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We construct a.s. nonlinear regression representations of general stochastic processes (X, ) pen- As a
consequence we obtain in particular special regression representations of Markov chains and of certain
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these sequences have a monotone (m +1)-block factor representation.
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1. Markov regression'and standard representation

Let X =(X,),.n be a stochastic, real-valued process. The aim of this section is to
construct two types of a.s. regression representations of X by an i.i.d. sequence
(U,). One representation is of the form X, =f,(X;, ..., X, U,) a.s.; we call this
representation ‘Markov regression’ (on X). A second representation is of the form
X,=f.(U,,..., U, as.; we call this regression representation ‘standard representa-
tion’.(on U). These constructions are the counterpart for autoregressive representa-
tions in time series analysis. Here we obtain a nonlinear representation of X, of
the past and of innovations U, (which are independent and not only orthogonal).

We need a technical proposition about quantile transformations to construct
standard representations. We write A for the Lebesgue measure and F_(t):=
limg,, F(s).
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Proposition 1 (Ferguson, [3, Lemma 1, p. 216]). Let X be a real random variable
with distribution function F and let U be independent of X, R(0, 1)-distributed (R(0, 1)
is the uniform distribution over the interval (0, 1)). Define for a € (0, 1),

F(x, @)= P[X <x]+aP[X =x]. (1)
Then _ |

F(Xx, U) < R(0,1) (L is equality in distribution), (2)

FYUYE X (F'(1)=inf{s: F(s)=1}) (3)
and _

X =F '(F(X,U)) as. (4)

Since a proof of this result seems to be not easy accessible in the literature, we
provide a proof of this well-known result.

Proof. Let D < R denote the set of discontinuities of F, then
P[F(X, U)e A]
= P[F(X, U)e A, X e D]
+ P[F(X, U)e A, X € DIP[F(X, U)e A, X € D]
Y P[F(x, U)e A]P[X =x]

xG 1D

= ¥ P[F.(x)+ U(F(x) - F_(x)) e AJ(F(x)— F_(x))

xe D

_ ¢ AAN(E(), F)
xe D F(X)‘_F_()C)

= ¥ AMAN(F(x), F(x)])=A(AnD),
xe DD

(F(x)— F_(x))

where D=\ . ,, (F_(x), F(x)]. Further (D is the complement of D)
P[F(X, U)e A, X e D)= P[F(X)e A, X e DJ=A(An D).

In the proof we used that U and {X = x} are independent for all x€ D. We conclude
that

P[F(X, U)e A]=A(An D)+A(An D)= Ar(A)

and this proves (2).
From the definition of the pseudo-inverse follows

P(F(U)st)=P(U=<F(1)=F(t)=P(X<1)
which proves (3) and

(FYUF(X,U)<s}={F(X, U< F()}={X <t} as.
which proves (4). O
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The a.s. representation in (4) has some useful applications in stochastic ordering
[11]. If F is continuous, then F(X, U)=F(X).

We next consider the multivariate generalization of Proposition 1. Let X =
(X,,...,X,) be a random vector in R" and let F,, F,,..., Fy...— denote the
first marginal distribution function respectively the conditional distribution function
of X, given X,,..., Xs—,. Let V,,..., V, be i.i.d. R(0, 1)-distributed random vari-

ables and define the multivariate quantile transform
Y, = F'(Vy),
-1 . (5)
Y= Fihoxa(Vil Y, .., Yeny), 2<ks=n

For this transformation see [8, 9, 10] and [11]. Note that Y=(Y,,..., Y,) is
of the form f(V) with V=(V,,...,V,), where the ith component fi(V)=
filVi, ..., Vi)

Proposition 2. (a) X Ly.
(b) There exists an i.id. R(0, 1)-sequence U =(U,) =, such that
X =f(U) a.s., asdefined above. (6)

Proof. (a) The proof of (a) in the case n =2 is as follows:

P(Y =<a, Y,<b)=P(Y =gq, V_?SF:H(bI Y)))

= J' P(V,=< Fy,(b|1)) dFi(1)

:J“ FZIl(blt)dFl(t)

=P(X.<b X,=a).

