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A TRANSFORMATION PROPERTY OF MINIMAL METRICS 

In the first part of this paper we prove an invariance property of mini­
mal metrics with respect to measurable transformations. In the second part 
this property is used to study the convergence behaviour of various minimal 
metrics which are related to Kantorovich-type metrics. 

Let (U, A), (V, 3d) be measurable spaces and cp: U V be a measurable 
function. Let p: M1 ( F x V)-> [0, oo] be a probability metric on V as de­
fined in [4] (see also [6]), MX(V) denoting the set of all probability measures 
on (V, 38) then by means of the function cp one can define 

рф: Ml(U X U)-+[0, ooj by Цф(9): = | » № 1 ф , ф ) ) . (1) 

•where Q^' is the image of Q under the transformation (cp, cp) (x, y) = 
= (cp (x), cp (y)). For P EE M1 (V X V) with marginals Рг, P2 let p (P): = 
= inf {p, (Q); Q EE M1 (V X V) has marginals Рг, Рг} denote the minimal 
metric corresponding to p. 

It is easy to see that р ф defines a probability metric on U. In terms of 
random variables the above definition can also be written in the following 
•way: 

р ф (X, Y) = p (cp (X), cp (У)). 

Recall that (U, A) is called a Borel-space, if there exists an element В EE 
EE Э51 = 36 (R1) and a measure isomorphismn ip: (U, A) (В, B, SB 1). 
The main aim of this note is to prove the following theorem: 

Theorem. Let (U, A) be a Borel-space, {v} EE 33 for all v EE V, then 

Vv(PvP2) = fi(PfrP?) for all Р^Р^МЦЩ. (2) 

For the proof of the Theorem we shall need an auxiliary result on the 
construction of random variables. Let (M, Щ, Q) be a probability space, 
let S: M —>- V, Z: M ->• [0, 1] be independent random variables such that 
Qz = В (0, 1) — the uniform distribution on [0, 1]. 

Proposition. Let U, V, cp be as in the Theorem and let P be a probability 
measure on (U, A) such that P^ = Qs. Then there exists a random variable 
X: M U such that 

Qx = P and Ф о X = S [О]. (3) 

P r o o f . Consider at first the special case (U, A) = (R\ S3 1 ) . Let л: 
R 1 — R 1 denote the identity, л (x) = x, and define Ps: = Ря№=^ S EE V; 
(P ; ) s G y beeing a regular conditional distribution. Let Fs be the right con­
tinuous distribution function of Ps, s EE V. Then 

/•': V X R 1 ->-[0, 1], F (s, x):= Fs (x) is product-measurable. (4) 

For the proof of (4) let a EE [0, 1], then 

{(s, x);Fs(x)<'a} = |J {(s, x); q > x, Fs ( g ) < a} = 

= U ({sEEV;Fs(q)<a) X (-°o,q])% 

5* 
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the first equality following from right continuity of F in x. Measurability 
of Fs (q) w.r.t. s implies that the above set is an element of 33 (x) S31 and, 
therefore, the product measurability of F. 

For s EE V let FT1 (x): = inf {y; Fs (у) > x), x E l (0, 1) be the genera­
lized inverse of F^ and define the random variable 

X:=F?(Z). ( 5 ) 

For any A EE А = S31 holds 

Qx(A) = lQxls=s{A)dQs(s) 

and for the regular conditional distributions we obtain 

QXIS^S = Q]?S\Z)\S=S = QF~\Z)\S=S = ^ F j V ) 

by the independence of S and Z. Furthermore, Q s = Ps = pn№=s and, 
therefore, Qx (A) = \ ря|Ф= 8 (A)dPf (s) = P (Л). This implies the first 
relation Qx = P. 

The second relation cp о X = S [Q] is implied by 

Q {cp о X = S) = I Qxls=s {x; cp (ж) = s}d(3s (s) = 

= J рл|ф=з | x ; ф ( ж ) = s } (s) = 1 

since the integrand is equal to one a.s. by the usual properties of regular 
conditional distributions. 

