Mathematical Institute Winter term 24/25
Prof. Dr. Patrick Dondl Coffi Hounkpe

Homework accompanying the lecture
,Basics in Applied Mathematics*

Homework 9

Hand in: Tuesday, 26.11.2024, after the lecture in the mailbox at the Math Institut
(Don’t forget to put your name on your homework.
Please hand in your solutions in groups of two.)

Exercise 1 (5 points)

Prove the following properties of the Chebyshev polynomials defined for ¢t € [—1,1] by
T, (t) = cos(n arccost):

a) maxye—1,1) |Tn(t)| =1
b) With Ty(¢t) = 1 and T1(¢) = ¢,
Tn1(t) = 2T (t) — Toa(2)
for all t € [~1,1]. In particular, T, € Pp|[_1,1) applies.
¢) For n > 1 it follows T}, (t) = 2" 1" + gn—1(t) with g1 € Pn1lj_1,1]-

d) For n > 1, T}, has the roots t; = cos((j + 1/2)m/n), j =0.1,...,n— 1, and the n + 1
extreme points s; = cos(jm/n),j =0.1,...,n, with T),(s;) = £1.

Exercise 2 (5 points)

a) Let n € IN and [ € Z. Show that

Til wkzeyn fm i divides I,
e =
1 0 otherwise.

b) Conclude that the Fourier basis (w’ w?,...,w" 1)

k=0,...,(n—1) and the n-th complex root of unity w, = e

1k (n=1)k\T
S WL Wy )

the property

with w? = (wOk
i2m/n

)

Wl = ndy

owIs.

Exercise 3 (4 points)

Use the representation of the error of the Lagrange interpolation

() ¢
f(z) —p(z) = W_l)!j[[)(x - zj),

&(x) € [a,b] to prove for the trapezoid or Simpson rule that
(b—a)’

1)~ Qran(1)] < PN o any,
bh— 5
15) = QN1 < L 1O cago

Tip: For Simpson’s rule, use the fundamental theorem and a nice property of the polynomial
(@~ a)(x — b)(z — 52).
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Programming exercise 4 (4 points)

Use the summed trapezoid and Simpson’s rules to determine the integrals in the interval [0, 1]
of the functions

f(z) = sin(rz)e” ;  g(a) = '/
with step sizes h = 27!, 1 =1,2,...,10. In each case, calculate the error e;, and determine the
experimental convergence rates v from the approach e, = ¢1h7 and the formula

. log(en/en)
log(h/H)

for successive step sizes H and h. Comparatively represent the pairs h, e for the different
quadrature formulas graphically as polygons in logarithmic axis scaling.



