I
UNI
FRE:BURG

Wahrscheinlichkeitstheorie II1 Wintersemester 2024 /25

Vorlesung: Prof. Dr. Thorsten Schmidt
Ubung: Moritz Ritter

Ubungsblatt 11

Abgabe: Freitag, 17.01.2025.

Definition 1 (T-forward measure). Let (B:)i<r, By = eJoms45 he the bank account /numeraire in
a financial market. If Q is a risk-neutral measure, then the forward measure Q7 on .%r is defined
via the Radon Nikodym density process Z with respect to Q given by

_ R(T)
2= Py(T)B;

Aufgabe 1 (4 Points). Let F;(T,S) be the simple forward rate for [T, S| prevailing at ¢, which
is given by

Fi(T,S) = s_lz’@g; - 1), te0,T].

Show that (Fy(T),S)):ejo,r) is @ martingale with respect to some forward measure QY; that is

Ft(T, S) = EQU [FT(T, S) ’ﬂ\t] for all t € [O,T}

What is U?
HinT. Use the identity

1
P/(T) = B, Eg [ ' y}], te[0,7].
Br
Aufgabe 2 (8 Points). Consider a HJM model

fAT) = fo(T) + /0 0s(T)ds + /0 oo(T)AW!

under an equivalent local martingale measure  ~ P with a driving R™-valued standard Q-
Wiener process W’'. We fix two dates T and S.

1. Show that the density process of Q° relative to QT is given by
P(S5)

Py(T) P(S
P(T
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2. Show that the density process of Q° relative to Q7 also equals

where %4(T) = — ftT oi(s)ds and WT = W' — 3(T) - A for t € [0,7] (here A denotes the
Lebesgue measure).



3. Now, we suppose T' < S and fix a strike price K > 0. We consider the price of a European
call option on the S-bond at time ¢ = 0, which is given by

Show that
Pr(T) 1 T Pr(S)
=P 511 <ln(=))-KPR(T 1 > In(K) ).
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4. From now on, we assume that the volatilities o4(T) = (o}(T),...,0™(T)) are deterministic.

Show that ln(i;(T)) is normally distributed under Q°, and determine its parameters.

()
5. Show that In( g;g;

6. Show that the option price is given by

) is normally distributed under Q”', and determine its parameters.

= Py(S)®(d1) — K Py(T)®(d2),

where @ is the distribution function of the standard normal distribution, and

L In(ghmy) £ fo I4(T) = S (S)|IEmds
1,2 = .

| wo I24(T) = 2u(S) [Bnds