Consider now the general case that (U, A) is a Borelspace. Letip: (U, A)-^ 
->(B, -B3S1), В EE S31, be a measure isomorphismn and define P': = P*, 
ф ' : = фоф -1. By part one of this proof there exists a random variable X': M-*-
->B such that Qx' = P' and cp' о X' = S [Q]. Therefore, with X: = 
= яр"1 о X', holds Qx = P and ф о X = S [(?]. 

R e m a r k . A similar proof holds true under the alternative assump­
tions: 

a) U is a universally measurable separable metric space. 
b) V is a separable metric space and for P s: = рл|Ф=«, n : JJ ->£/•, я (x) = x, 

there exists a productmeasurable process Ys:= M -+ U, s EE A, such that 
<?YS = PS, s EE V. 

P r o o f of t h e T h e o r e m . Let M (P x, P 2) be the set of all pro­
bability measures on U X U with marginals Рг, P 2 . Then 

{^(Ф.Ф); Qs=M (P x, P 2)} С Ж (Pf, Pf) 
and, therefore, 
[2 Ф (P1: P 2) = inf {р ф (<?); QEzM (Plr P 2)} = inf {u, ((? (ф- ф ) ) ; Q EEM (P l 7. P 2)} > 

> inf {u. (<?); Q EE M (Pf, Pl)} = tx (P?, P?). 

Conversely, let P EE M (Pf, Pl) let (M, <g, Q) be a measure space with 
random variables S, S': M -> У such that Qis-8') = P and rich enough 
to contain a further random variable Z: M -+[0, 1] uniformly distributed 
on [0, 1] and independent of S, S'. By the Proposition there exist random 
variables X,Y:M->U such that Qx = Рг, QY = P 2 and q> ° X = S [Q], 
Ф о Y = S' [Q]. Therefore, p (P) = p (ф ° А, ф с У) = р ф (A, Y), imp­
lying that 

(Pv

 pz) = i n f 0ч № * ~ Y ~ p

2} < 
< inf {p (P); P EEM (Pf, Pl)} = p (P?,, Р2

Ф). 
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R e m a r k , a) The Theorem is known for several special situations 
(cf. [1—5, 7]). As a typical example for the application of the Theorem 
let U = V be a Banach space, ds (x, у) = | x \ x | s _ 1 — у \ у |, 
x, у Ez U where s > 0 and x \ x | s _ 1 = 0 for x = 0. Let p s (X, Y) — 
= Eds (X, Y), p (X, Y) = pj [X, Y); then the corresponding minimal 
metrics ks (X, Y ) : = p s (X, У) are called absolute pseudomoments of order 
s (cf. [ 3 ] ) . The importance of ks can be explained by the fact that one can 
obtain upper bounds for Zolotarev's ideal metric £ s in terms of k s (cf. [3]„ 
Theorem 3) and, therefore, obtain rates of convergence in central limit theo^ 
rems in terms of k s . By the Theorem (which is trivial in this special case) 
k s can be expressed in terms of the more simple metric k r , k s (Pv P2) = 
= M i > ? , P$), where cp (x) = x \ x Г 1 . 

b) An immediate extension of the Theorem is possible to the situation 
Ф, ip: U^V and р ф , ф (X, Y): = p ( Ф (X), op (Y)). 

Some applications are now discussed in more detail in the following sec» 
tion. 

Applications. Define the Lp-metric in Af1 (V X V) 

Z(p): = ( ^ dv(x, y(\i(dx, dy)J/P, p > l , 
vxv 

\iEEM1 (V X V), assuming that V is a separable metric space with metric d. 
Then, by (1) Z/ф is a Д-type probability metric in Mi (U X U) and L4 

is the corresponding minimal metric. In the next corollary we apply the Theo­
rem in order to get a criterion for ^-convergence. 

