Part 2 - Numerics

1 The Numerical Problem

1.1 Well-posedness

Definition 1.1.1. A mathematical problem in numerics consists of finding
x € X, where X is some space, such that

F(z,d)=0.
for a given function F': X x D — R and given data d € D
Ezample. 1. F:R"xXR™ — R, F(x,d) = |Az—d||y for A € R™*",d € R™.
Solutions solve the lin. system Ax = d
2. F:RxR— R, F(z,d) = (fode‘52d§> _z

Definition 1.1.2. A mathematical problem is called well-posed. if for all
d € D a unique solution z € X exists and the solution depends continuously
ondé€ D.

Remark. Here, we will only consider well-posed problems, so that there exists
v:D— X, F(o(d),d) =0Vd € D.
Solving a problem thus reduces to evaluating ¢ at d € D.

Typically, there will be errors associated with the given data (e.g. Round-off
errors, measurement errors). An important part of numerics is the estimation
how such errors affect the computed solution. (Conditioning and stability)

We will also be concerned with computability of solutions (Algorithmics).
Often, it is convenient to approximate the ”true” solution ¢(d) by an easier
to compute function ¢.(d), this leads to questions of convergence.
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1.2 Numerical complexity

Of course, the number of elementary computations that have to be per-
formed to obtain a result is important (Numerical complexity). Typically,
one is interested in the scaling of the number of computations with respect
to the size of the problem, e.g. , is solving Ax = b for A € R™™™ taking
O(n?),0(n3), O(n!) operations.

m(n) | Nn—00

m(n) = O(F(m) i | 7

2 Matrix factorizations

We want to find L, U s.t. linear systems Lx = b,Uy = c are easy to solve
and A = LU. Then solving Ax = b is easy

1. Solve Ly = b

2. Solve Uz =y

2.1 Triangular matrices

Definition 2.1.1. L = (¢;)},_, € R is called lower triangular if /;; = 0
for i < j.

U = (uij)f5—, € R™™ is called upper triangular if U” is lower triangular.

A triangular matrix D € R™*™ is called normalized if d;; = 1 fori=1,...,n.

Algorithm 2.1.2 (Back substitution). Let U € R"™ ™ be a regular upper
triangular matriz, and let b € R™. Compute x € R™ by:
fori=n:.:—-1:1

—(p =S R
7= (b= S i)

Remark. The total number of basic computations for backsubstitution is

O(n?)

Lemma 2.1.3. Let U,V € R™™™ be upper triangular, then UV 1is upper
triangular. If U is also regular, then U~ is upper triangular with (U~1)y; =
1

Ui



2.2 LU-factorization

Definition 2.2.1. A factorization A = LU with L € R™*" lower and U €
R™™ upper triangular is called LU-factorization of A € R™™. It is called
normalized if L is normalized.

Theorem 2.2.2. Let A € R™™" be a regular matrixz. TFAE

1. 3! normalized LU-factorization of A

2. All submatrices Ay, = (aij)szl € R¥* are regular.

Lemma 2.2.3. Let A = LU be a normalized LU -factorization. We then

have
i—1 i—1

Qi = Uik + E Cijujk, Qg = Criwi; + g Crjug;.

j=1 j=1
Solving for the respective non-trivial entries of L and U, we obtain

Algorithm 2.2.4. Let A € R™™ admit a normalized LU decomposition.
The non-trivial entries of L and U can be computed by

for i=1:n do
for k=i:n do ’
|y = i — 2 b
end
for k=i+1:n do

‘ Ui = <aki - Z;;ll fkjujz) /Uu

end

end

Remark. The numerical complexity of the computation of an LU-decomposition
of an n X n matrix is O(n?).
Example. 1. The matrix
11
=)



admits a LU-decomposition and is regular. However, A~} <1) = ((1))

and A~1 (1 —1|— e> = ((1)) We thus see that a small change in the data

results in a large change in the result. This is an issue of conditioning

of the problem.
e 1
=0 0)

has no problem with conditioning. Its inverse is

L {0 1
=),

and one can easily see that solutions of the linear system Ax = b change
one the same order as the data b changes. The LU-factorization of A,
however, is given by

1 0 e 1
L:(% 1)’ U:(o —%)'

Thus, a small (e.g. roundoff) error introduced for example in between
solving the two triangular systems may become large. This is an issue
of stability of the algorithm.

2. The matrix

2.3 Cholesky factorization

If A is symmetric, then only n(n + 1)/2 entries of A are relevant. We may
be able to take advantage of this. Assume that A = LLT for A,L € R™"
and L lower triangular. We compute

AT = (LL")" = LL" = 4,
2T Ax = 27 (LLT) T = (LTx)T (LT:L") = ||LTJZH§ > 0.

The matrix A must thus be symmetric for such a factorization to exist, and
if A or L is regular, A must be positive definite.

Lemma 2.3.1. If A is symmetric and positive definite, then det A > 0 and
all submatrices Ay, of A are positive definite.
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Definition 2.3.2. A factorization A = LLT with lower triangular matrix
L € R™*™ is called Cholesky factorization.

Theorem 2.3.3. Let A € R™™ be a symmetric, positive definite matriz.
Then there exists a unique Cholesky factorization A = LLT of A with {; > 0
fori=1...n.

Lemma 2.3.4. If A= LLT, we have

Cinli + Y577 ligly  fori > k,
ik — - .
G+, fori=F.

Solving for the entries of L again leads to

Algorithm 2.3.5. Let A € R™"™ be symmetric and positive definite with
Cholesky factorization A = LLT. The non-trivial entries of L can be com-
puted by

for k=1:n do
- 1/2
Ui, = (akk - Zlel 5%)
for i=k+1:n do
‘ lig = <aik -y gij&fj) /L

end

end

3 Conditioning and stability

In the following, we consider well-posed numerical problems ¢: D — X,
where D and X are suitable spaces endowed with a norm.