The general case follows by induction.
(b) Sincef(V) £ X we obtain from Proposition 1 in [7] the existence of a measure
preserving transformation ¢ :(£2, 2) - ({2, X) such that

X=f(U) as. (7)
where U, = V, o ¢, 1 < i< n, are again i.i.d. R(0, 1)-distributed random variables. [J
Skorohod (1976) proved for random variables X, Y with values in Borel spaces

and a given R(0, 1)-distributed random variable V independent of X, Y the existence

of a random variable U and measurable functions f, g such that
X=f(Y,U) as.,
(8)
U=g(X,Y, V) isindependent of Y.

The following theorem extends this result to stochastic processes. Furthermore, in
the case of real stochastic processes we obtain an explicit representation.
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Let X =(X,, X, ...) be a real valued stochastic process andlet V=(V,, V,,...)
be an i.i.d. sequence of R(0, 1)-distributed random variables, V independent of X.

Define
U,=E(X,,V,) (F, asin (1), F, distribution function of X,),

9)
le-: FTI(UI)’
and let for k=2,
ﬁkll ..... 1.-~|(X,U|Z|, e Zpo) = P(Xk<x|zl:zl’---aZk~1:zk—l)
+UP(X[\ x,Zl—zl,... Zk_]=zk_,),
UI\ ﬁkll ..... k— I(st Vl\IZI3"'3Zk—])9
(10)

Z, = Fp stk Uk [ 2 556 « o 2oy

.....

x -, is the conditional distribution function of X, given X,,..., Xi,.

Theorem 3. Let Z=(Z,,2Z>,...) then:
(a) Z=X a.s.

(b) U=(U,, U,,...) is an iid. R(0, 1)-distributed random sequence.
(¢) Uy and (X,,...,X,.,) are independent.

We call the representation X, =£,(U,), X, =/i(X,,..., Xx-1, Us) in (9), (10),
Markov-regression representation of X.

Proof. The equality Z, =X, follows from (4). We continue by induction on k.
Assume that (Z,,...,Z)=(X,,..., Xi) as. Since P'Ynl#i7=-4720 ig R(0, 1)-
distributed for all z,, ..., z;, we have that Uy, and (Z,, ..., Z,)=(X,, ..., Xi) as.
are independent.

From

{Zi < t}—{Fum _____ WUl Zy, ., 20 <1}
={Uin=Foap..., A(f‘Zl,---,Zk)}
Z{Fk+||1

k(Xk“f—l’ Vl\il|Zl:"'1Zk)<Fk+lll ((lzla-",Zk)}

we conclude that X, ., = Z.., a.s. Because U,,, and (X, ..., X, ) are independent,
we have that U;,, and U,,..., Uy (functions of X,,..., X, Vi,..., Vi) are
independent. [J

The existence of a Markov regression representation for processes with values in
Borel spaces is immediate from Theorem 3 (but is nonconstructive).
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In the case that (X, ).cx is an m-Markov chain (for some m eN), i.e. the condi-
tional distribution of X,. .+ given the past {X,,..., Xn.n} only depends on
{X,~1,.--, Xu+em} the Markov regression representation in Theorem 3 specializes to:

Corollary 4. Let X =(X,) be an m-Markov chain. Then there exists an i.i.d. sequence
U=(U,, U,,...) of R(0,1)-distributed random variables and a sequence of measur-
able functions (f,,) such that

Xn:,f;t(Xn>--rny"-1Xn—l, Un) a.s. (n2n1+1)9

U, independent of (X,, ..., X,-1). O (1)

For the case of a Markov chain (m = 1), see [6, p. 155]. By Theorem 3 the method
of pathwise constructions of stochastic models is equivalent to constructions in
distribution. One can characterize further distributional properties as in Corollary
4. E.g. if (X,,) is a Markov chain and a martingale, then X, has a representation
X, =fi (X, 1, Uy) with [ f,(x, u) du = x for all x.