Let Q, Px, P2, . . . be probability measures on (U, A). Denote я,ф: = 
= Jt (Pn, (?ф), я being the Levy — Prohorov metric in Ml (V), 

Dl:=D (Pl, Q*): = j Ц d? (x, c) Pl (dx)f'P - ( $ d» (x, с) <?ф (dx)fv I 
V V 

(c is a fixed point in V), 
u/p 

с((? ф): = (р l(d(xrc)-+ l)r-iQ*(dx)) 
v 

M (<2\ Л'): = ( \ dv (x, с) I {d (x, c) > N} Q9 (dx)f/P, 
v 

M (<?ф): = ( \ dv (x, с) <?ф (dx)f/P. 
v 

Let U be a Borel space and V be as above, then we have: 
Corollary 1. Let for all n G E N 

M (Pl) + M (<? ф ) < o o . (6) 

Then Ly (Pm Q) 0 as n ->• oo if and only if Pl weakly tends to Q41 and Dl —> 
—>• 0 as rc->-oo. Moreover, the following quantitative estimates are valid: 

Ly(Pn,Q)>max(Dl,inl)1+1,p), (7) 

(PN, < ? ) < ( ! + Щnl + ЪМ(Q\N) + (nl)1/p (Зс (<?ф) + 2 2 + 1 / p A ) + Dl 
(8) 

/or each positive N. 
R e m a r k . The first part of Corollary 1 follows immediately from re­

lations (7), (8) (for the «if» part put for instance JV = (nl)'1'^). Relations 

file:///iEEM1
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(7) and (8) establish additionally a quantitative estimate of the convergen­
ce of L(f (Pn, Q) to zero. 

P r o o f of (7), (8). Relations (7), (8) follow from (2) and the following 
Inequalities: 

L (Qlt Q2) > max ( n ^ (Qlt <?2), D (Q±, Q2)), (9) 

L (<?!, Q2) < (1 + 2N) л (Q1: Q2) + M N) + M (Q2, JV), (10) 

M (Qlt 2 /V) < D (Qu Q2) + 4M (Q2, N) + П^'Р (<?x, Q2) (3C (Q2) + 
+ 2^1 vN) (11) 

for each positive N and Qv Q2 EE Af1 (V). 
The inequalities (9) and (10) are proved in [1] (for possible extensions see 

[6]). For the proof of (11) observe that 

M(QV 2N)^D(QV.Q2) + 

+ {| J cF (ж, с) I {d (x, c) < 2/V} (Qx - Q2) (dx)\}Vp + M (Q2r 2N). (12) 
v 

In order to estimate the second term, say / , in the right-hand side of (12) 
we denote / (x): = min {dp (x, c), (2N)P}: g (x): = min {2vd? (x, 0 (c, /V)), 
(2/V)"}, where О (с, N): = {x EE U; d (x, c) < N}. Then 

|i/p , I<\]f(x)(Q1-Q2)(dx)\ 
v 

+ 27V I J / {d (x,. c) > 2/V} (<?! - Q2) {dxf'v= :Ix+h say- (13) 
v 

Using the inequality 
f / (x) - / (У) К \dp (x, c) - dp (у, c) |< p max (dp^ (x, c), dF~^ (у, c))-

•d (x, y), x, у EEV 

we get for any probability measure ц on У 2 with marginals Qx, Q2 and 
Ц {d (x, y) > 7 } < 7 for some y G ( 0 , 11: 

Я = I J (/ (x) - / Ы) u. (dx, dy) I < 5 I / (г) -f(y)\I{d (x, у) < 7} p(dx, dy) + 

+ S (I / И + / (У) I) ' V (x, y)>y)V (dx, dy) < yc (Q2f + 2 (2 /V) p v. 

