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1. Risk bounds under dependence

uncertainty
Stochastic Dependence

a) dependence modelling
X =(X1,..., %), Xi€R?
Xi ~ P;  marginal structure

dependence structure: Copula
— copula models
Sklar's theorem

b) Hoeffding—Fréchet bounds

stochastic ordering, extremal dependence bounds for risk

functionals

: fy marginals;

—: given marginals

Conferences: Probability with given marginals

Rome 1990, Seattle 1993, Prague 1996, Barcelona 1998,

Montreal 2004, Tartu 2007, Sao Paulo 2010
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VaR-bounds with marginal information
X =(X1,...,X,) risk vector

Risk bounds
under

marginal information: X; ~ F; dapemdanae

uncertainty

— high model risk for VaR, TVaR, ...

maximal tail risk

0o (524

X;~F;

VaR,(S,) VaR,(S;) VaR,(S9) VaR,(S,)

lower bound independent comonotonic upper bound

VaR,(Y) = F;l(oz) upper a-quantile of Fy



generalized Hoeffding-Fréchet functional Risk bounds

under

=Xty Xn), Xi~P;, 1<i<n ﬂiﬁ::if:f;
MWﬁﬂw{/@#ﬁPeMﬂm“wﬂﬁ

worst case risk ~ maximal influence of dependence

generalized Hoeffding-Fréchet bounds, Rii (1979); Kellerer
(1984), Rachev, Rii (1998); Fréchet (1935/1951); Hoeffding
(1940)



Duality theorem for generalized Hoeffding-Fréchet
functionals

M() |nf /fdP Zf(xl > o(x } Risk bounds

dependence
uncertainty

general n, cost function ¢
Ri (1979, 1981); Gaffke, Rii (1981); Kellerer (1984); Rachev
(1984, 1991); Rachev, Rii (1998); ...

Kantorovich (1942, 1948); Kantorovich, Rubinstein (1957):
© = ¢(x1,x2) is a metric (on compact space)

— mass transport problem Kantorovich—Rubinstein theorem,
n = 2 multi-marginal transport problem



VaR-bounds with marginal information
VaR, < TVaR,, convex ordering result: S, < S5
comonotonic sum

Theorem (unconstrained bounds)

A=) LTVaR(X;) = LTVaR,(S5) < VaRq(Ss)
i=1

< TVaR,(Sn) < TVaR4(S5) = > TVaRa (X)) =: B
i=1

1 (e}
LTVaR,(X;) :== / VaR,(Xj)du, S = comonotonic sum
& Jo
Bernard, Ri, Vanduffel (2013); Puccetti, Rii (2012); Wang,

Wang (2011); Embrechts, Puccetti (2006); Embrechts,
Puccetti, Ri (2013); Puccetti, Ri (2013), dual bounds

Risk bounds
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VaR,(S,) ~ TVaR,(S5), n—

and VaR,(Sn) ~ LTVaR,(55), n— oo o boude
Puccetti, Ri (2012); Puccetti, Wang (2013); Wang, Wang ::s;:d?nce
(2014); Embrechts, Wang, Wang (2015) sreereny

note: mixing (= negative dependence) in upper domain allows
to increase VaR upper bound

VaR{(S®)

B:=TVaR (S 1 7@
VaRy(S) '

|

|

A=LTVaR (S )




Rearrangement = Dependence

Theorem (Rii (1983))

Risk bounds
Let F(Fi1,...,Fy) be the set of all joint dfs on RY with e e
margina/s F]_, soog Fd. uncertainty

Let U be a random variable with Fy = U(0,1). Then:

§(F1,... Fa) = {Fry...ey fi~r FH 1<i<d}.
n

M(s) = SUP{P <Z Li > S> L~ Fi}
i=1

n
zl—inf{a; 3£ o F oy 216-‘”25}

j=

— RA-algorithm, precise determination of VaR bounds
Puccetti, Ri (2012)



Dependence Uncertainty

Value-at-Risk

d=8  N=-1005 _ avgrime: 30secs

@ VaR,(L)(RATange) VaR)(L)(exac) VaR,(L) (exac) VaR,(L) (RA range)
099 9.00-9.00 7200 141,67 141.66-141.67
0995 1313-1314 105.14 203,66 203.65-203.66
0999 30473062 244.98 465.29 465.28-465.30
=56 005 avg rime: 9 mins

a L) (RArange) VaR}(L)(exact) VaR,(L)(exact) VaR,(L)(RA range)
099 4582-4582 504 1053.96 1053.80-1054.11
0995 48.60 - 48,61 73596 151371 13.49-1513.93
099 3 171488 3453 345

T=638 0c04 avg e S s

a VaR,(L) (RA range)  VaR}(L) (exact) ViR, (L) (exact) VaR, (L) (RA range)
099 530,12 - 53024 5832.00 1230200 12269.74-12354.00
0995 56233 - 562.50 851610 1766606 17620.45-17739.60
099 60808 - 608.47 19843.56 4030348 40201.48-40467.92

Estimates for VaR,(L) and VaR, (L) for random vectors of

Pareto(2)-distributed risks.

2 B inge for - range for
‘comonotonic VaR
¥
§
8 g
3
” x
3
H H
s
H
8 o
2 -
e T T T T T T T T T
0.95 0.96 0.97 0.98 0.99 0.95 0.96 0.97 0.98 0.99

VaR range (5), and comonotonic VaR(8) (in log-scale on the right) for the sum of d = 8 GPD risks with

parameters following Moscadelli (2004), based on RA for N = 1 : 0e05.
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L

moment bounds

Any dependence:
/ ~ mass transportation

Risk bounds
under
dependence
uncertainty

subgroup
structure

positive--.__ -
negative
dependence

higher
order
marginals

risk factors

mass transportation with additional restrictions
(generalized moments, multivariate marginals, positive
negative dependence, additional structural restrictions)
additional martingale constraints leads to improved price
bounds

ordering within subclasses

worst case risks w.r.t. risk measures ~ non-linear mass
transportation, higher dimensional risks



2. Worst case portfolio vectors,
comonotonicity, and mass transportation
portfolio vector: X = (X1,...,X,), X;€R9 X~ P;
0 = o(X) risk measure

worst case portfolio = worst case dependence structure
o(X) = sup o(Y)

i~ P

n
joint portfolio: o= (Z X,->
i=1
d =1 Comonotonicity
X< = (F7Y(U),...,F;2(V)), F; ~ P; comonotone vector

n n
d Xi<a Y FNU),  Xiel
i=1 i=1
Meilijson, Nadas (1979)

Worst case
portfolio
vectors, ...




n n
% ZXi <o ZFi_l(U)
i=1 i=1

for all law invariant, convex risk measures ¢

Worst case

n — n portfolio
e o(5) - o (SR W)
Xi~P; i=1 i=1

vectors, ...

A: Law inv.
convex ...

B: Risk measures,

- _ . S
X¢ ist worst case portfolio vector for any convex, law invariant

couplings . ..
risk measure o

e o(max Fi_l(U))

= inf o(maxX;)
Xi~P;

n
e sup VaR, ZX,- =7
Xi~P; i=1

Comonotonicity notion in d > 27



Comonotonicity and worst case joint portfolios

Unlike d =1 there is no general notion of comonotonicity in
d > 2 (Rii 2004)

Theorem (Comonotone improvement theorem of risk
Shal’lng, d == 1) Worst case

portfolio
XellY=(Y,...,Ys) € AX) an allocation of X, i.e.
Yielh, X0, Y, =X.

vectors, ...

