (t,u) € (Rxg \ J4) x U.
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Definition 106. An affine semimartingale is called quasi-regular, if the following holds:

(i) The functions ¢ and i are of finite variation in s and cadlag in both s and t. More precisely,
we assume that for all (t,u) € R>o x U

s+ ¢s(t,u) and s+ Ps(t,u)
are cadlag functions of finite variation on [0, f], and for all (s, u) € R>o x U
t— ¢s(t,u) and t— Ps(t,u)
are cadlag functions on [s, o).
(ii) For all 0 < s < ¢, the functions
u— ps—(t,u) and wu— Ps_(t,u)
are continuous on U.

Theorem 107. Let X be a quasi-regular affine semimartingale satisfying the support condition 100.
Then there exists a good parameter set (A, 7, B, a, 1) such that the semimartingale characteristics
(B,C,v) of X w.r.t. the truncation function h satisfy, P-a.s. for any t > 0,

t d |
Bi(w) = [ (Bo(s) + Yo XL (w)Bi(s))dAS (1082)
i=1
t a .
Culw) = [ (wo(s) + Y- X (@)as(s))dAS (108b)
i=1
d
Vv (w,ds,dx) = (po(s,dx) + Y X (w)pi(s,dx))dAS (108¢)
i=1

8 1) (e, (1),d8) = (exp (r0(t1) + 10X (@), 3t 0)) ~1) . (Gosa)
A 4

i=1

Moreover, for all (T, u) € (0,00) x U, the functions ¢ and  are absolutely continuous w.r.t A and
solve the following generalized measure Riccati equations: their continuous parts satisfy

% = —F(t, (T, u)), (109)
t
‘W = —R(t, (T, u)), (110)

dAC-a.e., where
Flsu) = {Bols), ) + 5 (wao(s)u) + [ (689 = 1= (h(x), ) o5, )
Ri(s,) = (Bi(s), 1) + 5 (was(o)) + [ () =1 = (b)) YpiGs ),

(111)

while their jumps are given by

Api(T,u) = —=o(t, (T, u))

(112)
A (T, u) = =7(t, (T, u)),

and their terminal conditions are

¢r(T,u) =0 and (T, u) =u. (113)



44 thorsten schmidt

Before we start with the proof, we visit some examples:

Example 114. Consider the following discrete-time variant of the (time-inhomogeneous) Pois-
son process: let Xg = x € IN. Furthermore, assume that X is constant except for t € {1,2,...}
and assume that AX,, € {0,1}, n € {1,2,...} are independent with P(AX,, = 1) = p, € (0,1).
Then X is an affine semimartingale because for 0 <s <'t,

E[e”X’ | Fs] = exp (qu + Z (pn(u))

s<n<t,neN

where
Pn (1) = E[e">] = " (py + e 7" (1= pu)) = exp(u +log(pn + e~ (1 = py))).

Clearly, it may happen that AX,, = 0 while ¢(u,n,t) — ¢(u,n—,t) = ¢,(u) # 0. Stochastic
discontinuity is reflected by having jumps att € {1,2,...} with positive probability. The
considered process falls in the class of point processes whose associated jump measure is an
extended Poisson measure. In contrast to Poisson processes, X is not quasi-left continuous. In
summary, X is a process with independent increments, but not a time-inhomogeneous Lévy
process. o

When we consider processes in discrete time we emphasize this by using a hat X = (X,,),en-

Example 115 (AR(1)). A (time-inhomogeneous) autoregressive time series of order (1) is given
by
Xo=a(n)X,_1+¢€n

where we assume that (¢,,) are independent (not necessarily identically nor normally dis-
tributed). Then, X is affine, as

E[euX,, ‘ﬁnfl] _ E[euen]erx(n)X,,,l

with ]?n,l = U()A(o, ..., Xy—1). The generalization to higher order requires an extension of the
state space. So an AR(p) series gives an affine process (X, ..., )A(n_p)@p. o

Analogously we obtain the class of discrete affine processes (Exercise). Are GARCH time
series affine ?

Proof
We start with some easy observations

Lemma 116. Let X be a quasi-regular affine semimartingale. Then,

E[eX)| 7] = exp (¢s(t—,u) + (ps(t—,u),Xs)), VO<s<tuecl. (117)
E[e<“'Xf>|}'s,] = exp (ps—(t,u) + (Ps—(t,u), Xs—)), VO<s<tuecl. (118)

If in addition X has full support, it also holds that
E[eAX)|Fi_] = exp (— Age(tu) — (As(tu), Xi—)), ¥ (tu) € Rsg x U. (119)

Lemma 120. Let X be a quasi-regular affine semimartingale of full support and with characteristics
(B,C,v). For any (t,u) € (0,00) x U,

(49 = 1) viwi {1}, d2) = exp (= Agu(t,u) — (Bu(tw), Xe-) ) = 1. (121)
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Proof. By definition, v({t},d¢) is the dual predictable projection of dxx, (d¢) such that

[ (9 1) viws {1, d) = E [ (el —1)| 7]

Combining with (119), the claim follows. |

Next, we consider the continuous parts of the semimartingale characteristics, and make the
following definition:

G(dt,w, T,u) := (Y1, dBf (w)) + % (1, dC (w)r) + (122)
+ /D (eW’tré‘) 1= <1Pt,h(C)>> Ve (w, dt, d¢),

where we write ; := (T, u) for short.