Let if: = К (p): = inf { 7 > 0; p (d (x, y) > 7) < 7 } denote the Ky 
Fan distance in M1 (V X F) then 

Ix < Z 1 / p [c (Q2f + 2 (27V) P JVP < Z 1 / p [c (&) + 2 1 + 1 / p / V ] . (14) 

Furthermore, 
I2 = I J ( 2 J V ) P / (d (a:, c) > 2 / V } ((Д - Q2) (dx) \ ' V < 

v 
< [ J (2 /V) p / {d (x,. c) > 2/V} (Д (dx)] 1 / P + M (<?2,2/V). 

у 

If d (ж, с) > 2 / V , then d (x, О (с, N)) > / V , and, therefore, 

[J (2 /Vf / {d (x, c) > 2 / V } & (d.x)]1 / P < [ lg (x) Q± (dx)fP < 
V v 

<[\U (x) (<?i - Q2) (dx) \j'P + g W <?2 ( ^ / P = / 2 1 + / A » -
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We obtain 

7 2 2 < (2Nf I {d (x, c) > N} Q2 (dx)JIP < 
v 

< ( I 2pdp [x, c) Q2 (dx)f,P = 2M (Q2, N) 
{d(x,"c)>N} 

and hence the inequality 

\g(*)-g(y)\< 2 p I dp (x, О (с, Щ) - dp (у, О (с, N)) | < 
< 2рр max [dT1 (х, О (с, N)), dp~x {у, О (с, N))] d (х, у) 

implies 

hi<\l \g(x)-g(y)\I {d (x, j , ) < 7} p (dx,. dy)f/p + 

+ I \ i\g (*) I + I g (У) I) / {d (x, y) > 7} p (dx, < 27 /̂PC ((5 2) + 2 1 + 1 / P/V7i/P, 

Alltogether, we get (as for the bounds of 1Л) 
I2 < ЪМ (02, N) + 2Klipc (Q2) + 21+1'PNK1'P (15) 

for any К = К (p,). By the Strassen theorem я = К and hence К can be 
replaced in the bounds by я implying 

/ < 3M (Q2, N) + nVp (3c (Q2) + 2*+1'pN). (16) 

This implies relation (11). 
We can extend Corollary 1 considering the compound probability distance 

Ж (p): = \ H (d (x, у)) p (dx,. dy), p E t f ( F X F), (17) 

where H (t) is a nondecreasing continuous function on [0, oo) vanishing at 
zero (and only there) and satisfying the Orlicz-condition 

1 sup {H (2t)/H (t); t > 0} < oo (see [6]). (18) 

Corollary 2. Assume that \НЦ (x, y) (Pl + Qw) (dx) < oo . Then the 
convergence Ж<$ (Pn, Q) - > 0 as n —>- oo is equivalent to the following relations; 

a) Pl tends weakly to as n-^- oo and 

b) lim Шп \н (d (x, с)) I {d (x, c) > N} Pl (dx) = 0. 
JV—oo n у 

Note that the Orlicz-condition (18) implies a power growth of the func­
tion H. In order to consider functions H in (17) with exponential growth we 
introduce the class SB of «subbounded» rv's | . Define 

ge5 i?4*T(g ) : = inf { a > 0 ; E exp < ехр Я,а for all Л > 0 } = 

= sup -4 - lnEexp (^ )<oo . (19) 

Obviously all bounded rv's belong to SB. By the Holder inequality one 
gets 

К (I + 4)<i (I) + т (.r,) (20) 

and hence if p EE M1 (V X V), and (YLT Y2) is a pair of F-valued rv's with 
•joint distribution p, then 

; т ( р ) : = т ( й ( У 1 , Y2)) (21) 

determines a compound probability metric on M1 (V X V) (see [1, 4, 6]). 
The next corollary of the Theorem gives us a criterion for ^-convergence. 
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„ , • 

Corollary 3 . Let Xn, n = 1 ,2, . . ., and Y be valued rv's with distributions 
Pn and Q respectively and let x (d (cp (Xn), с)) + x (d (cp (Y), c)) < ( oo. Then 
the convergence т ф (Pn: Q)-*-0 as n—>• oo is equivalent to the following relations: 

a) Pl tends weakly to (9Ф and 
b) lim Tim x (d (cp (Xn),c) I {d (<p (Xn)r c) > /V) = 0. 