Then there exists a comonotone allocation Y € A(X), such
that Y; <., Y;,1<i<n.

In particular: 0;(Y;) < 0i(Y;) for all convex law invariant risk
measures oj on L.

Landsberger, Meilijson (1994); Dana, Meilijson (2003);
Ludkovski, Rii (2008); Filipovic, Svindland (2008);
Kiesel, Rii (2009)



Comonotonicity d > 17 .
n=2 W(X)= (EHX||§) 2 sk
V(X; + X2) = sup < Xi, Xp worst case portfolio
S E|X — Xl =inf e Xi~ X
&1 X1, Xo comonotone (w.r.t. \Il())C Wt oo
but no uniformity over risk measures portfolio

vectors, ...
nonexistence of comonotone vectors:

d>1 P,Py...,P, € I\/ll(}Rd, Bd), n > 3, then (typically)
there do not exist X; ~ P; such that the pairs

(%) (Xi, X;) are optimal couplings for all i, ;.
e.g. P~ N(uj,%;) then

(*) <~ Z,'ZJ'ZZJ'Z,' Vi,j



Optimal couplings depend on convex risk measure g

d > 2. There does not exist dependence structure
i.e. X~ P, Y ~ @, such that

o(X+Y) = sup o(V + W) worst case V\i?:?;f:se
VNX’WNQ Cectors.
oX+Y)= inf i

Q( V + W) best case B: Risk measures,
V~P,W~Q

opt. mass transp.

C: Optimal

B
for all convex risk measures p.
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Worst case joint portfolio

d > 2 o convex risk measure
X =(Xy,...,X,) ©-comonotone
< X worst case joint portfolio w.r.t. g i.e.

n n
— . W
o| D Xi|=supo| ) X e
i=1 XiNXi =1 vectors, . ..

Aim: Characterization.

Diversification:

o coherent, o (D>_Xi) <> o(X)
do(Xi) —o(D>_X;) diversification of (X;)

D = Z o(Xi) — sup o (Z )~<,> = D((X;))
XimX;

worst case diversification of (X;)




No worst case diversification, ¥ (X;), D =0
& o strongly coherent Ekeland, Galichon, Henry (2009):

‘to prevent giving an unnecessary premium to conglomerates
and avoid imposing an overconservative rule to the banks’

Worst case
portfolio

d =1 Kusuoka (2001) o coherent risk measure vectors, ...

Theorem (Kusuoka Theorems)

1. o law invariant, coherent risk measure
& 0(X) = s0p Jlo (X)d(N), 03(X) = TVaR,(X)
ne

2. o strongly coherent
< 0 comonotone additive
& o spectral risk measure

o(X) = Jipapex(X)du(A), ea(x) = TVaRy(X)



A — Law invariant convex risk measures
for portfolio vectors

(2,2, P) nonatomic measure space

0 L5 — (—00,00] convex risk measure

i.e. monotone, convex, cash invariant

W(X) = o(—X) insurance version, L5 = LF(P)

Theorem 2.1 (Representation)

a) o proper convex, Isc risk measure on L
& o(X)= sup {Eq(—X)—a(Q)}

QEQd,p(P)
penalty Q) = sup {Eq(—X) — o(X)}
XeLh
dQ;
P _ . ! q <
Qd,p = M {QEMd' dPGL}l_p<OO

bag(P) p =00




b) o finite Isc convex risk measure on L5, 1 < p < o0
< o(X) = Eo(—X) — o*

o(X) = max {Eq(=X) - 0*(Q)}
HQCQd,p,DZ{(Zg, 1<i<d, QEQ}CL"
weakly closed in L9(bay(P)) .

Cheridito, Delbaen, Kupper (2004); Ruszczynski, Shapiro

(2006); Cheridito, Li (2009); Kaina, Rii (2009); Filipovic,
Svindland (2009); Rii (2009)

o strongly continuous if representation set Q C Qg is
weakly compact in L9

o finite, coherent risk measure on L%

= p strongly continuous.



Law invariant convex risk measures

0: L5 — (—00,00] convex, law invariant

ie. PX = PY = o(X) = o(Y)

d =1 Kusuoka (2001); Frittelli, Rosazza-Gianin (2005)

pneM1((0,1])

o) = sup ([ X)duh) - 5
J(0,1]

ox(X) = TVaRy(X) average value at risk

Question: What is the analogon for portfolio risk measures?

Proposition (d > 1)
o convex risk measure on L5(P)
= 0(X) = sup{e(X); X € A(X)}
is convex, law invariant risk measure

. . ~ v v d
o law invariant & o =9, A(X):={X e L(P): X =

equivalence class

X}




Example (Maximal correlation risk measure, Rii (2006))

YeD,={(Y1,...,Yq); Yi>O[P|, EpYi=1,Y, €19, 1<i<d}
scenario densities
V (X):=EX-Y correlation coefficient

N (up to normalization)
Vy(X)=sup EX-Y = sup EX-Y =V,(X)
X~X Yoo
maximal correlation risk measure

(in direction Y resp. )
— Is law invariant convex (coherent) risk measure

Remarks
1

d=1 Vy(X)=VY(X,Y) :/ Fy ' (u)Fy ! (u)du
0

= weighted average value at risk

Vy(X) =supy_y EX - Y = W, (X)
=V(X,Y) = sup{ [ x-y d7(x,y); 7 € M(Px, Py)}, p = L(Y)

optimal) L? transportation problem
P



Theorem (Generalized Kusuoka Theorem, Rii (2006))

W convex risk measure on L,;(P) with penalty function o

V s law invariant N

& V(X)) = sup (Vy(X)—aY)) =sup(Vu(X) — ap))
YeDy HEA

a law invariant penalty function,

Do ={Y € Dg;a(Y) < 00} ~ A o

opt. mass transp.

C: Optimal
couplings . ..

V law invariant coherent risk measure in L} (P) (L5(P))
& JAC Dy W(X) = sup Wy (X) = sup V,,(X)
YeA neA
maximal correlation risk measures are the building blocks of law
invariant risk measures
WV law invariant = W Fatou continuous  (JST (2005))



B — Risk measures and optimal mass transportation

Theorem (Optimal L?-mass transportation)
P, € MY(RY, B9), i =1,2, [|x||2dPi(x) < o

a) 3 optimal L?-coupling of Py, P,
I.e. HX, ~ P,' . EX1 -X2 = supyl_NPi EY1 : Y2

(equivalently E||X; — X2H2 = infy,~p, E|lY1 — Yz”z) cA%nb::-‘{-ﬁj'
b) X; ~ P; is an optimal L?-coupling < opimi

& 3 convex, Isc f € L1(Py) : Xo € 0f(X1) a.s.

c) If Py < \9 then for f as in b)
Of(X) ={VF(X)} a.s. and (X, V(X)) is a solution of
the Monge problem

d) If P < A9 then 3 a Py a.s. unique gradient Vf of a
convex function f: PYT = P,



Remarks

1) b) Ri, Rachev (1990), Brenier (1991),
sufficiency Knott, Smith (1984)
charact. optimal transport
Lebesgue cont. bd. supp., ‘Breniers Theorem'?

c) from b) + Rademacher theorem

d) Brenier (1991) + particular instance of b) in (1987) on
polar factorization B: Risk measures,
uniqueness and existence o

2) extension to coupling with general cost [ c(x,y)du(x,y)
Rii (1991), c-convexity, c-subgradients

Xo € 0.f(X1) a.s.