The following alternative construction of a standardization sequence U=
(U,, Us,...)of X =(X,, X>,...)will be of interest in connection with m-dependent
sequences. This i.i.d. sequence U is a.s. equal to the sequence U in Theorem 3. We
will explain this in Remark 16.

Let V=(V,, V,,...) be an ii.d. R(0,1)-distributed sequence independent of
X =(X,, Xa,...). Let G, be the distribution function of X, and define

U = él(Xla Vi),

- 12
U= Gip.x (X, VilU,,..., U (k=2), (12)

.....

The functions G are associated to G as in the proof of Theorem 3. Similarly to the
proof of Theorem 3 we obtain:

where G,|,__,_, is the conditional distribution function of X, given (U, ..., Ui_y).

Theorem 5. (a) (U,) is an i.i.d. R(0, 1)-sequence.
(b) X, =G,'(U),

_ 13
Xk:‘GkEIl ..... k—l(UklU!:-'-aUk—l)- 0 ( )
We call the representation in (13) the standard representation of X.
If for some meN, '
Gk+m+lll...‘.kw-m(tk-i-m—i-l ‘tl 3¢~y tk+m) = gk+rn+l(tk+l g reay tk-#—m-l-l)a (14)

i.e. the conditional distribution of X, ., given U,, ..., Ui,,, depends only on
Uisiyoooy Ui, we say that X has m-Markov regression on U.

Corollary 6. If X has m-Markov regression on U, then X is a generalized (m + 1)-block
factor, i.e. (X, ) has the representation

Xo=filUpms .o, Ui, Uy) as, nzm+1. [ (15)
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An interesting problem in probability theory is to find simple sufficient conditions
for the existence of an (m + 1)-block factor representation as in (15) (cf. [13]).

2. Markov chains and m-dependence

A process (X,,) is called m-dependent (m eN)if (X,)n., and (X,),=,+m are indepen-
dent for all reN. It is trivial that a generalized (m+ 1)-block factor (X,)=
(fi(Uy, Upiryenoy Uyin)) as. of an i.i.d. sequence (U,) is m-dependent.

For quite a time it was conjectured that every stationary m-dependent process
has a representation as (m + 1)-block factor (f(U,, ..., U,.n)) (here f, is indepen-
dent of n!). In [2] a two-parameter family of counterexamples is given of stationary
one-dependent processes, assuming only two values, which do not have a two-block
factor representation (f(U,, U,+,)) of an i.i.d. sequence (U,). It was shown in [4]
that certain extremal 0-1 valued one-dependent stationary processes have a two-
block factor representation while in [1] it was shown that a stationary one-dependent
Markov chain with not more than four states has a two-block factor representation.
There is a counterexample for five states.

In addition to the results on Markov chains in [1] it is proved that one-dependent
renewal processes are two-block factors. It will be shown next that a symmetry
condition implies that one-dependent Markov chains are already independent.

Proposition 7. Let (X,) be a stationary, one-dependent 0-1 valued Markov chain.
Then (X,) is an i.i.d. sequence.

Proof. We use the short notation
[al Tt a,,_ 1=P[X,=a,,...,X,,=a,, -

From [0]=[00]+[01]=[00]+[10] follows that [01]=[10]. In our formulas we use
the convention 0/0=0. By the stationarity, the one-dependence and the Markov
property we have

[awa:a; ] [aa]=T [a:a;] [aa]=T [awa;]

laua;] i [ail P [a] ’

[a;\]2 = Z [araac] = Z
Thus we obtain

% [aka,~]_. :
o<1 {5 to1a0}

=; {[_(E‘Z%J‘:_z[ak][akai]+[ak]2[ai]}
=[a,)’-2[a. ] +[a, )’ =0.

This implies [aa;]/v[a;]1=[a.]V[a;] for all a,a, which 1s equiv'alent to [awa;]=
[a.][a;]. Combined with the Markov property this implies independence. [
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Remark 8. From the proof it follows that the statement of the proposition also holds
for one-dependent Markov chains with countable state space under the condition

[a,a,] =[a,a,] forall a,,a,.
For any two-valued stationary one-dependent process we have a much stronger
reversibility property:
Proposition 9. Let (X, ), be a stationary one-dependent 0-1 valued process. Then

[a, - a,]=[a,  -a] forallnandalla,,...,a,c{0,1}.