3.1 Condition number

Definition 3.1.1. The (relative) condition number x,(d) of ¢: D — X at
x # 0 is given by

od+Ad) — ()] _[Ad]
ol ="
ad|

A problem is called ill-conditioned if ky(d) > 1.
Theorem 3.1.2. ¢: D — X is differentiable at d € D, then

D o@[dl
"o D)= @)

key(d) = inf {H >0 :36 > 0 so that

3.2 Stability

Definition 3.2.1. An algorithm for the (possibl~y approximate) computation
of the numerical problem ¢: D — X is a map ¢: D — X, which is given by
the consecutive application of elementary computations, i.e.,

6=frofi10-ofrofi.
Definition 3.2.2. An algorithm ¢ is called unstable if there is a perturbation

d of d such that the error introduced by inexact elementary computations in
the algorithm is significantly larger than the error introduced by the pertur-

bation itself, i.e.,

6(d) — ¢(d)| _ |¢(d) — ¢(d)]
o@ @

An algorithm is called stable if it is not unstable.

Example. The problem of evaluating the function

1 1 1
d it =
9(d) d d+1 d(d+1)
is stable for large numbers d, as for d = (14¢4)d, we have ¢(d) —(d) ~ QE;fQ :
The outcome of the two possible algorithms below (where parenthesis indicate

order of computation), however, differs substantially.

b= (3) - (737) #9=g@r
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3.3 Condition number of linear operators

Definition 3.3.1. Given norms |- ||gm and ||-||g: on R™ and R", respectively,
the (induced) operator norm for A € R™*" is given by

[Allop = sup || Az][gn.

2€R, ||z||gn=1

Lemma 3.3.2. Given norms || - || on R* and R™, respectively, let || - ||,, be
the induced operator norm on R™™. We then have

1. || - |lop defines a norm R™*™

2. [[Allop = suP,ege o1 [ Az]| = inf {c > 0 : Vo € R"||Az|| < cf|[|}
3. for A# 0 and x € R* with ||z|| < 1 and ||Az|| = || A||,, we have ||z]| =1
4. the infimum and supremum in 2. are attained.

Lemma 3.3.3. Given norms ||-|| on R" and R™, respectively, denote by || - ||
the induced operator norm on R™"™. We then have

1. For A € R*™ and B € R™*"™ we have [|AB|| < || A||||B]|.
2. The identity matriz Id € R™" satisfies || I, | = 1.

3. Any operator norm R™*" satisfies ||Allo,p > || for all symmetric matri-
ces A € R™™ and any eigenvalue X of A.

Remark. The Frobenius norm ||Al|# of a matrix A € R™*" is given by

1
\pwf::<§:§:ag>2:trAA?

i=1 i=1
It is not an operator norm.

Theorem 3.3.4. Let || - || be an operator norm no R™", induced by || - || on
R™. Let A € R™" be reqular and let x,z,b,b € R™, so that

Az =b, Az =0.

We then have ~
[b— 0

1]

|l — ]

< fAffa™

]



Definition 3.3.5. The condition number of a regular matrix A € R™*" with
respect to the operator norm induced by || - || on R™ is given by

condy(A) = [|A[l[[A7]].

ideri - we wri i -
When considering (P-norms we write cond, instead of cond.,

4 Elimination algorithms

4.1 Gaull elimination

Algorithm 4.1.1 (Gauf§ elimination). Let A € R"*" and b € R™.
1. Set AN = A and b = b, and set k = 1.

2. For A% assume ag.c) =0forl1<j<k—1andi > j+ 1. Setting
iy = agllj)/agz) for i =k +1,...,n we define the normalized lower
triangular matriz L*) € R™™ by:

-1 1) 7 M1
ay ooal
A®) — o w CH 1
= agy .. ap | = lpr
k) (k) :
L ank . .. ann n L _'gnk'

We then have for A®TD = LK) A®) - that agﬁl) =0 forl1<j<kand

1>7+1, e,
- oo
NUN AW
(k) (k)
A(k+1) . akk .. P akn
= (k+1) (k+1)
A1kl - Qppim
(k+1) (k1)
| a/nyk+1 oo ann ]




Further let b1 = LF)pk),
3. Stop if k + 1 = n; otherwise increase k — k + 1 and go to step (2).

Theorem 4.1.2. If A € R"™" is reqular, then the Gaufl elimination al-
gorithm is executable if and only if A admits an LU-decomposition. The
algorithm then yields the normalized LU -decomposition of A with U = A™
and L = (L&D . L),

The modified right hand side y = b™ is given by y = L~'b and the solution
of the linear system of equations Ax = b can be computed by solving Ux = y.

4.2 Pivoting

Algorithm 4.2.1. Gauf elimination with partial pivoting Let A € R™*"™ be
a reqular Matriz und b € R". We compute the decomposition PA = LU and
y=U"1b by

for k=1:n-1 do

|

.....

exchange rows p and k in [A® | 5®] to obtain [/Nl(k) \ 5(’“)];

for i=k+1:n do
om0 aR; o 2B g,

for j=k+1:n do
(k+1) _ ()
ij o g

| a — ity
end

end

end

Remark. Exchange of rows can also be expressed by a permutation matrix,
ie., AR = PR AK)  with P®) is the matrix that is obtained by exchanging
rows p and £ in the identity matrix.

Remark. There is also total pivoting where also columns are exchanged, but
this is usually not done because it is very slow.