Smith (1994) c-cyclically monotone support
Gangbo, McCann (1995); Schachermayer, Teichmann
(2008); Villani (2008)



Example
P = U[071]2, Q = er":l Oéjng

c-convex functions: f(x) = sup;<,(c(x, x;) + a;)

Aj = {x:f(x) = c(x, %) + aj} Voronoi cells
= {x:x € 0:f(x)}

Problem: Find shifts aj such that P(A;) = ¢;
particular ex: ¢(x,y) = [|x — y||?

(x1,...,x) = ((0,1),(0.5,0.5),(1,1), (1,0),
(0,0),(1,4),(2,3),(1,3))
(a1,...,a8) = (0.105,0.2,0.125,0.125,0.125,0.12,0.1,0.1)



Aq

Ag

A7

As




Worst case joint portfolios and diversification

WV finite, convex, law invariant risk measure on LZ

X =(Xi,...,Xp), Xi € L worst case portfolio w.r.t. V if

v (1Zn:x,~> = sup V (1 Z)?)
N3 X~ X N3

Xire X

a) ¥ = W, max-correlation risk measure (direction 1)

X p-comonotone, if for some density vector

EIYN,u,YGDZ:X;géY, i<i<n

W, (X)) = sup EX;-Y =EX;-Y
Xi~X;

= ZX,- ~Y
=1




Proposition

VW = V,, max-correlation risk measure, jn € M¢ scenario risk
measure, X; ~ P;

(X1,...,Xn) is worst case dependence structure w.r.t W,
& X, ..., X, are u-comonotone

v, is strongly coherent ~ no worst case diversification

EGH (2009), (2009)

B: Risk measures,
opt. mass transp.

X1,..., Xy,  pu-comonotone



b) General finite l.i.convex risk measures on L%

() W(X) = max (V,,(X) — a(p))

AC ./\/lg weakly closed, scenario measures

F) = = 3 W,(X) — ()
i=1

average risk functional (w.r.t. p)

1o € A worst case scenario if

F(po) = sup F(w)




Theorem (Worst case joint portfolio, Rii (2009, 2012))
Xi~P;, 1<i<n portfolio,
V finite, convex, law invariant risk measure as in (**)
a) worst case risk = sup of average risk functional F (1)
sup \U< ZX) = sup F(u)
Xim X HEA
b) po worst case scenario and (X*) are pig-comonotone,

then (X{,...,X}) is a worst case joint portfolio.
c) If V strongly continuous then

3 worst case scenario measure g € A




Remark (Worst case total risk)

V coherent F.(11) = Z WV, (X;) total risk functional.
o € A worst case scenarlo if Fe(po) = sup Fe(p)
HEA
sup v (ZX) (ZX ) ) 1,-comonotone A Law i,
~X; B: Risk measures,

couphngs S

V convex: (Z X) ( Z nX)

i=1

Corollary (Worst case diversification of total risk )

D= Z W(XI) - FC(MO)
i=1



n

1 ¢ 1 L

- ZW (Xi) —w (n ;X;) diversification effect (X;)
1 n

:n;w(x —supw< ZX) X))

XX
worst case diversification
Theorem (Second Kusuoka Theorem)

V strongly continuous convex risk measure

W has no worst case diversification effect (strongly coherent)

ie. ¥V (X;) holds D((X;)) =0

& W js translated max correlation risk measure
V=V, —a(u), IpeMl a(p)eRrR?

d =1 Kusuoka (2001)

d > 1 Ekeland, Galichon, Henri (2009); Rii (2009)



C — Optimal couplings and examples
Worst case dependence structure

~ 1. worst case scenario measure g € A

2. X{,...,X) po-comonotone

e Y~ o, X~ Y

discrete distributions approximation: gradient descent algorithm

~ combinatorial Voronoi type partitioning
(cf. Aurenhammer, Hoffmann, Aronov (2000))

Rii, Uckelmann(2000); Ekeland, Galichon, Henri (2009)



1. Location scale families, elliptical distributions
XeRY X~@Q, ¥=CovX

Q=1{Q.p; acRY Bec A} location-scale family
Qo ~ Xz 1= BX +a, A scale family
p=Q=Q,, X~Q and Pi=Q,;p €Q

a) AC NN(d)

X,' = Xa, B ™~ X and

=
X1y, Xy are p-comonotone

worst case risk w.r.t. W, max correlation risk

sup \u“ (ZX) v, (ZX) ((i&)z




b) Q invariant w.r.t. orthogonal transformation

A C M(d,R) — affine transformations

B € A, B = PO, polar factorization, P € NN(d), O € O(d)
BX ~ POX ~PY,Y =0X~X

= optimal coupling as in a) with (P;).

ex. elliptical distributions, N(y,X), unif. distr. on
ellipsoids, ...

P; € Q, Y= COV(P,'), 0= COV(T), T~Q

worst case portfolio: X; =S5, T, 1<i<n
,1/
S=% (5 5r?) "o/

]

if AcC Q, A ~ scenario measures, then worst case scenario

| (£ 57) 85| = sup

i=1 BeA



2. Coupling to the sum

Variation risk

V(X) = [IX]l2
n 2
E ZX,- = sup worst case joint portfolio
i=1
optimal coupling:
P3
T3 T2

T3OT20T1:id

T1

Py P2



(x)  EX1, Xi|I> = sup! optimal coupling
n n
& Y EIX - S,P=infl, S, =YX
i=1 i=1
optimal coupling to the sum principle (Knott and Smith 1994)
equivalently: law(S,/n) is a barycenter of Jaw(X;)

P,':N(O,Z,'), 2, >0, 1<i<n
assume S ~ N(0,Xg)

Xi:=Ti5, Tj= z:1'/2(2,1'/2202,1'/2)1/22,1-/2
If 27:1 T, =id & 27:1(2(1)/22;23/2)1/2 _ v,

then (X;) is a worst case portfolio (optimal n-coupling)



Theorem

P;=N(0,%;), ¥;>0,1<i<n
n

There exists a solution o > 0 of 2(23/22;23/2)1/2 =Y and
i=1

the optimal coupling to the sum is a worst case portfolio

Theorem

1. 3 worst case portfolio (i.e. a solution of the matrix
equation) C: Optimal

couplings . ..
2. Optimal coupling to the sum is necessary (in general not
sufficient)

3. If X; are optimally coupled to the sum S,, 1 < i < n and
PSh < A\ starlike support, then (X;) is worst case portfolio

Rii, Uckelmann (2002), worst case scenario measure p

n
= distribution of >  X;,  (X;) worst case portfolio,
i=1
(X;) comonotone w.r.t. p.



3. Additional structural and dependence

information

How to reduce risk bounds by using structural and partial
dependence information?