Proof. For n =2 the statement follows from [0]=[00]+[01]=[00]+[10], hence
[01]=[10] as in the proof of Proposition 7. We use induction on n. We write

[1"]=[1--1].
m times

Assume that the statement holds for n, then for n+1 we denote the number of
zeroes in w=a, - - - a,a,., by ny(w). We continue by induction on ny(w).
If ny(w) = 0then the statement is trivial. Assume that the statement holds for n,< k.
If no(w)=k+1>0 then w=1"0v for some m=0. Then

[a) - @y, ]=[1"00] =[1"][0]-[1"""0]

:[lm][am+2 BT a"+[]_[1m+lam+2 L. a"+l]
=[a"+| Tt am+2][lm]—[an+l Tt an1+21m+l]
= [a"“ T am+201m]=[an+|an T al]

which proves the proposition. [J

The statement of Proposition 9 does not hold for one-dependent processes that
assume three or more values. If the condition [a,a,] =[a,a,] for all a,, a» does not
hold, then the statement of Proposition 7 is no longer valid as the following example
shows. '

Example 1. Let (U,), be a Bernoulli sequence with P[U,=1]=p=1-P[U, =0]
for some pe (0, 1). Define the two-block factor (X,,), by
| Xn=2Un+Un+l'

It is easily checked that (X,,), is a one-dependent Markov chain with state space
{0, 1, 2, 3} and transition matrix

0 0 1-p p
I-p p 0 0
0 0O 1-p p

and apparently (X, ), is not an i.i.d. sequence.
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Under a symmetry condition we prove a general version of Proposition 7.

Proposition 10. Let (X,), be a stationary, one-dependent real Markov chain and
assume that

PIXXD) _ ptxaX)) (16)

Then (X,,), is an ii.d. sequence.

Proof. Let f:R—>(0,1) be one to one measurable, then Y,:=f(X,) also
is a one-dependent Markov chain and (EY,)’=E(Y,Y.)=E[E(Y,Y;| Y3)]=
E[E(Y,| Y>)E( Y| Y5)]. Since E[Y,| Y,]=g(Y,) for a measurable g we can continue
by using the stationarity and (16), E(g(Y>)E[Y3|Y;]) = Eg(Y,) Y;=Eg(Y,) Y=
Eg(Y,)Y,= E(g(Y,)E[Y,|Y;])= EZ*, where Z = E[Y,|Y,]. Therefore EZ =LY,
and (EZ)*=E(Z?) imply that Z=EZ a.s., i.e.

E(f(X)If(X2) =) =Ef(X,) [P/ as.]
equivalently
E(/(X)|X.=f7"(1) =Ef(X,) [P*as.].

Since this holds for all f we obtain independence. O

We leave it as an exercise to the reader to prove that the assumption P'*i+¥:'=
PX>XV is equivalent to reversibility of the Markov chain, i.e. P/Xv%s) = p({XwX0)
for all n. Of course X, could take also values in a Borel space. By a modification
of the constructions in section one we next show that one-dependent Markov chains
have a three-block factor representation.

Theorem 11. Let (X,,), be a real Markov chain. Then there exists an R(0, 1)-sequence
(U,), and a sequence of functions g, such that U, is independent of
X, ooy X1, Xpsry-..and

Xn = gn(Una Xn—l ’ Xn+1)-

If (X,,), is additionally one-dependent, then there exists an independent sequence (Y,),
and a sequence of functions (f,), such that X, is a three-block factor of (Y,),,

Xn =f;v(Yn—2; }/n—l ) Yn)

Proof. Let F, be the distribution function of X, and let F,, ., .+, (n=2) be the
conditional distribution function of X, given X, ,, X,+,. Define U, = ﬁ,(X., Vi)
and (n=2) U, = Fpju_i 0ei((Xn, V)| Xat, Xos1), where (V,) is an iid. R(0;1)-
sequence independent of (X,,),.
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Because (U, | X1 = Xn—1, Xor1= x,.,) is R(0, 1)-distributed for every X, i, Xa+1,
the Markov property implies that U, is independent of (X, ..., Xo-1, Xas15-- ).
Analogously to Theorem 3 we have