P r o o f . As in Corollary 1 the assertion of Corollary 3 is a consequence 
of Theorem 1 and the following inequalities (22) — (24) valid for any F-valued 
random variables Yx and У 2 with distributions Qx and Q2 respectively: 

. ^ (Qi, <?2) < т (Qv Qa); (22) 
t (d (Yu с) I {d (Yx, с) > Щ) < 2f Q2) + 2T (d (Y 8 , c) 7 {d (Y2, c) > 

> A/2}), (23) 

* ? & ) < л (<?!, & ) (1 + 2A) + т (d (Гц с) / {d (У х , с) > 
> Щ) + т (d (У 2 , с) 7 {d (У 2 , с) > A}) for all N > 0, с е F. (24) 

P r o o f of (22). By the Strassen theorem it is enough to prove that 
t (fi) > TP (p.) for p EE M 1 (F X F) with marginals (9X, <?2. Let \ = d ( Y l t 

Y 2 ) , where (Y x , У 2 ) has the distribution p, and т (̂ ) < e 2 ^ 1, then 

Р ( ё > в ) < ^ - г г < ^ з г < ^ - Г . 

Letting s 2 —> x (£) we get (22). 
P r o o f of (23). Note that the inequality | <^ т) with probability one 

implies x (£) ^ т (n). Hence 
T ( d ( F 1 , , C ) / { d ( F 1 , , c ) > A } ) < 

< x [(d (Yx ,У 2 ) + d (У 2 , c)) / {d (У 2 , c) + d (У Х , У 2 ) > /V}] < 

< т [(d (Yv Y2) + d (У 2 , с)) max ( / {d (F 2, c ) > ^ } , 7 {d (У Х , У 2 ) > < 

< 2т (d (У Х , У 2 ) / {d ( У l t У a ) > 4 } + 2x(d (У 2 , с) I {d (У 2 , c) > 4"}) < 
< 2т (d ( F u У 2 ) ) + 2T (d (У 2 , с) 7 {d (F 2 , c) > -J-}) • 

Passing to the minimal metrics we get (23). 
P r o o f of. (24) For each б holds 

x (d (Yx, У 2 ) ) < x (d (У 1 7 У 2 ) 7.{d (Yu Y2) < 6}) + 
+ т (d (У х , У 2 )7 {d (У х , У 2 ) > 6}) = : I, + h, say. 

For Ix we get the estimate 

I± = sup 4- In E ехр (kd (Ylr Y2) I [d (Yv Y2) < 6}) < 
\ 

<^ sup -j— In E ехр кб = 6. 
For I2 we get: 

72 < т {Id (Y x , c) + d (У 2 , с)} 7 {d ( Y l f У 2 ) > б}) < 
< х (d (Y±, с) I {d ( y l f У 2 ) > 6}) + 

+ т (d (У 2 , с) 7{d (У х , У 2 ) > б}) = : А1-\- А2. 
Furthermore, 

А± < т (d (У х , с) 7 {d (У х , У 2 ) > б}7 {d ( Y l t с) < Щ) + 
+ x(d (У х , с) 7 {d (У Х ) У 2 ) > 6} 7 {d (Yu с) > /V}) < 

< АР (d (Уц У 8 ) > .6) + х (d (У х , с) 7 {d (У 1 Э с) > /V}). 
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Hence if К (Yx, Yt) < 6, then 
т (d (Yu Y2)) < (1 + 2N) б + т (d (Г 1 5 с) / {d ( Y l 5 c) > JV» - f 

+ x (d (F 2 , c) / {d (У„ с) > N}). 

Letting Ь К (Y\, Y2) and passing to the minimal metrics we obtain (24), 
For another possible line of applications of the Theorem cf. [7], 
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