Lemma 123. Let X be a quasi-regular affine semimartingale with a good version of its characteristics
(B,C,v), let (T,u) € (0,00) x U and let G(dt,w, T, u) be the complex-valued random measure defined
in (122). It holds that

G(dt;w, T, u) +d¢i (T, u) + (X¢(w), dyi (T, u)) =0, P —as, (124)
as identity between measures on [0, T].
Proof. For (T,u) € (0,00) X U consider the process

MT = ]E[e“"xﬂl]-"t} = exp (¢ (T,u) + (1 (T,u), X)) t€0,T),

which is a cadlag martingale with the terminal value M;’JT = exp ((u, Xt)). To alleviate nota-
tion we consider (T, u) fixed and write

M = M"" = exp (¢ + (1, X1)),
with ¢y := ¢¢(T, u) and P(t) := (T, u). Applying the Itd-formula to M we obtain a decompo-
sition
My =L+ F,

where L is a local martingale and F is the predictable finite variation process
t 1
E ;:/0 M;_ {d4>g + (Xs—, dypS) + (Ps—, dBs) + 5 (5= dCstps—) (125)

+ /D <3A<Ps+<1Ps,Xs—+€>*<tlﬂs—/Xs—> —1- <¢s—,h(§)>) v(w,ds, d@)} _

The jump part AF vanishes due to Lemma 120, and we are left with the continuous part

of 1
F = F :/0 M- {d‘f’g + (Xs—, d5) + (s, dBg) + 5 (5= dCstps—)

+ /D <e<¢57r§> -1 - <1/)57,h(é')>) VC(w, ds,d@‘)} ‘

Recall that M is a martingale, and hence M = L and F = 0 on [0, T|, IP-a.s. With (122), F can be
rewritten as

F = /Ot M;— {d¢pS + (Xs—, dys) + G(ds;w, T, u) } .

Since none of the measures appearing above charges points, the left limits X;_, ¢s— can be
substituted by right limits X, ¢s. Moreover, M;_ is nonzero everywhere and (124) follows. [
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In order to make efficient use of the full-support condition (Definition 100), we introduce
the following convention: Given an affine semimartingale X, a tuple X = (X, ..., X9) repre-
sents d 4 1 stochastically independent copies of X. Formally, the tuple X can be realized on the
product space (Q@+1), Fed+) (F? (d+1))t20) equipped with the associated product measure.
Moreover, for any points &y, ..., &; in RY, we define the (d 4 1) x (d 4 1)-matrix

1 &
H(go,...,¢n) =1 1+ |]. (126)
1 g
The matrix-valued process ©; is formed by inserting X = (XO,. .., Xd) into H, i.e. we set
1 X0(w)"
O(w) = H(X,..., X" = | : : . (127)
1 X(w)T
Lemma 128. Lets > 0and let X be an affine semimartingale with full support. Then there exists

€ > 0and a set E € Fs with P(E) > 0, such that the matrices O (w) and ©;_ (w) are regular for all
(t,w) € (s,s+¢€) x E.

Proof. Define the first hitting time

T :=inf{t > s : O singular, or ®;_ singular}.

)% (d+1)

Since the set of singular matrices is a closed subset of the vector space of R(?+1 -matrices,

T is a stopping time. Moreover, by monotone convergence, we have

lim P(@t and ©;_ regular for all t € (s,s + 1/n)> = lim P(t >s+1/n) = P(T > s).
n—o0 n—oo

If we can show that P(T > s) > 0, then the claim follows by choosing N large enough and
setting e = 1/N and E = {7 > s+ 1/N}. But by right-continuity of X, the set {w : T(w) > s} is
equal to {w : Os(w) is regular} and it remains to show that ©; is regular with strictly positive
probability. To this end, we use the full support condition conv(supp(Xs)) = D to find d + 1
convex independent points &, ..., in supp(X;). Recalling the definition of H in (126), it
follows that H(&Y,...,&%) is regular. Since the set of regular matrices is open we find § > 0
such that even H(y, ...,y ) is regular for all y; € Us(¢;),i € {0,...,d}, where Us(&;) is the
open ball of radius J centered at ¢;. Now, by independence of X0,..., X% it follows that