@ higher order marginals (reduced bounds)

@ positive, negative dependence restrictions (improved
standard bounds) Additiona]

structural

e information on variance of S,, correlations of X;, X; ST

@ partial information on risk factors
(partially specified risk factor models)

@ models with subgroup structure

intuition:

@ positive dependence information allows to increase lower
risk bounds (but not upper bounds)

@ negative dependence information allows to decrease upper
risk bounds (but not lower risk bounds)
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A — Higher dimensional marginals
Fe :]:(FJ;JE(S) C}—(Fl,...,Fn)

Fy=Fx,, Xj=(Xj)jes fordJe&, Ujed=11,...,n}

Fe (resp. Mg) generalized Fréchet class

E={{1},....{n}} = Fe = F(F1,...,Fn) simple marginal class

E={{yj+1}1<j<n—-1} = Fe = I(Fl,Zv.F2,37~-~7anl,n)
series system

E={{1,j},2<j<n} = F(Fi2,F1i3,-- -, Fin)
starlike system




Mg(s) =sup{P(X1 + - -+ X, > s); Fx € Fe}
( ) Inf{P(X1+"‘+XnZS);FX E./—"g}
marginal problem: Fg¢ # () (R (1991))

decomposable case
< (consistency = existence)

duality theorem Mg # ()
Mg (p) : = sup {/@dP; P c ./\/lg}
{ /deP_/ ZfJOﬂ'J>g0} (© usc
Je€

Je&

Ri (1984); Kellerer (1987)



Bonferoni type bounds

Proposition
(Ei, Ai),(Py,J € £) marginal system
1. Meg(Ayp X -+ x Ag) < minjee Py(A))
2. £=J8={(i,j);i,j <n},
g = Pi(AS), g = Py(AF x A)

Meg(Ar x -+ x Ap) <1 =37qi+ 3,95

mg(Ar X -+ X An) 21 =37Gi +SUPreT X (i j)er dif
T = spanning trees of G,, Rii (1991)

improved upper and lower Fréchet bounds

Conditional bounds
sharp bounds by conditioning in some decomposable cases!




reduced systems
E={h,...,Im}
ni=#{J€&icd}, 1<i<n
For X risk vector, Fx € Fg define:
Xi
Yo=Y = Hy=Fy, r=1....m
i€dr i
H = F(Hi,...,Hn) Fréchet class
Proposition (reduced bounds)
Fe # 0 consistent marginal system, then for s € R
Me(s) < My(s) and
me(s) = my(s)

Embrechts, Puccetti (2010); Puccetti, Rii (2012)




Remark

1. generalized weighting schemes

L . af >0 iffiedJ, and

— parametrized family of bounds

2. Rearrangement algorithm can be used to calculate
My, iy, earaliey



Series case F; ;i1 2-dim Pareto

@ VaRi(L) VaR,(L), (A) VaR,(L),(B) VaRu(L)
0.99 5400.00 8496.13 10309.14 11390.00
0995 788528  12015.04 1478871 16356.42
0999 1837367 268322 337103 3731570

Estimates for VaR,(L) for a random vector of d = 600 Pareto(2)-distributed risks under different dependence
scenarios: VaR} (L) ((L1, ..., Leoo) has copula C = M); VaR[(L), (A): the bivariate marginals Faj_12j are
independent; VaR,,(L), (B): the bivariate marginals Faj_1 5 have Pareto copula with § = 1.5; VaR,(L): no
dependence assumptions are made.

g g
8 — unconstrained VaR bound i 8 unconstrained VaR bound '
8 -~ - reduced VaR bound i 3 reduced VaR bound !
3 H i
g A — Higher
dimensional
als
g 9
i ig B — Risk bounds
s ® under moment
] & .
2 3 constraints
2 g
g C - Positive and
negative
dependence

information

1000

D - Partially
specified risk
factor models

0990 0992 0994 099 0.998 1.000 0990 0992 0994 099 0998 1.000

VaR bounds VaR, (L) (see (5)) and reduced bounds VaR, (L) (see (24a)) for a random vector of d = 600
Pareto(2)-distributed risks with fixed bivariate marginals F2;_12; generated by a Pareto copula with § = 1.5,
comonotone (left) and by the independence copula (right).



B — Risk bounds under moment constraints
information: X;~ F;, 1<i<n and Var(S,) <s?> (%)
— partial information on dependence alternatively information

on Cov(Xi, Xj),
Bernard, Rii, Vanduffel (2016)

M = sup{VaR,(S,); Sn satisfies ()}
m = inf{VaR,(S,); S, satisfies (%)}

negative
dependence
information

spec risk
factor models



Theorem
a € (0,1), Var(S,) < s?, then

a:= max(,u—s

Remark

B — Risk bounds
r moment

VaR bounds and convex order worst case dependence structure conatraines
has relation to convex order minima in upper and lower part

{Sn > VaR,(Sn)} resp. {Sn» < VaR.(S»)}



Proposition
X,' R F;, -O‘ R F-/[q,-( ) OO), X-a Y-O‘ R F-a

a) M = sup VaR, (Zx) = sup VaR0<Z Ya>

Xi~F; i—1 Yo~FR i—1

b) IFS% =1 Y& <o S, XO,  then

VaRg <Zx;l> < VaR(5%) = essinf (Z Y,F"> <B

i=1 i=1

— restriction to convex minima in upper part of distributions




maximizing VaR ~ maximizing minimal support over all
Y; ~ F is implied by convex order

A

A= LTVaR,(5°)

A - Higher
dimensional
el

B — Risk bounds
under moment
constraints

C - Positive and

> U
negative
@ 1 Ao
information
VaR bounds and convex order S

specified risk
factor models



Extended Rearrangement Algorithm (ERA)

two alternating steps

1. choice of domain, starting from largest a-domain

2. Rearrangement in upper a-part and in lower 1—a-part
3. check variance constraint fulfilled
4

. shift of domain and iterate

Variation of ERA: Self determined split of domains.



Panel A: Approximate sharp bounds obtained by the ERA

Panel B: Variance-constrained bounds

(mg, Mg) n=10 n =100
0=0 0=0.15 0=0.3 0=0 0=0.15 0=0.3
VaRggo; (4.401; 15.72) (4.091; 21.85) (3.863; 26.19) (47.96; 84.72) (42.48; 188.9) (39.61; 243.3)
d =10,000 VaRgg, (5.486; 28.69) (4.591; 43.45) (4.492; 53.22) || (48.99; 120.5) (46.61; 366.0) (45.36; 489.5)
VaRgg 59, (6.820; 39.48) (5.471; 59.60) (4.850; 73.11) (49.23; 162.8) (47.54; 499.1) (46.68; 671.5)

Panel C: Unconstrained bounds independent of o

| (Ag, Bg) Il n=10 || n=100 |
VaRgsy,, (3.646; 30.33) || (36.46; 303.3)
d = 10,000 VaRgg, (4.447; 57.76) || (44.47; 577.6)
VaRog 5o, || (4.633; 74.11) || (46.33; 741.1)
VaRgsy, (3.647; 30.72) || (36.47; 307.2)
d=+00  VaRggs, (4.448; 59.62) || (44.48; 596.2)
VaRgg 5o, || (4.635; 77.72) || (46.35; 777.2)

Bounds on Value-at-Risk of sums of Pareto distributed risks (8 = 3)