X, = Fil et (U | Xty X1) = 80(Uny Xty Xian):
Define Y,=X,, Y, =(X2.-1, Us,_») (n=2) and we obtain

X, =£i(Y), Xo=f(Y,Y2), Xs=fi(Y2),

Xon=for( Y, Yurr)s  Xonir =foner(Yarr),  n=1

If (X,,) is one-dependent, then (Y,), Is an independent sequence. We can make a
decent three-block factor out of this sequence by taking some i.i.d. R(0, 1)-sequence
(Tx )~ that is independent of X, Y and U. Define the process (Zy)~ by

Zoni1=Tnas N =0,
Zyn=Yn, N=L1

It is trivial that
Xn=hn(Zns L+, Zn+2)

for measurable functions hy. [J

Remark 12. From the last proof follows that every one-dependent Markov sequence
of length 3 is a two-block factor of an i.i.d. sequence.

3. Standard representation and m-dependence

In this section we want to prove a partial converse of Corollary 6, namely if (under
some assumptions) (X,,) has an (m+1)-block factor representation, then (X,) has
m-Markov regression on the standard representation U in (12). In this way we
obtain a constructive method to check the possibility of an (m+1)-block factor
representation for some subclasses of m-dependent sequences. This also justifies
the notion of standard representation for (12), (13) and implies that the standardiz-
ation U in (12) is the right standardization for the (m + 1)-block factor representation
problem. We shall deal explicitly with the case m=1. We begin with the following
example.

Example 2. Let V=(V,),.n be an ii.d. R(0, 1)-distributed sequence and define
X, =V, X,=V,_+V, (n=2). Then (X,),.n has a two-block factor represen-
tation on the standardization (V,)..~n. We consider the standardization (th).
of (12). Obviously U, = X, = V,. Furthermore, G(x, v|v)) = P[X,<x|V,=0v/]=
P[Vosx—pv]=x-v,, vy<x<p;+1. S0 Us= Gop(Xa, Vo| Uy)) = X, =V, = V. By
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induction we obtain in a similar way U, =YV, Vn, i.e. our standardization (12)
produces the right standardization leading to the two-block-factor representation
Xl= Vlaan ‘/n 1+Vn ('122)-

Generalizing this example, we say that Fi(V), [V, Vo), fi(Va, V3),... is a
monotone two-block factor, if f,, fi(v, -) are monotonically nondecreasing for all i, v.

Obviously the standard representation (13) has a monotonicity property as defined
here; so this assumption is necessary if the two-block factor representation is identical
to the standard representation.

Theorem 13. Assume that X,=f(V,)) a.s., X, =fi(Vi .\, Vi) as. has a monotone
two-block factor representation and assume that all (conditional) distribution functions
G\, Gk in (13) are continuous, then the standardization U in (12) is identical
to V and the standard representation (13) gives the two-block factor representation.

~

Proof. Since Gl = C.;, and Ggu foeil) = G;\-“

‘‘‘‘‘ ._, we obtain from (12), (13),
U = GI(XI)’

where
G(x)=P(X,<x)=P(fi(V)<x)=P(V,=g(x)=(g=fT)=&(x)
and, therefore,
U=g-fitV,)=V, as.
Us= Gop(Xa| V1),

where
Ga(x|v)=P(fo(V,, Vo) =x|V,=v))
= P(fo(v,, Vo) <x)=P(V.<g:(v), X))
=g:(v),x) (gxAvy,)=17"(vy,))
Therefore,

U,= gV, [o(V, V2)) = Vs,
Gya(x| vy, v2) = P(f3( V3, Visx|Vi=v, Va=1))
= P(fi(y, V3) < x) = ga(v2, X)
implying that
Uy=g:( Vs, Vs, V3))= Vi as.