Theorem 4.2.2. For A € R™*" reqular, the Gaufs-elimination algorith mwith
partial pivoting can be executed. It yields the LU-decomposition PA = LU
with |l;;| < 1 for all 1 < j < n and the modified rhs ") = [=1Pb. Here
p = p-0p0=2) PO where P*) s a permutation matriz to permute the
rows in the k-th step.

Proof. e Assume the alg. can not be executed at the k-th step. Then
the matrix must have aj, = Ofor j > k. Such a matrix can not be
regular. However up to that step only regular lower triangular and
regular permutation matrices were applied. This is a contradiction.

e The statement about |/;;| < 1follows immediately by l;;, = ag,]z) / az(,lz) but

’&SZ)’ > \a§’,§)\ due to pivoting.

e Noting that (P®)~! = P*) we compute

AB®) — 1@ p2) A0 — 12 p2) 1) p1) 4 — 2 (p(2)L(1)p(2)) PR pM 4
AW — B3 (p(3)L(2)p(3)) (_p(3)p(2)L(1)p(2)p(3)) (p(3)p(2)p(1)A)

Setting L*) = pn=1) p(n=2)  plk+1) [ (k) plkt1) - p(n=2) p(n=1) we get,
A = [(n=D)  TpY.

Since L® has the same structure as L® we get the desired decompo-
sition. The statement about ™ is then also clear.

0

Remark. We still need O (n?) operations for this algorithm.

5 Least squares problems

5.1 Gauflian normal equation

We look at overdetermined problems, i.e. for A € R™*" m > n,b € R™ find
xr € R" s.t. Ax = b in a good way.
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Ezample. Linear regression for measurements (t;, ;).

Definition 5.1.1. Given A € R™*" b € R™, we define the least squares
problem of

minimize = +— ||Az — b||3
The vector r = Az — b € R™ is called residual.

Theorem 5.1.2. Solutions of the least squares problem are given by the
solutions of the Gaufian normal equation

AT Az = AT

In particular, a solution exists. If z € R™ is a further solution, then Ax = Az
and the residuals agree.

Proof. We note that R™ = Im(A) @ ker (A7) and Im(A) L ker (A7)
Given b € R™ we thus have uniquely determinend, orthogonal vectors y €
Im(A),r € ker (AT) with y - = 0,b = y + r. Further, we have z € R™ :
y = Az. This yields

ATh = ATy 4+ ATr = ATy = AT Ax.
Now let z € R" and compute

b~ Azl3 = b~ Az + A(z — 2) |2
= llb— Az|3+2(b— Az) - (A(x — 2)) + Az~ 2) [}
——
= llb— Az|3 + 247 (x — ) + | Az — 2) I}
=0

= [Ib— Az[l3 + | A (z = 2) [I3 > b — A3

Thus x is a minimizer and a solution to the least squares problem.

If 2 is also a minimizer , then above we need an equality and thus | A (x — 2) ||3 =
0 = A(x—2) =0, thus z — z € ker (A) = ker (ATA). In particular,
if z is a minimizer, it also solves the Gaul normal equation. We also get
Ax = Az. O

Remark. We have used that ker (AT A) = ker (A). This is an exercise.
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Lemma 5.1.3. AT A is symmetric and pos. semidefinite. It is pos. def. iff
ker (A) = {0}, i.e. A is injective.

Proof. Exercise. O

Remark. condy (ATA) = ||ATA||5|| (ATA)f1 |2 = % = cond; (A) if

A € R™". So conditioning of AT A is usually not good. We thus typically
do not use the Gauflian normal equation to solve least squares problems.

5.2 Householder trasformations

Note that for @ orthogonal, i.e. @ € O (n) we have
A (Az — b) |3 = || Az — b2

Remark. For @ € O (n) we have condy = 1.

Definition 5.2.1. Given v € R., ||v||y = 1, the matrix P, = 1—2vv7 is called
Householder trasformation.

Lemma 5.2.2. Every Houscholder transfomration P, = 1 — 2uv? is sym-
metric and orthogonal. We have P,v = —v and P,w = w forv-w =0

Lemma 5.2.3. Let v € RA\{0} and x ¢ span{e,}. With o = sign (x) if
x1 # 0 and o = 1 otherwise, set

_ o r ollx||2e1
|z + oz |21,

We then have
Py = (I, = 2v0") z = —o||z|es.
5.3 QR-Decomposition

Theorem 5.3.1. Let A € R™™ with m > n and rank A = n. Then there
exist Q € O(m) and a generalized upper triangular matriz R € R™*", i.e, we
have r;; = 0 for i > j, such that
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11T T2 ... Tin
Tog ... Topn

A=QR=Q

rnn

We further have |ry| > 0 for all 1 < i < n. This factorization is called
QR-decomposition.

Theorem 5.3.2. Let A € R™™ with m > n and rank A = n. Using the
QR-decomposition A = QR and
T, | € TA _ p_ R
=[] emmn- 7]
with c € R*,d € R™™" and an upper triangular matriz R € R™" the solution
of the least squares problem defined by A and b is given by the solution x of
Rx = c.

Remark. For A € R"*™ we have condy(R) = condy(A). The @ R-decomposition
thus yields a stable algorithm to compute the solution of a least squares prob-
lem.

6 Iterative methods for linear systems

Especially if a matrix is sparse, i.e., a significant number of its entries are zero,
it is often advantageous to use an iterative method, where in each iteration
the matrix is simply applied to a vector, to approximate the solution of a
linear system. Such methods are often based on Banach fixed point theorem.
We recall

Theorem 6.0.1. if &: R" — R™ is a contraction, i.e., there exists q € [0,1)
so that ||®(z) — ®(y)|| < ql||x — y|| for some norm || - ||, then ® admits a
unique fived point x* € R", i.e., ® (z*) = x*. For any starting value 2° € R",
the fized point iteration x*+t1 = ® (a:k) (k =0,1,2,...), defines a sequence
converging to x* with the property that

k
ot |l < 7 ||+ = 2|

=14
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6.1 Linear iteration methods

Assume that the map ®: R" — R™ is given by ®(z) = Mz + s with a matrix
M € R™*™. We then see that ® is a contraction if a norm exists such that
the corresponding operator norm satisfies ||M|| < 1.