(ads bg) n=10 n =100
20=0 2=0.15 0=103 0=0 2=0.15 0=03

VaRog, (4.398; 16.03) (4.089; 21.92) (3.861; 26.23) || (47.96; 84.74) (42.48; 188.9) (39.61; 243.4)

d =10,000 VaRgg, (4.725; 30.20) (4.589; 43.64) (4.490; 53.50) || (48.99; 129.6) (46.59; 367.3) (45.33; 491.7)
VaRgg 5% (4.800; 40.74) (4.705; 59.80) (4.634; 73.77) || (49.23;162.9) (47.54; 500.0) (46.65; 676.3)

VaRogo, (4.372; 16.94) (4.037; 23.30) (3.791;27.96) || (48.01;87.75) (42.09; 200.3) (38.99; 259.2)

d =400  VaRggy (4.725; 32.25) (4.578; 46.77) (4.470; 57.41) || (49.13;136.2) (46.53; 393.1) (45.18; 527.4)
VaRgg 50, (4.806; 43.63) (4.702; 64.22) (4.634; 77.72) || (49.39; 172.2) (47.56; 536.4) (46.60; 726.9)

A - Higher

dimensional

el

B — Risk bounds

under moment
ints

C - Positive and

negative

dependence

information

D - Partially
ecified risk

P!
factor models




Application to Credit Risk portfolios

asset correlations ¢ — default correlations o, loans X; ~ B(p)

example: n = 10,000, p = 0.049 default probability,
0P = 0.0157 (McNeil et al. (2005)),

s? = np(1 — p) + n(n—1)p(1 — p)oP

| (Ad, B4) (ad, ba) (ma, My) KMV Beta  CreditMetrics
VaRg.s (0%; 24.50%) (3.54%;10.33%)  (3.63%; 10%) 6.84% 6.95% 6.71%
VaRo.o (0%; 49.00%) (4.00%; 13.04%)  (4.00%; 13%) 8.51% 8.54% 8.41%
VaRo.05 (0%; 98.00%) (4.28%; 16.73%)  (4.32%; 16%) 10.10%  10.01% 10.11%
VaRo.oos || (4.42%; 100.00%) (4.71%; 43.18%)  (4.73%; 40%) 15.15%  14.34% 15.87%

The table provides VaR bounds and VaR computed in different models (KMV,
Beta, CreditMetrics).

A4, B4 — bounds from marginal information
a4, by — bounds with variance constraints

A - Higher
dimensional
el

B — Risk bounds
under moment
constraints

C - Positive and
negative
dependence
information

specified risk
factor models



p=0.25% pP=1%

(A, B) (a, b) KMV (A, B) (a,b) KMV
A= 0% | (0%;50%) (0.25%; 0.25%) 0.25% || (0.50%; 100%) (1.00%; 1.00%) 1.0%
A= 6% || (0% 50%) (0.23%; 3.27%) 1.2% || (0.50%; 100%) (0.95%; 10.98%) 4.0%
A =12% | (0%;50%) (0.23%; 5.05%) 2.1% || (0.50%;100%) (0.92%: 16.27%) 6.3%
oA =18% || (0% 50%) (0.23%; 6.84%) 2.9% || (0.50%;100%) (0.90%; 21.18%) 8.7%
oA =20% || (0%;50%) (0.21%; 8.76%) 3.8% || (0.50%; 100%) (0.87%; 26.09%) 11.1%
o* =30% || (0%:; 50%) (0.20%; 10.85%) 4.8% || (0.50%; 100%) (0.85%; 31.13%) 13.7%

Unconstrained and constrained upper and lower 0.995-VaR bounds for several
combinations of default probability and correlation and VaR in the (one-factor)

KMV model
.ﬂ—H'\éher
o significant model error, ex. o = 6%, p = 0.25%, then et
99.5 % VaR bounds 0.2 %-3.3% Ba"mki"

C - Positive and
negative
dependence
information

ally
specified risk
factor models




Higher order moment constraints

Bernard, Rii, Vanduffel, Yao (2017)
Xi~F,1<i<nand ESK<c, k=2,...,K

—  strengthened upper bounds for VaR,(S,), modification of
RA-algorithm and theoretical bounds

VaR assessment of a corporate portfolio

q= KMV | Comon. | Unconstrained K=2 K=3 K=4
95% || 281.3 | 393.3 | (34.0; 2083.3) | (111.8; 483.1) | (111.8; 433.0) | (111.8; 412.8)
o= 99% || 398.7 | 2374.1| (56.5; 6973.1) | (115.0; 943.9) | (117.4; 713.3) | (118.2; 610.9)
0.05 99.5% || 448.5 | 5088.5 | (89.4;10119.9) | (116.9; 1285.9) | (118.9; 889.5) | (119.8; 723.2)
99.9% || 573.1 | 12905.1 | (111.8; 14784.9) | (120.2; 2718.1) | (121.2; 1499.6) | (121.8; 1075.9) A - Higher
95% || 340.6 | 3933 (34.0; 20833) | (97.3; 614.8) | (100.9; 562.8) | (100.9; 560.6) s
o= 99% || 539.4 | 2374.1| (56.5; 6973.1) | (111.8; 1245.0) | (115.0; 941.2) | (115.9; 834.7) B - Risk bounds
0.10 99.5% || 631.5 | 5088.5 | (89.4;10119.9) | (114.9; 1709.4) | (117.6; 1177.8) | (118.5; 989.5) under moment
99.9% || 862.4 | 12905.1 | (111.8; 14784.9) | (119.2; 3692.3) | (120.8; 1995.9) | (121.2; 1472.7) constrainte
95% || 388.4 | 393.3| (34.0; 2083.3) | (91.5; 735.9) | (93.4; 697.0) [ (92.0; 727.9) e o
o= 99% || 675.8 | 2374.1 | (56.5; 6973.1) | (111.8; 1519.5) | (112.4; 1174.5) | (113.7; 1083.9) dependence
0.15 99.5% || 816.1 | 5088.5 | (89.4;10119.9) | (112.8; 2098.0) | (115.9; 1472.7) | (116.9; 1287.6) nfermation
99.9% || 1178.4 | 12905.1 | (111.8; 14784.9) | (118.4; 4531.3) | (120.7; 2501.8) | (120.9; 1916.6) b=k

We report for various asset correlation levels p and confidence levels g the VaRs under the KMV framework (second
column), the comonotonic VaRs (third column) and the VaR bounds in the unconstrained and the constrained case (in
the last four columns between brackets — K reflects the number of moments of the portfolio sum that are known). The

VaR bounds are obtained using Algorithm 1.

specified risk
factor models



Conclusion:

("]

impact of variance and higher order moment constraints on
VaR bounds

considerable amount of model risk

knowledge of marginals 4+ variance (moments) does not
always allow to determine VaR’s with confidence

standard risk methods (based on factor models) like KMV,

Beta, Credit Metrics report similarly (why? and on what

basis?)

Variance (moment) restriction is a (global) negative & - Risk bounds

dependence assumption; it implies reduction of upper VaR
bounds.



C - Positive and negative dependence information

How does positive/negative dependence information influence
risk bounds?