The general case now follows from induction. So we obtain that our standardization
yields the right standardization for the two-block factor representation, which is
obtained by (13), since obviously using U =V a.s.

Gk!l A"l('| Uigaesy Uk—l)'_'Gk\I k—l('| Vigesss vk—l)

..........

=Gk|k—l('lvk—l)- 0
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If the conditional distribution functions Gy, -, are not continuous, it is not
possible to reconstruct (V;) from X = (X,). We next show that the standardization

(12), (13) can be applied to a version X of X.

Theorem 14. If X has a monotone two-block factor representation X = f(V) a.s., then
there exists an i.i.d. R(0, 1)-sequence (U)=(U,) such that the standard representation
of X = f(U) reproduces U and X = f(U).

Proof. Let f,, fi(vx_,,-) be monotonically nondecreasing for all k, v, with X, =
fl( Vl), X, :fk( Vi=1, Vk), k=2.

Let (V;) be ani.i.d. R(0, 1)-distributed sequence independent of (V,) and consider
the standard representation (12), with 0= G,(X, , V), where

G,(x, @)= P(X,<x)+aP(X,=x)
= P(/i(V)) <x)+aP(fi(V))=x)
= P(V,<fy'(x))+aP(V,ef{x})
=f1"(x)+ar (fT{x});

fi'x)y=inf{y: fi(»)=x},  fi{x}={p: fAily)=x}.

Therefore
U =f7" il V)+ VA THAVDD =T1(X) + VIASTHXD. (17)

Define X|:=f,(U,) = X,, X;=£(U0,, V») then (U,, V>, V;,...) are ii.d., R(0, 1)-
distributed and

XM= (X, XS, Xay Xay -2 ) S(X, Xa, X, Xy, ) =X
In the next step consider
Go(x, a|u)=P(X5<x|U=u)+aP(Xi=x|U,=u,)
= P(f(u,, Vo) <x)+aP(fo(u,, V5)=x)
=P(Vo<f3'(uy,x))+aP(Voe{fy'(u, x)})
=f3"(uy, x)+ad ({f3'(u,, x)})

the generalized inverse is taken w.r.t. the second component. Then our standard
construction gives

yi= G (X4, Vo) | 0))
=30, (0, Vo)) + VA{f21(0,, f(Ty, Va)})
=3 (0, X5+ Vax({£3'(U,, XDD. (18)

Since (U,, U,) are functions of (V,, V,, V., V,) the sequence (U,, U,, V3, V,,...)
is i.i.d., R(0, 1)-distributed. Define

X2 = (£(0), £ Oy, Uy, i Uy, Va), fa Vi, Vi), .. ) (19)
then X'V = X,
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We apply our standard construction to the third component Xi=fi(O,, V3) of

X2 to obtain U= Gy, 2((X4, V3)| Uy, Us), where

GB]]Z(xv @ l u,, u,) = P(fi( 02, Vi) <x| Ul = Uy, U:= u,)

+aP(fo(Us, V3)=x|(U,=uy, Us=1t)
= P(V,<f3'(ua, x))+aP(Vie {f5 (1, X)}).

Therefore,

Oy=f+"( s, f Un, Vi))+ ViA({ 3 (U, (U2, V2)I).
Again (U,, U,, U, Vi, Vs, Vo..) = (Vy, V3, V3, ...) and

XD = (f(0), o Or, Oo), (02, ), ol O, V), S Vi, Va), o) £ X

and we can continue this process by induction. Thus we obtain that for a version
X of X we have the two-block-factor representation

Xlzfl(Ul)> Xz=f2(U|sUz), X.z:fa((]z,[—j}),-n-, (20)

where the (U,) are obtained from our modified standardization process.
Next we apply the standardization (12) to X to obtain

U= G(X,, V) =17 (X0+ Vid(f ' ({ X))
=7 (AO) + VA AN
=f7 (X)) + V(i (x)) =0,
i.e. the standardization reproduces U,. In the next step
Us= é2§l((Xla Vz) U)= Uz,
Us= 6311‘2(()?3, ‘73)1 Uy, Uy)= é}ll,:((/‘-{_x, ‘7z)| UI, Uz)“ 03)

and so on. [

So in general from the two-block factor representation X = f(V) we construct by
a modification of the standardization procedure a version X of X with a two-block
factor representation X = f( U). The standardization (12), applied to this representa-
tion reproduces U i.e. U= U and (13), our standard regression representation,
reproduces this two-block factor representation of X. '

Remark 15. Obviously a result similar to Theorem 13, 14 also holds for (m + 1)-block
factor representations. While Theorem 13 is constructive, Theorem 14 indicates the
applicability of the standard construction to a (not known) version of X.