Theorem 6.1.1. For M € R™"™ we have
p(M) = max{|\| : A € C is a complex eigenvalue of M}
= inf{||M||op : || - [|op is an induced norm on C"*"}.
Corollary 6.1.2. If p(M) < 1 then ®: x — Mx + s defines a contraction.

FExample. The Richardson method to approximate the solution of a linear
system of equations Az = b is, given w > 0, defined by M = I, — wA and
c=wb, ie.,

xk“:M:rk—l—c:a:k—w(Axk—b).

If A is symmetric and positive definite, then all Eigenvalues of A are positive,
and for w sufficiently small we have p (I, — wA) < 1. If ¥ = 2% then z*
is a solution of Az = b.

6.2 Jacobi and Gaul3-Seidel method

We consider the additive split A = L + U + D, where L is strictly lower
triangular, U is strictly upper triangular, and D is diagonal. We consider
methods 2¥+2 = Ma* + c.

Definition 6.2.1. The Jacobi and GauB-Seidel method are defined by
M’ = -D7'(A - D), ¢/ =D
M = —(L+D)'U, ¢ =(L+ D).

Definition 6.2.2. A matrix A € R™*" is called diagonally dominant if, for
1=1,2,...,n we have

Y layl < aal

and if this inequality is strict for some iy € {1,2,...,n}. If the inequality is
strict for all 7 = 1,2,...,n, then A is called strictly diagonally dominant.
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Remark. We can quickly see that the Jacobi and Gauf}-Seidel method define
converging sequences z¥ if A is strictly diagonally dominant. Unfortunately,
this is usually too much to ask in practice.

Definition 6.2.3. A matrix A € R"*" is called reducible, if disjoint, non-
empty index sets [, J C {1,2,...,n} exist, so that JUJ = {1,2,...,n} and
a;; = 0 for all pairs (i,7) € I x J. Otherwise A is called irreducible.

Theorem 6.2.4. If A is irreducible and diagonally dominant, then the Jacobi
and Gauf-Seidel methods are executable and convergent.

7 Polynomial interpolation

We consider the problem of finding a polynomial of degree no more than n,
i.e, a function in

n
P, = {Zaixi LA, A1y, QAp € IR}
i=0

interpolating a given set of pairs of nodes and values.

7.1 Lagrange interpolation

Definition 7.1.1. Given nodes a < zg < 71 < --+ < z,, < b and values
Yo, Y1, - - - , Yn, the Lagrange interpolation problem consists in finding a poly-
nomial p € P, so that p(z;) =y; fori =0,1,...,n.

Definition 7.1.2. Given nodes zy < z; < --- < x,, the corresponding
Lagrange polynomials Lg, L4, ..., L, € P, are given by

() = S Ay _ (z — z1) (@ —@im1) (@ — @i41) (z — )
R | Comrald romr R Py oS B PO
i

Remark. We have L; (x;) = §;; for 0 <,7 < n.
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Theorem 7.1.3. The Lagrange interpolation problem is uniquely solved by
taking

p= Z YiLi
=0

The polynomial p is calle (Lagrange) interpolation polynomial.

7.2 Interpolation error

If y; = f(z;) with nodes z; and a given function f, we may ask how far the
interpolation polynomial p is from the function f.

Theorem 7.2.1. Let f € C"™([a,b]), a < 71 < 9,...,< z, < b and
let f(x;) = y; fori=0,1,....,n. If p € P, is the Lagrange interpolation
polynomial, then for x € [a,b] there exists £ € [a,b], so that
f(n+1 n
) = plo) = S H I

Jj=

Corollary 7.2.2. The interpolation error satisfies

o2l
CO([a,b]) (b— a)n+1.

_ <
If = plleoay) < CF

Remark. If the norms of the derivatives of f does not grow too quickly as
n — oo, then the preceding corollary yields uniform convergence of the in-
terpolating polynomial when increasing its order. This estimate, however,
may by not optimal as it does not consider the effect of choosing the nodes
in an optimal way. When, for example, taking evenly spaced nodes, the

interpolation of
1
-1,1 R S —

yields larger and larger oscillation when the order of the polynomial is in-
creased.
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7.3 Chebyshev nodes

We may decrease the interpolation error by finding nodes which minimize
the values of the nodal polynomial

v)=]]@—a)
=0
on [a,b]. We consider here the case [a,b] = [—1,1].

Definition 7.3.1. For n € Ny, the n-th Chebyshev polynomial on ¢t € [—1, 1]
is given by
T, (t) = cos(n arccost),

The roots of a Chebyshev polynomial are called Chebyshev nodes.
Lemma 7.3.2. 1. We have |T,,(t)| <1 for allt € [-1,1].
2. With To(t) = 1 and Ty (t) = t, we have

Toir(t) = 20T (t) — Tos (1)

fort € [=1,1]. In particular, this yields T,, € P,|—1,1 and n > 1 we
have T,,(t) = 2" 1" 4+ q,—1(t) with gu—1 € Po_1j-1,].