X positive upper orthant dependence (PUOD)

PG = POX > x) = [[POG > x0) = [T Fitw)
i=1 i=1

X positive lower orthant dependence (PLOD)

if Fx(x) > [ Fitx), Vvx
i=1

X POD if X PLOD and PUOD

similary: X NUOD, ...




One-sided dependence information
F = Fx, F=Fx

one-sided dependence information
G increasing function, F~ < G < FT

G <prop F — positive dependence restriction  (lower tail)
G <pvop F — positive dependence restriction  (upper tail)
example:  G(x) =[] Fi(x;), X is POD

similarly:

F <prop H, F <puop H — negative dependence restriction

Williamson, Downs (1990); Denuit, Genest, Marceau (1999);
Denuit, Dhaene, Ribas (2001); Embrechts, Hoing, Juri (2003);
R (2005); Embrechts, Puccetti (2006); Puccetti, Rii (2012)



Theorem (improved standard bounds )
X risk vector, mirginals X; ~ Fi, GT, H|
FF<G<F", FF<H<F*
a) Standard bounds: ;
(V-(a), <r($:x <)
< min { N FT(s), 1}

b) If G < Fx, then

c) If Fx < H, then

U(s) = {x e R, Y7 | x; = s},
A G(s) = infcy(s) G(x) G-infimal convolution,

V H(s) := supycy(s) H(x) ~ H-supremal convolution



Improved Fréchet bounds:

@ higher dimensional marginals
various types of Bonferroni bounds
@ parameter uncertainty

@ ‘known domains’
F(x)=T(x), x€S§

(or“<” or“>")
d =2 Rachev, Rii (1994); Nelsen, Quesada-Molina,
Rodriguez-Lallena, Ubeda-Flores (2001, 2004);
Tankov (2011)
d >2 Puccetti, Rii, Manko (2016); Lux, Papapantoleon
(2016)
digital options on default times for bonds

result: improved VaR-bounds for options



Model for lower bounds: subgroup structure
Bignozzi, Puccetti, Ri (2014)

X = (X1,...,Xy) risk vector, F; = Fx,
{1,...,d} = ij lj k-subgroups
Y=(1,... ,JT/Z) satisfies:

k
Fy(X) = min Gj(X,')
115,
j=1
i.e. — Y has k independent, homogeneous subgroups

— components within subgroups comonotonic
Assumption: (x) Y < X, positive dependence restriction information
where < is <, or <y, typically: F; = Gj for i € [;

If k =d and F; = G;j then (x) ~ to PUOD resp. PLOD of X

k =1 and F; = G; = X comonotonic



Example: Pareto portfolio

lower bounds, homogeneous portfolio, d Pareto(2) risks, k
subgroups, d/k variables in each subgroup, Y <,, X

d=38 k=1

a=0.990  9.00 72.00
a=0.995 13.14 105.14

k=2 k=4 k=8

VaR,  VaRP VaR,  VaRP VaR, VaRP VaR, VaRP
9.00 36.00 9.00 18.00 9.00 9.00
13.14 5257 13.14  26.28 13.14  13.14
30.62  122.49 30.62  61.25 30.62  30.62

a=0.999 30.62 24498

lower bounds, inhomogeneous portfolio, d/2 Exp(2) risks and

d/2 Exp(4) risks

d=38 k=1 k=2 k=4 k=8
VaR, VaRP VaR, VaR? VaR, VaRP VaR, VaRP
@=0990 230 13.82 230 921 230 4.6l 230 230
@=0995 265 1589 265 10.60 265 5.30 265  2.65
@=0999 345 2072 345 1382 345 691 345 345

essential improvement of lower bounds for k = 1,2, 4;
POD alone does not improve lower bounds

A - Higher
dimensional
el

B — Risk bounds
under moment
constraints

C - Positive and
negative
dependence
information

D - Partially
specified risk
factor models



Stronger positive/negative dependence

conditions
X = (Xi,...,X,) (sequentially) positive cumulative

dependent (PCD) if

k—1 k—1
P<ZX{>t1|Xk>t2>ZP(ZX{>Q), 2< k<n

i=1 i=1
modification of PCD in Denuit, Dhaene, Ribas (2001)
(sequent.) negative cumulative dependent (NCD) if “<”




Proposition
If X is PCD, then

n n
5,% = ZX,'J_ <ex 5n Scx 5,‘7: = ZX,'C
i=1

i=1

Consequence:

Corollary (positive dependence restriction)
If X is PCD, then
a) TVaR,(S;r) < TVaR,(S,) < TVaR,(S¢)
b) LTVaR,(S1) < LTVaRa(S,) < VaRa(Ss) < TVaR,(S¢)

positive dependence information — improved lower bounds for
VaR and TVaR.




Proposition (negative dependence restriction)

If X is NCD, then
a) Sp <« Si and
b) VaR,(S,) < TVaR,(S,) < TVaR,(S;H)

negative dependence — improved upper risk bounds

Remark
a) Modification with negative depencence of sums of blocks
b) PCD is not directly comparable to POD, POD does not
imply convex ordering of sum
c) A stronger ordering wcs = weak conditionally ordered in :=:d -
sequence; Rii (2004) '

X<WCSV:»ZX <CXZV

i=1 i=1
This allows to extend to more general upper resp. lower

restrictions. In particular <yyas = PCD.



Example

Expected shortfall bounds, Y <pcs X
(d/2 Gamma(2,1/2) risks and d/2 Gamma(4,1/2))

d=8 unconstrained k=1 k=2 k=4 k=8
ES, ES, DU ES® ADU-S ES®  ADU-S ES®  ADU-S ES®  ADU-S
@=0990 1200 3827 2627 3827 —100% 29.15  —65.3% 2329 —43.0% 19.56  -28.8%
@=0995 1200 41.64 29.64 4164 —100% 3115 —64.6% 2452 —-422% 2033 -28.1%
@=0999 1200 4927 3727 4927 -100% 35.63  —63.4% 2721 -40.8% 2202 -26.9%

positive dependence, improvement of lower bounds

DU-S = VaR, — VaR,,,

constraints

ADU-S = reduction of DU-Spread by positive dependence e
information
D - Partially
ecified risk

sp
factor models




(Partial) independence structures
Puccetti, Ri, Small, Vanduffel (2014)

Assumption 1)
hoh I

a) independent subgroups h, ..., Ik — e ——
b) any dependence within subgroups
k n; nj
S = Z ZX,-J, Y = ZXU independent
i=1 j=1 j=1
k n;
K -1
sek=> > FjWU)
i=1 j=1
Theorem

Under independence assumption 1)

I
a

al := LTVaR,(5°%) < VaR! <VaR, < VaR
< b :=TVaR,(5%).