Remark 16. The ii.d. sequence U in Theorem 3 is a.s. equal to the i.i.d.
sequence U in Theorem 5. The proof is essentially the same as the proof of
Theorem 13. We leave it as an exercise to the reader. The consequence of this
observation is that the Standard Representatioh X, =fu(X\,..., Xn_y, Uy) can
also be obtained by iterating the Markov Regression X, =g.,(Uy,..., U);
ie.  X,=h(X,, Us)=LfNHU), U,)=g,(U,,U,) and X;=f(X,, X5, Us) =
FHAU), HAUY, Us), Us) = g3(Uy, Us, Us) ete.
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The question now is: how restrictive is the assumption of a monotone two-block
factor representation?

Example 3. (a) Let (V,) be an i.i.d. R(0, 1)-sequence and consider the two-block
factor X,=V,, Xo=V,—V,, X;=V,—V,,.... We obtain a monotone two-block
factor representation by defining U, =V,, U, ==1-V,, i=2. Then

X, =U,, X,=U+U.—-1, X =U;-U,, X,=U,—Us,..., (21)
is a monotone two-block factor representation.
(b) If X,=V,, Xo=(V,-5) V>, X;=(V,—3)V;..., then define
Vi if Vi, =3,
1-V, if Vi <%a

i=2.

u=yv, Ui={

It is easy to check that (U;) is an i.i.d. R(0, 1)-sequence and we obtain the monotone
representation (in distribution) X of X,
(Ui‘l_."l!)Ui if Lji»-lgé,
(U —-(=U) if U, <3,
(¢) If more generally than in (b) X,=/f(V)), X;=/f(V;_,, V), fi1 and for all
Uiy, i, filvi_y, ) is either monotonically nondecreasing or nonincreasing (i.e.
filvi_y, ")} for v;_, € V] and fi(v;_,, -)| for v;_,€ V) then define a sequence
Vi if U_, e Vy, .
. . i=2.
1“_‘/, lfU,-_IEV,-,
Then (U;) is an i.i.d. R(0, 1)-sequence and with g, =f,,
(v v)_{ j}(viwI,vi) if Ui—levra
BB S, 1-0) i u,e Vi,

the sequence g,(U,), g.(U,, U,), ... has the same distribution as X. Therefore, X

has a monotone two-block factor representation.

R =U,. X,:{ i=2. (22)

U=V, Ui:={

For the general question we use the following proposition.

Proposition 17. Let (V,) be an iid. R(0,1)-sequence and X,=f,(V,), X,=
JulVaoi, V), n=2, a generalized two-block factor. Furthermore, let (V,) be an i.i.d.
R(0, 1)-sequence independent of (V,). Then there exist an i.i.d., R(0, 1)-sequence (U,,),
U,=h(V,_,,V,, V) independent of (V,, ..., V,_,) and functions (g,) such that

Xlzgl(Ul)a Xn-:gn(‘/n—la Un); HBZ, and

g1, & (v,-y, ) monotonically nondecreasing ¥n, v, _,.

(23)

Proof. Let G, be the distribution function of X, and let G,,;,, ..., be the conditional
distribution function of X, given V,,_,,..., V,_,. Define

U,=G,(X,, V),

Un = G~nll n-—l(Xn, ‘7711 vls 5w ey "/rr—l), n=2. (24)

.....
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Since the conditional distribution of U, given V,=v,,..., V.1 = Va1 is R(0, 1) for
all v,,...,v,_, we have that U, is independent of (V,,..., V,_1). Since Uy =
h(V,. ... Vi, V,..., V), this implies that U, is independent of U,,..., U,-.
From (4) we conclude that

XI::Gi'l(.U‘), Xn Gnll n ](Uklvla-"a V',,,|), HBZ.