3. For n > 1 the polynomial T, has the n roots t; = cos((j + 1/2)m/n),
j=0,1,....,n—1, and n + 1 extremal points s; = cos(jn/n), j =
0,1,....,n

Theorem 7.3.3. Let tg,ty1,...,t, € [—1,1] be the roots of the Chebyshev
polynomial T,, 1. We then have

n
min max H|x—:1:J|— max H]x—tj| =27"

20,...,tn €[—1,1]] €] 11] z€[—1.1] <
J=0
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8 Discrete Fourier transforms

8.1 Trigonometric interpolation

Definition 8.1.1. For m € N,n = 2m, Nodes z; = 2%” and values y; € R,
j=0,....,n—1wefind a;,b, e R;l=1,...,m — 1 and agp, a,, € R s.t. for

m—1
T (z) = % + (a; cos (lz) + bysin (lz)) + %ﬂ cos (mx)
1=1
we have T'(z;) = y; for j = 0,...,n — 1. This is called real trigonometric

interpolation problem.

Definition 8.1.2. The complex trigonometric interpolation problem consists
in finding B, € C,k =0,...,n — 1 s.t. for z; = 2%,3;]- €eC,j=0,....n—1
and

n—1

p() = Bo+ B + ...+ Boae®V = " Brett

k=1
st. p(z;)=yjforj=0,...,n—1

Theorem 8.1.3. Fiz n = 2m,yg,...,Yn_1 € R. The coefficients By, k
0,...,n—1 solve the complex trig-interpol problem iff the coefficients a;, by, | =
L,...,m—1 given by ag = 2Bo, a; = By + Bom—1, b0 = 1 (B — Bom—1) s Gm = 2Pm

solve the real trig-interpol problem given by y1, ..., Yn—1
Proof. Ingedients: e~ = ¢~ = e i(n—l)a

e’ = cos (x) + isin ().
This implies

m—1
% + lzl (a; cos (lxj) 4+ bysin (lx;)) + %n cos (mx;)
Qo e a — il = +ib Ay €M 4 €7
- zlm 26T i(n—Dz; - - -
5 T+ 5 Z 2 ° T2 , 2
Bo B Br—1 Bn-1
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8.2 Fourier basis

If we write p (x;) = y; in vectorial form, we obtain

Yo 1 eikxo o eikxo
y=1 : | =25 : = Buw" with w" = :
Yn—1 k=0 etkn—1 k=0 etkzn—1
For this to have a solution, we need (w°,...,w" ') to be a basis of C".

Definition 8.2.1. For n € N let w,, = e be the n-th root of unity and for
E=0,...,n—1let

Ok
ik
k “n
w =
(n—1)k
n
Then (u,...,w" ') are called Fourier basis of C".

Proposition 8.2.2. The Fourier basis is an orthogonal basis of C", i.e.

Wk wh = ndy.

Proof. Exercise. O

Lemma 8.2.3. The transformation from Fourier to canonical basis is per-
formed by the matrix

T, = (wo w”_l) e Ccvn

with inverse T, ' = %T_nT, i.e. fory= Z:.:Ol yie; € C™ we have
= nz_lﬁ W with § = ST
Y= 2 k =, Y
Proof. Clear, if noting that \/LﬁTn e U (n). O
Remark. y— = %TnTy is called discrete Fourier transform,

By =T,0 is called inverse DFT.
As the transformation is unitary (modular constant) it is stable.
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8.3 Fast Fourier transform

Example. Lets look at the inverse Fourier transform y = T3/, noting that

N .
27 li2m (I mod 8)2m
wé:<68>:68 =e 5 =w,m48 We have
0,0 ,0 .0 .0 ,0 .0 0
n Wg Wg Wy Wg Wg Wy Wy Wy
4 6 0
Y2 Wg Wg Wg Wy
Y3 6,1 7
y 8% 5
4
Wy Wy Wy
Ys w! wl
6 8 8
V6 G
y Wl wi Wl Wl wi oWl Wi owl) \Br
Sorting by odd and even indices yiels
o ,0 ,0 .0 0 .0 0 ,0
WO B | i i e o A W
ot IO o e B e e B Bt M
T v T 1 T e o M
Ys | _ | Ws Ws Wy Wi| Wy Wy W7 Wy Be | _ (T4
=10 .0 0 0] .4 A4 4 4 =
Y4 w% wg wi wg wg wg uJ? wg o5t T,
0 I O T e e i e B e 1 B
0 I o T B e | e B B A
Y7 Wy Wy Wy Wil wi wp wg wg B7
with
0
Wy 1
w
8
Wy
wy
Thus we have
Yo Bo B
Y1 B2 B3
=T, + DyTy
Y2 B Bs
Y3 Be Br
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D4T4
—-D,T,

)

Bo
B
Ba
B
A
B
Bs
Bq




Y4 Bo Io

Ys B2 B3
=T, - D,T,
Ye 4 Ba 4 Bs

yr Be B

Theorem 8.3.1. For 3 € C*™ let D,, € C™™ the diagonal matriz with
entries (D), = wh,,, 1 =0,...,m—1.

1
Then y = Ty, is given by (52) with y*,y* € C™ given by

yl — Tmﬁeven + Dmeﬂadd
y2 — Tmﬁeven . Dme/BOdd

where
Bo B
Be’uen — 62 Bodd — 53
ﬂ?m—Q /62771—1
Proof. Analogous to example. O

We have taken a problem of size n with complexity A (n) and split it into 2
problems of size § with complexity A (g) + putting together with complexity
3 If n = 2' we can iterate

A(n)—>2¢4<g>+3§—>2(¢4<%>+%)+3§

%...%21A(1)+137"

So we get from O (n?) to O (nO (1) + log, (n)n) = O (nlog, (n))

9 Numerical Quadrature

9.1 Quadrature rules
We want to approximate fab f(x)dx = 1(f).
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Definition 9.1.1. A quadrature formula on [a, b] is a linear map

Q:C([a,b]) = R,
Q(f) =3 wif ()

with nodes z;,7 = 0,...,n and quadrature weights w;,i = 0,...,n. The
number [|Q|| = 75 -1 |wi| is called its stability indicator.