Gamma distributed groups:

d=38
a = 0.990
a = 0.995
a =0.999

k=1 k=2 k=4
VaR? VaR, b! e bl e b! en
33.37 38.26 3827 — 2015 —23.8% 23.29 —39.1%
36.82 41.63 4163 — 3115 —25.2% 2452 —41.1%
4459 49.27 4927 — 3563 —27.7% 2721 —44.8%

d =8, 4 Gamma(2,1/2), 4 Gamma(4,1/2), e, =1 — bl—al

VaRa-VaR,

Pareto distributed groups:

(a';b") ‘

k=1 k=2 k=5 k=10 k=25 k =50

a=0.95
o =0.99
a =0.995

(18.23;153.72) (20.21;116.32) (22.03; 81.54) (22.95; 63.93) (23.76;48.57) (24.15;41.09)
(22.24;207.84) (23.14;208.2) (23.92;132.28) (24.28; 95.97) (24.59;65.87) (24.73;51.98)
(23.17;388.91) (23.8; 269.08) (24.31;163.37) (24.55;115.34) (24.74;76.06) (24.83;58.25)

A - Higher
dimensional
el

B — Risk bounds
under moment
constraints

C - Positive and

negative
denend

(VaR\;mﬂ)‘

a=0.95
a=0.99
o =0.995

(18.24;153.3)
(22.26;297.64)
(23.2; 388)

Monte Carlo simulation of marginal and independence bounds, Pareto case with d = 50, 6; = = 3
and ¢;=1fori=1,... k.

information

D - Partially
specified risk
factor models



(e*,2) k=1 =92 =5 =10 k=25 k =50

a =095 |(—0.05;—0.27) (10.8;24.12) (20.78;46.81) (25.82;58.3) (30.26;68.32) (32.4;73.2)
a=0.99 |(—0.09;—0.07) (3.95;30.05) (7.46;55.56) (9.07;67.76) (10.47;77.87) (11.1;82.54)
o =0.995|(—0.13; —0.23) (2.59;30.65) (4.78;57.89) (5.82;70.27) (6.64;80.4) (7.03;84.99)

Monte Carlo simulation of marginal and independence bounds, Pareto case with d =50, 0; =6 =3
and¢i=1fori=1,..., k,e“:‘”’%ik’b.

Partial independent substructures:

{1,...,n} = UI (Xi;) independent for j € H C {1,...,k}

A - Higher
dimensional
el

B — Risk bounds

under moment

o L]
constraints
C — Positive and
o
d d,
Xin Xi2 Xou X2 Xo3 Xau Xzo Xaao Xa2 information

D - Partially
specified risk

Partial independent substructures.
factor models



Theorem (partial independent substructures)

For o € (0, 1) the following VaR bounds hold:
#=aP(a,H)= Y LTVaR(Sf)+ LTVaR(Z 5,?)

ie{l,...k}\H ieH
SVaR(S5) < Y TVaR(SH) + TVaR(Z 5,?)
ie{l,...k}\H ieH

=: bP(a, H) = bP.

>~ Sf is an independent sum,

icH n o

TVaR(S¢) = 3. TVaR(X;) and LTVaR(S¢) = S LTVaR(Xj)
j=1 j=1

are simple to calculate.




a=0.95 a = 0.995 « =0.995
Fi~ Gamma(s) 1) F~ N(ui1)  Fi~ N(O1)

(&' b") (27.58;76.02) (149.67;214.67)  (—0.33;64.66)
H={2,3,4,5} (26.83;90.4) (149.57;236.76)  (—0.44;86.76)
H = {3,4,5} (25.85;108.7) (149.47;257.93)  (—0.55;107.93)
H = {4,5} (24.8;128.81) (149.36;277.66)  (—0.64;127.66)
H={5} (23.75; 148.66) (149.28;294.6)  (—0.73;144.60)
(VaR, ; VaR, ) (23.76; 148.63) (149.29;294.59)  (—0.71;144.59)

Partial independence bounds with variation of independent substructure, d = 50, k = 5, j1; = i.

Remark
a) partial independent graph structures

& & 5 % A — Higher
dimensional
el

X X2 Xz o X . X1 Xs2 X3 ° Xai Xao B — Risk bounds
under moment
constraints

X231 X232 X341 3 PEFE) 5
negative
dependence

X3a21 X3a22 X423

information

Partial independent graph structures. D - Partially

specified risk
factor models

e e

o . o

X2 X X232 X X33 Xaan Xza3 Xzaon Xsap2 Xsanz Xao Xa2

Partial independent reduction.



b) combination with variance bounds

-0.32 266.5
085 N e
84.3
— 31547
269, — = ——————
10°5) 2 sy 800 10 57, 2 sy, 800
(@ a*V(a. 5, k) und a"(a, 5°) as functions of s> (b) bPV(a, s*.k) and b¥ (e, s*) as functions of s>

Variance constrained versus independence + variance constrained bounds a¥, a”V resp. bY, bPV.

| d=10]d=100 4 - Higher
imensiona
2239 | 2239.26 marginals
Ev 717 717.49 B; Risk bounds
a=0995 | 420 | 42027 uneer mement
constraints
. . . . . . - : . C — Positive and
Approximations of critical value s}, by Monte Carlo simulation with 10? repetitions of 10° simulations. negative
dependence
d =100, k=10 D - Partially
2 =20 52 =50 s =100 52 =200 5% =500 specified risk
factor models
=095 || (~1.03;19.49) (—1.62;30.82) (-2.20;43.59) (—3.24;61.64) (—3.43;6523)
(aPV;bPV) a=0.99 || (-0.45;44.5) (—0.71;70.36) (—0.85;84.28) (—0.85;84.28)  (—0.86;84.28)
@ =0.995 || (~0.32;63.09) (—0.46;91.45) (—0.46;91.45) (—0.45;91.45) (—0.46;91.45)
=095 || (~1.03;19.49) (—1.62;30.82) (—2.29;43.50) (—3.24;61.64) (—5.13;97.47)
(a¥;bY) @=099 | (—0.45;445) (—0.71;70.36) (—1.01;99.5) (—2.25;222.49)
@ =0995 || (—0.32;63.00) (—0.5,99.75) (—0.71;141.07)  (—1;199.5) (—1.45;289.2)

Approximation of (a7, b”V) by Monte Carlo simulation with 10? iterations of 10° simulations.



Examples (application to insurance portfolio)

d=11, k=4

Market  Credit Insur. Busin.

VANRVANRRVANRRVAN

Asset Non life  Reput. Life

. ooenat . .
VAN VAN VAN

//\ //\ /'/\\ /'/\\ LogN LogN Pareto
Gaussian marginals
Insurance risk portfolio.

b VaRy | VaR, | b//VaR, —1
a=99% | 147.34 - 148.46 — 149.66 | 168.37 | 209.59 —29.2%

b VaR} | VaR, | AVaR. (L))
a=99.5% | 173.37 - 175.18 — 176.96 | 202.89 | 249.55 —29.8%

b! VaR! | VaR, | AVaR,(L)
o =99.9% | 250.41 — 256.04 — 262.47 | 304.63 | 367.70 —30.4%

upper bounds b', VaR} = comonotonic VaR and VaR,, for 11-dimensional insurance portfolio

A - Higher
dimensional
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B — Risk bounds
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C - Positive and
negative
dependence
information

D - Partially
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Comparison of independence and variance bounds

QOutline
146

T Risk bounds
S under

B7.8 - A dependence
T 115 .
~— uncertainty

e 101 o mmmmmmes oo
356 | —

38

vect

2 s 2 * R
Sin & g% “min 5 Sy Additional
s S structural
and ...
(a) a”V(a, %, k) and a"(a, s?) as function of s2 (b) bPY(a, 2, k) and bY (e, s?) as function of s2 Ao Y
— Higher
dimensional
b
B — Risk bounds
under moment
constraints
C — Positive and
negative
dependence
information