Actually, G,,|, _____ et = G,,|,,_, since
Gn{l ,,_1(x|vl,...,U,,_|)=P(X,,$XIV|=U|,..., n-- l n l)

= P(.[;:(Vn—-l) ‘/,,)SXIV|=U|,..., ‘/n—l:DII-I)
=P(f;1(vn—l» ‘/,,)SX)=G,,|,,-|(X|U,,_])

(and Similarly fOf G~n|l ..... nwl)' SO we haVC Xn:Gl-l‘|ln~l(lJn|vn- gn( n—1» Un),
where g,(v,_,, ) is nondecreasing. [

Obviously from (23) we obtain a monotone two-block factor representation if
V,_, = h(U,.,) for some function h. In general we obtain the following weakened
monotone representation property.

Corollary 18. Let (W,) be an iid. R(0, 1)-sequence independent of (V,), (V,) and
let X,=f,(V), Xi=fi(V,_,, Vi), i=2, be a generalized two-block factor. Then there
exists an R(0, 1)-sequence U, = h,-(U,-, V., W,) such that U, is independent of U; and

Xlzgl(Ul)a X2=g2(U130|7U2)5 XKZgB(UZ’ 02’ U3)""a & (25)

where g, , g:(u;, @;, - ) are monotonically nondecreasing.

Proof. From Proposition 17 we have a monotone representation, X, = h,(U,), X, =
ho(V,_, Uy), n=2. We apply (8) to obtain V; = g,(U;, U,) where U, =k, (U,, Vi, W)
is independent of U,. Together we obtain (25). [

Generally, we can not assert that (U, V,) is independent of (V,,..., V,_,) (we
only have separately the independence of U, respectively V, of (V,,..., V,_.)). In
the case that (U,, V,) is independent of (V,,...,V,_,) we obtain that in the
representation (25) the sequence

U,, U,, Us, U, ... is an i.i.d. R(0, 1)-sequence. (26)

Example 4. Let (V) be an iid. R(0,1)-sequence and let X,=(V,—3)° X.=

- (V,—1)% i=2 be a generalized two-block-factor. Then the construction of (25)
is the following: Fy,(x)=2Vx, gl(y)* (3y)? and U,=2|V,—}. Let & be random
51gns defined by & =+1 if V,=3 and g =—1, else, and define U, = 2| V,—3|. Then
V. =141¢,U, (and we can formally write ¢, as function of an R(0, 1)-random variable
U,). Obv1ously, (g;, U;) is independent of V,, ..., V.., and we obtain from (25) the
weakened monotone representation

X,=g(U,), X*—(i "EIU)gI(U" (27)
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Proposition 19. There exists a generalized two-block factor which does not have a
monotone two-block factor representation.

Proof. Let (V;) be an i.i.d. R(0, 1)-sequence and let X, = IV, =4, Xi= ViV, i=2,
In order to show that ( X,) does not admit a monotone two-block factor representation
we apply Theorem 13. So we calculate the standardization (U;) from (12) and we
show that the standard representation is not a two-block factor. Since G,(x)=
P(X,< x)=2x, we obtain U, =2|V,—3|. Furthermore,

G«-(xf'u)=P(X,Sx|U :u)=1|:( X Al)+( 2x ).’\1]
= - ' 21 x1+u 1=1 ’

l.e.

U 1 { 2V, V, 4 2V, Vs 1]
= A %
> Lirqv, -y T 1i=2v, -4

With some calculations we obtain

G;h.z(-"'“u u3)=P(X3$x| U =u,, U.=u.)

I [ 2 g 1] ity
—e A sm—A I U=

]2 (1—u,)u, (1+u))u, ? 1+u,’
—nl if u,> .
2ur—1" =1,

From this we conclude that (X,) does not have a monotone two-block factor
representation. []
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