—a

Ezxample. For a = 2y < 21 < ... < x, = b we can approximate the Riemann

integral by
b
/ f(z)dz ~

7

($i+1 - l‘z) / (xz)

M1

I
)

Remark. We always have

QN <RI —a) lfllcogam

Definition 9.1.2. A quadrature formula is called exact of degree r, if Q (p) =
I (p) for all p € P,

Theorem 9.1.3. Assume Q) is exact of degree r > 0. We then have

Zn:wi =b—a
i=0
and for f € C°([a,b]) we have
() =N = A+QI) (b~ a)min |[f = plleogas

If also w; >0 fori=0,...,n then |Q| =1

r>0

Proof. We have > w; = Q(1) = I(1) =b—a. Take now f € C%p e P,
with I (p) = @ (p). We have

() =QUNI=I{f-p)=QU =P I<H (=D |+|Q( D)l
<(b—=a)|If = plleo + Q_ lil)llf = pllco

<@+QID) @ —a)llf = pllce
taking min over p € P, yields the result. O
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Remark. 1. Result from polynomial interpolation yields

I(f)-Q(f)I<@+|Ql) (- )w@_ayﬂ

2. Symmetry may further improve things: @) exact of degree 2¢q,q € Ny,
weights & nodes symetric wrt. b+“ yields exact of degree 2¢q + 1.

3. Transformation to other invervals by affine map.

9.2 Newton-Cotes formulas

Consider nodes z;,i = 0,...,n and for f € C°([a,b]) the Lagrange interp.
polynomial p = >"" | f (;) L;, with L; the Lagrange polynomial for the point
x;. We now approximate the integral of f by the integral of p, which yields

/ dx—foz/ - d:c—Zfa:z =Q(f)

These are called Newton-Cotes formulas.

Theorem 9.2.1. Given nodes xg,...,x,, weights w; = f L;(x)dr,i =
0,...,n the the resultion Newton-Cotes formula is exact of degree n.

b+a

Ezxample. 1.n=0,20 = Midpointrule. — wg = b — a. Is exact of

degree r = 1 (symmetry)

2. n =1,z = a,r1 = b: Trapezoidal rule. — wy = w; = b’Ta Exact of
deg r = 1.
b+a
2
. Is exact of deg r = 3 (symmetry).

Ty = b: Simpsons rule. — wy = =& = wy, wy =

3. n=2,x0=a,r; = 5

2(b—a)
3

4. n > T is not good as weights can become negative.
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9.3 Summed quadrature rule

Definition 9.3.1. Let a = ap < a1 < ... < ay = b a unif. partition of [a, b]
and @Q; : C° ([a;_1,a;]) — R be a quad. rule on [a;_1,@], I =1,...,N. Then

N
QY (f) = Z Qu (f|[a171,azl)
=1

is a summed quadrature rule.

Ezample. With trapezoidal rule on all [a;_1, a;] we get

Q¥ () =D (f (@) + f (ar-)
=1
= () +2f (@) + o+ 2 (ax ) + f o)

Theorem 9.3.2. If all quadr. formulas in each partition are exact of deg
r > 0, then we have

1) =@ (1)1 < by (14 mas i) o 1Y
B =1 (r+1)! Co([asb))

Proof. Calculation. o
Definition 9.3.3. Q¥ is called convergent of order s > 0 if

QY (f) =1 ()] =0(h)
for f € C*([a,b]), where h = =2,

Example. Summed trapezoidal rule is convegent of order s = 2.

9.4 Gaufl-quadrature

Lemma 9.4.1. A quadrature formula with n + 1 nodes and wights has at
most exactness of degree 2n + 1.

Proof. Consider Q (f) =Y 1 owif (z;) and let

p(x) = [l (x — 2;)> € Panye so that Q (p) = 0, but fabp(x) dzr # 0 as
p(x) > 0 and there exist points where p (z) > 0. O
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Lemma 9.4.2. A quadrature formula with n+1 nodes and weights (x;,w;) ,i =
0,...,n is exact of degree n iff w; = f; L;(x) dz.
If it is exact of degree 2n, then w; > 0,2 =0,...,n.

Proof. Exercise. O

For GauB-quadrature, we cosntruct n + 1 nodes, s.t. the maximal degree of
exactness r = 2n+ 1 is attained. More generally, we consider integrals of the
form

LU= [ f@e@

with w > 0,w € C°([a, b]) weight function that defines a scalar product

(f.9), = / f(@)g(@)w () da

on C°([a,b]).

Theorem 9.4.3. There exist orthogonal polynomials (m;)._, s.t. m; € P;
and (7, 7;), = 05 for 0 < j,k < n. In particular we have

(Trjap)w =0Vpe P
and the polynomials are a basis of P,,.

Proof. Exercise. (Gram-Schmidt) O

Lemma 9.4.4. The roots of any ortho pol 7;,0 < j < n are simple, real and
contained in (a,b).

Proof. Assume the statement was false for a j € {0,...,n}. If 7; has a root
z € R\ (a,b). Then p(z) = 7;(_92 € P;_; and we get
0= = [ T wa
= (mj,p) = ) pmpn A CL

which is not possible as © — z # 0 on (a,b) and 7; # 0.
If z is a multiple root or if z € C\ R, then Z is also a root and let

p(zr) = (z_’;j)((?_g) = lzj_(:l)z € Pj_o and we get again a contradiction to

(m;,p), = 0. O
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Ezample. 1. w(x) = ﬁ on (—1,1) we get the Chebyshev-polynomials

as the orthogonal family.
2. w(z)=1on [-1,1]
1 at
~2npldan
Theorem 9.4.5. Let m,.1 the n + 1-th orthogonal polynomial w.r.t. the
weight function w € C° ((a,b)). Using its roots (x;),_, , and weights

.....