P (O®; is regular) > IP(Xé e Us(g;) Vie {0,...,d}>

d
=[P (Xs € Us(&))
i=0

Since for each i € {0,...,d} the intersection of Us(¢;) with the support of X, is non-empty, all
probabilities are strictly positive, and the proof is complete. O

Similar to the R+ *(@+1)_yalued process process (O;);>( defined in (127), we define d + 1
independent copies of the complex-valued random measure G(dt,w, T, u) from equation (122)
and denote them by Gy, ..., G4, respectively. With this notation and for any (T, u) € R>g X U,
the d + 1 corresponding equations (124) can be written in matrix-vector form as

C
d{g}fl(gluj) Go(dt;w, T, u)
O1(w) - . =- : (129)
Gy(dt;w, T, u)

dy; (T, u)
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which holds PP-a.s. as an identity between complex-valued measures on [0, T]. The next Lemma
gives a 'local’ version of the continuous part of Theorem 107.

Lemma 130. Let X be a quasi-reqular affine semimartingale with full support and let T € (0,00) be

a deterministic timepoint. Then there exists an interval I, := (T,7T + ¢€), where ¢ = e(t) > 0, and
good parameters (AS, B, o, u) on Iy. With respect to these parameters, and with F and R as in (111), the
measure Riccati equations (109) and (110) hold true for each (T, u) € R>o x U and t € I; N[0, T).

Remark 131. We emphasize that in this lemma the parameters (A, B, «, i) as well as the func-
tions F and R may depend on 7.

Recall that for a semimartingale X there exists a cadlag, increasing, predictable, IR>(-valued
process A starting in 0 and with continuous part A°, such that the semimartingale character-
istics of X can be “disintegrated’ with respect to A. For the continuous parts (B¢, C,v¢) of the
characteristics, this implies the representation

t ~
B = / bed AC
0

ot ~
C, = / csd A° (132)
0
v (w,dt,dx) = Kw,t(dx)dgg(w)/

where b and c are predictable processes and K +(dx) a transition kernel from Q) x R, en-
dowed with the predictable c-algebra, to (R, B(R?)).

Proof. Let XY,..., X% be d + 1 stochastically independent copies of X. Denote the semimartin-
gale characteristics of X! by (B, C,v') and define G;(w;t, T, u) as in (122),i = 0,...,d. The
semimartingale characteristics (B, C’, 1) can be disintegrated as in (132). Since we consider
only a finite collection of semimartingales, we may assume that the process AS(w) is the same
for each X'.

By Lemma 128, there exists an interval I; = (7,7 +¢), ¢ > 0, and a set E € F with P(E) >0
and such that ©;(w) is invertible for all (f,w) € Iy x E. Multiplying (129) from the left with the
inverse of this matrix yields

dd(li?l(T,u) Go(dt; w, T,u)
l/Jt (T/u) . .

' STe : ' (133)
dy; (T, u) Gy(dt;w, T, u)

as an identity between complex-valued measures on I for all w € E. Since P(E) > 0, we can
choose some particular w. € E where (133) holds. Setting

= A(wy), tel

we observe that G;(dt; ws, T,u) < dAf for eachi € {0,...,d} and conclude that also the left
hand side of (133) is absolutely continuous with respect to A¢ on I;. Denote by (b, ¢!, K') the
disintegrated semi-martingale characteristics of X', as in (132). Note that the random measures
G;(dt;w, T,u) depend linearly on (b, ¢!, K?), which in light of (133) suggests to apply the linear
transformation ®;(w) ! directly to the disintegrated semimartingale characteristics. Evaluating
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at w,, we hence define the deterministic functions (B, &', u');c {0,....d) on Iz by setting
T T
0 gl A ~1. (10 p1 d
(ﬁ,ﬁ,...,ﬁ)t = O (w,) (b,b,...,b)t (w,)

T T

=0 (@) (cg,,c}d,. . .,cﬁ,)t (ws), kle{1,...,d}
T T

= Oy (ws) 1 (KO,Kl,...,Kd>t (ws).

0 .1 d
(”‘klf Kir -+ s “kz)

0,1 d
(y S, U )

Using these parameters, the functions F, R can be defined on I; as in (111). In combination
with (133) it follows that

t

aes (T, u) F(t, (T, u))
c Go(dt; ws, T, u)
A (T, 0 RY(t, (T,
lPtF Y = —O(w.) " : == (lpf( Y dA; (134)
Ay (T, u) Caldtion, T, ) Rt g1 (T, u))

for t € I; N[0, T], which yields validity of the Riccati equations (109) and (110) on I;. O
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