P, (x) (2 —1)"

b
wi:/ Li(x)w(x)dx fori=0,...,n

we obtain an quadrature formula
Quf =Y _wif (x:)
i=0

with Qup = 1,p = fabp (x)w (x) dx for all p € Paps1

Proof. The formula is well defined (correct number of nodes , all inside (a, b))
and it immediately satisfies

Qor = 1,rVr € P,.
Now for p € Ps,11 we obtain by poly. division ¢,r € P, with
D=(qTpy1 + T
Since (¢, Tp41),, = 0 we obtain

b b
I,p= / q(z) T () w (x)de +/ r(z)w(z)de = L,r

N J/
-~

=(¢,7n+1),=0

and

Y En reP,
=0 — i=0

=0

26



Ezample. For w(x) = 1 on [—1,1] we get Py(x) = 1, P (x) = z, P (z) =
3 (322 = 1), Py (2) = 5 (52° — 3 )-

nzO,xozo,wo—Q

n=1xy=—1/3,21 = /1/3,wp = 1,w; =1

n=2uxy=—/3/5,x; =0,29 = \/3/5,wp =5/9,w; =8/9,wy =5/9

10 Nonlinear problems

10.1 Rootfinding

Consider U C R", f : U — R™ we are looking to find z* € U s.t. f(z*) =0.
Typically you cannot find an exact solution, so we need to look for a sequence
(Tk)penys St Tx — 2*. A method then iteratively generates the sequence
from a starting value xo € U.

Definition 10.1.1. A numerical method that yields a sequence (7)), of
approximation for a numerical problem is called

1. globally convergent if the sequence ()¢, converges to a solution z*
for any starting value z¢o € U

2. locally convergent if for every solution z* € U there exists ¢ > 0 s.t.
x — x* Voo € B (¢*)NU.

Definition 10.1.2. A locally convergent method is called convergent of order
a > 1 if dg € R s.t. for any solution x* € U, every starting point xy €
B, () NU and the sequence (7)), generated by the method we have

Ot
lim sup—1 = q for 6 = [|z" — x|

(and, if & = 1 we also have ¢ < 1)

Remark. o =1,q < 1: linear method
a = 2: quadratic method

a =1,q = 0: superlinear

a = 1,q = 1: sublinear

Algorithm 10.1.3 (Bisection method). Let f € C°([a,b]), f (a) f (b) < 0.
and let €50, > 0. Set ag,by = a,b and k = 0.
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1. Set ¢ = “f,

2. Set (ak+1, bk+1) = {(ak, Ck) if f (ak) f (Ck) S 0 (Ck, bk) otherwise

3. Stop, if br+1 — ary1 < Estop, Otherwise set £ — k + 1 and go to Step 1.

Theorem 10.1.4. The bisection method stops after J < 1+ log, &=% steps.

Estop
Taking x, = ¢ as approximating sequence, it is globally convergent of order

azlwithq:%.

Remark. 1. A variant is false position rule, where instead of midpoint we
take where the affine line through f (ax), f (bx) intersects 0.

2. Both work only in 1d.
Algorithm 10.1.5. Let f € C°([a,b]), f(a) f () < 0 and 40, > 0, set

ro=a,r1=bk=1.

L If f(xg) # f (1) set
Ty — T-1

TR T ) = f ()

f (zx)

2. Stop if |zg41 — x| < Estop, Otherwise set k — k + 1, go to step 1.

Remark. 1. Can also take |f (z54+1) | < stop as stopping criterion.

2 LTl —Tk—1

oy is an approx of (f’ (xy))

Now using a Taylor approximation of f € C* (U, R") around z € U yields

0=f(z") = f(2)+Df (z) (=" — ) + ¢ ([Ja" = =[))

Ignoring the small (when z* close to z) term ¢ (||z* — z||) we get
z*~x—Df(2) (f (2))
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, an iteration based on this is
Tpr1 = o — Df (z) "' f (zn).-
this is Newton’s method.

Algorithm 10.1.6 (Newton). Let f € C' (U,R"),z¢ € U, e50p > 0,k =0

1. If Df (x) is regular, set

Tpp1 =T — Df (ﬁk)_l [ (wx)

2. Stop, if ||zg41 — 2k|| < Estop, Otherwise set k — k + 1 and go to step 1.

Theorem 10.1.7. Let f € C*(U,R"), z* € U a root of f, s.t. Df (z*) is
regular. Then there exists € > 0 s.t. for all xyp € B.(x*) N U the Newton
method is evecutable and it converges. For iterates (y),cy, we have

lo* = @]l < efla” — @
with constant ¢ > 0
Proof. Since det (Df (z*)) # 0, and x — det (D f (x)) is cont., we have & > 0
sit. det (Df (x)) # 0 and |Df (z)""|| < ¢, Vo € B:(z*) C U.

Now assume z, € Bz (2*) for k > 0. The Taylor expansion yields

0=f(z") = f(z) + Df () (2" — 1) + ¢ ([[2" — @)

with ¢ : R — R, ¢ (t) < eot? for all |t]| < cs.
This now yields

If (z) = Df (zx) (2" — @) || < colla”™ — a|?
Using the iteration, we get

o =z = Df (z1) 7' (f (2) + Df (z1) (2" — 1))
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2" = 2paa || = I Df ()™ (f (2x) + DF () (2" = 23)) |

<D f (z) I (2x) + Df (zr) (2% — a) |
< crcpfla” — myl|®

Taking ¢ < min {01102 ,E %}, we get as long as xy € B. (z*) that
|27 = 2] S creae|a” —mpf| Se <€

SO Tp41 € Bz (2*). So the method is well defined and quadratically convergent
if xg € B. (ZL'*) (]

10.2 Gradient flows

Instead of finding roots, we want to find minimizers of g : U C R" — R.
This is a related problem to root finding, as the minimizer will (assuming
regularity) be a critical point.

Algorithm 10.2.1 (Gradient descent method). Let g € C* (U),x9 € U,0 €
(0,1) and estp > 0.

1. Set d = —Vg (zx) and find

max ¢ a, € {27011 € No} L g (wn + apdy) < g (w3) — aak||dk||21

Armijo-condition
2. Set T+1 = T + Ozkdk

3. Stop, if ||ardi|| < estop Otherwise set k& — k + 1 and got to Step 1.

Theorem 10.2.2. Let g € C'(U)xg € U,V CC U, convez, s.t.
V=4{zeU:g(x)<g(x)} V.

Settting m = max, 7 [|[Vg () || and W ={x +s:2 € V,s € B, (0)} assume
then g € C? (W) Then for the iterates (xy),cy, of the gradient method we
have

1
Vg (zy) =0 as k — 0o and a > (1 — o) = with v = sup ||D?g () ||
Y zeW
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Proof. The sequence (g (%)) ey, 18 monotonically decreasing, therefore ()¢, €
V and g (z;) > —cp = min v g (z) for all & € No.
From the Armijo-condition, we have

g (z0) = g (1) + 00| Vg (o) |
> g (a2) + 0on||Vg (21) ||* + 000[| Vg (o) [|*

l 1
> > g(me) + oy ol Vg (@) P> —cot+ 0 Y ]| Vg (zi) |
k=0 k=0

The sequence Z;ZO ||Vg (zx) ||* is thus bounded and therefore
ax[Vg (zx) [* — 0.
We need to show that a, > § > 0 Vk € Ny and some § > 0. Then we are
done.
For any k € Ny, we have that either a;, = 1 or that the Armijo-condition is

violated for 2aj, which implies
2005, Vg (24) |I* > g (2x) — g (x5 + 2cdy,)
The Taylor expansion implies that there exists £ € W s.t.

g (l’k + QOékdk) =g (xk) + Vg (xk) (QOzkdk) + % (20%)2 (dk, D2g (l’k) dk)

Using dj, = —Vyg (z3) and (dy, D?g (zx) dp) < 7v]||dk||* we have

200 | di || > 200 || di||* — 2y || di.||?

— (1 —0)ay <70}

1
:>Oék>(1—0')—
y

11 The Conjugate gradient method

11.1 Quadratic minimization

Let A € R™™ symmetric, pos. def. Then the solution x* € R" of Az = b is
the unique minimizer of

6(r) = 5l Aelh = 5( A7 (b Ax)) (b~ Ax) >0

also pos def, ...
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Taking a starting value £ € R™ and a search direction d € R" we can find a
new value  + &d by minimizing ¢ : t — ¢ <i + td) We have in our case
V()= (i) —t(b— Ai)d+ L (AJ) - d, so the minimizer is & = (*z;gf?f .
If d=—V¢ (%) = b— A then we get

PV =G +ad=i+a(b— Ai)

which is a step in the Richardson method.

Remark. One can show that ||z — 2*||4 < (:f})k |xo — 2*|| 4 with

k = cond (A).

11.2 Conjugate gradients

Definition 11.2.1. 2,y € R" are called A-conjugate, if (z, Ay) = 0.

Lemma 11.2.2. Let dy,dy,...,dp € R*\ {0} be pairwise A-conjugate, i.e.
d; - (Ad;) = 0 fori # j. Take vo € R" and set x4y as the minimizer of ¢
from 11.1 in the direction of d;, i.e.

J
Tjt1 = Tj + Oéjdj =9+ Z Oéldl
=0
d]' . (b — A.Tj_l) dj : (b — A.’Eo)

with & === Aq,  d; - Ad,

forj=1,... k. Then x;; is the minimizer of ¢ in the set

xo + span{d,...,d;} .

Proof. Bunch of linear algebra, basically show that partial derivatives
%(ﬁ (SL’O + Z?:O Oéldl> = w; (Oéz) = O ]
To compute A-conj. search directions consider the residual r, = b — Axy
Lemma 11.2.3. For xo € R",rg = b — Axg,dy = ro, we iteratively set
Tk+1 =Tk — OékAdk
diy1 = Try1 — Brdy
dy - Tk dy - ATpq1

h = — —
where oy, = 5= % = 0 A4,
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Then dy, . ..,d, are a set of non-zero A-conj vectors, until v** = 0. The
Ksylov space Ky (A,ry) = span {rg, Arg, .. .Ak_lro} satisfies

Ky (A,19) = span{dy, ... ,dg_1} = span{re,...rp_1}
and 1y 15 orthogonal to this space.
Proof. Longer computation. O

This yiels

Algorithm 11.2.4 (CG-Method). Let A € R™™™ symmetric, pos. def., b €
R™, 2o € R", e50p > 0. Set dy =19 =b— Azxg,k = 0.

1. Set Tl = Ty + Odkdk
Tk+1 = riAdy,
diy1 = Tk1 — Brdr where

el B, = lresal?
I

OZ fry
k= 4y Ady el

2. Stop if ||7411]| < Estop, Otherwise k — k + 1, go to 1.

Theorem 11.2.5. We get

o a2 (YET) o -l

where Kk = cond (A).
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