D - ally
specified risk
factor models
Ordering
results for
risk models

Conclusion
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Two-sided improved bounds

improved bounds: positive dependence: G < Fx or Fx > G;
or negative dependence

problem: needs strong positive dependence and d small
two-sided bounds: Q < C < Q, Q, @ quasi-copulas

result: two-sided improved bounds
based on multiset-inclusion exclusion principle

example: 1B1U32UB3 = 131 + 152 -+ 133
- 181082 - 182083 - 1BlﬂB3 + 181032083

needs upper and lower bounds! Bonferoni inequality
parsimonious representation — reduction scheme

Lux, Rii (2018) exact duality result, attainment of bounds



Examples

1. C*(u)—6 < C < C*(u)+ 0, C* Gaussian equi-correlated

=01 0=04 0=08

i.standard  scheme i.standard  scheme  impr. | i.standard  scheme  impr.

a | (low:up) (low: up) (low:up) (low:up) % | (low:up) (low:up) %
0.95 34:450 82:248 36:412 72:281 44 78:314 92:262 28
0.99 9.0:106.2 15.9:56.7 0:1053 14.9 :80.8 32 17.4 : 849 18.6:82.2 6
0.995 | 13.3:153.0 19.0: 90.0 133:1530 180:1530 3 |23.4:1260 228:1250 0

Improved standard bounds on VaR of Xj +...+ X5 and VaR estimates via reduction schemes for § = 0.0005.

2. CE<C< Cf, Gaussian-copula

Improved standard bounds on VaR of X; ...+ Xz and VaR estimates computed via reduction schemes using C= and CE.

3. Subgroup models, C% < C,, < C% bounds for subgroups

0=-017=02 =0
i.standard  scheme impr. | i. standard  scheme  impr
a | (ow:up) (ow:up) % | (low:up) (low:up) %
095 | 3:32 8:26 38 | 1:30 7:20 24
0.99 9:74 20:52 51 2:74 18: 63 37
26:70 52 | 3:104  25:86 40

0.995 | 13:104

copulas by Frank-copulas

Improved standard bounds and VaR estimates via reduction schemes for X + ... + Xig given distributions of subgroups.

m=4

m=2

i standard  scheme impr.

(low : up)  (low: up) %

i.standard  scheme  impr.

(low:up) (low:up) %

0.95
0.99
0.995

=8
i. standard  scheme
(low : up) (low
42:113 59
82:210 108
105:266 135

22:150 39:112 43
42 : 264 6 75 51
53:329 B3 : 206 55

12:193 28 : 150 33
21:329 42218 43
43 : 403 51 : 252 44

]
marginals

B — Risk bounds
under moment
constraints
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D — Partially specified risk factor models

Bernard, Rii, Vanduffel, Wang (2017)
risk vector X = (Xi,...,X,), risk factor Z

factor model: X; = fi(Z,¢)),

Z systemic risk factor, ¢; individual risk factors

Assumption: known H; ~ (X;,Z), 1 <j<n

but not joint distribution! — marginals F; and Z ~ G

H = (H;),F = (F)). conditional distribution Fj, known
A(H) = {(X, 2):(X;,Z2) ~ Hj, 1 <j <n}

partially specified risk factor model

M°(t) = sup{P(S > t); (X, Z) € A(H)}
Wb

«

= sup{VaR,(S5); (X, Z) € A(H)}

similarly VaRo, TVaR., VaR?, ...



Proposition (improvement over marginal bounds)
M®(t) < M(t) := sup{P(S > t); X € A(F)}
VaR_ < VaR,, TVaR. < TVaR,

Let Fjz = Fxjz=z) Fz = (Fj2)

M (8) = sup { P71 X = )i (X,2); € Ar(Fa) }
similarly M, (t), VaRa(S;),...,S: = > X;,

Proposition (sharp tail risk bounds)

We have
a) M°(t) = [ M,(t)dG(2), M,(t) = [ M,(t)dG(z2)
b) VaRe = (M")1(1-a), VaRE = (M®)"1(1 - a)

(M°)~1(1 — @) = sup{t : M"(t) > 1 — a}



Mixture representation:

X = Xz with X, = (X;,) € A(F), ZL(X;..).

Fs = [ Fs,dG(2)

a € , by = esssup, g VaR,(;)(Sz) «a defined on range of Z.

Proposition (VaR representation of mixtures)

VaRy(S7) = b* i=inf { bu;a € ¢,/a(z)dG(z) > 6}

g2(@) 1= VaRa(S;) ta

YER: 7z =g (7) = Fs.(v)
inverse y-quantile of S, ~ probability on {Z = z}

v*(8) := inf {7; 72dG(z) > B},

i.e. choose smallest v such that total probability of test v,

/ v,dG(z) > B.




Theorem (worst case VaR in factor model)
a) VaRg(Sz) = v"(6)
b) VaR = 7°(8) = inf{; [ 7,d6(2) = 5}

q,(a) = VaRa(S:),7, = (62)71(7)
worst case inverse y-quantile

simplified upper bound:
t;(a) = TVaR,(S5) = ZJ 1 TVaR.(X; )

-~ au(0) < 1(9)
= 7(8) <53 =it {i [ & 0)a62) = 5

Worst case for 7} is conditionally comonotonic vector




Corollary

a) VaRg =7*(8) < 7;(8)
b) T,f :=TVaRy(SS), U ~ U(0,1), then

VaRs(T7) = ¢ (B)

various methods to calculate these bounds
Example (Pareto distributions: p parameter for dependence)

Xt=1-2)3—14¢
X2=1((1-2) 1)+ (@ —1)(Z27—1)+¢?
5{: ~ Pareto(6,)

eh e? ~ Pareto(4), Z ~ U(0,1)

VaR,(T5) — VaRo(T5)

TVaR,(5¢) — LTVaR,(5¢)

I ~%B(1,p), A:=1-



Bounds on TVaR,,,

" o1 0z 03 0s 05 06 07 05 05

p dependence parameter; p = 0 ~ strong negative dependence; p = 1 ~ strong positive dependence

T or 0z o3 04 05 06 o7 05 05 1
®

bounds for the variance, TVaR at 95% and TVaR at 99%

n=50 | VaR, || TVaRa(5) VaRa (TF) || LTVaRa(5€) VaR. (T7) || A

p=00| 157 378 266 68 149 62%
p=02| 158 354 267 69 151 59%
p=04| 164 340 211 70 157 58%
p=05| 169 338 274 70 161 58%
p=06| 175 340 218 70 167 59%
p=108| 189 354 289 69 181 62%
p=10| 205 3718 300 68 198 67%

p ~ 0 = strong negative dependence, p ~ 1 = strong positive dependence

upper and lower VaR bounds, 6, = 4, VaR, independence

A - Higher
dimensional
el

B — Risk bounds
under moment
constraints

C - Positive and
negative
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Applications and generalizations
Generalized mixture model: Z € D = Dy + Dy + Ds

PX = p1P' + pyP? + p3P3,  pi = P(Z € D))

ze Dy = P.=F! fixed distribution
z€ Dy = P? e F(F,) risk factor information
z€ D3 = P3 € F((Gj)) marginal information

special case:

Bernard, Vanduffel (2014)
central part
{Z=0}={Xec A} = P!
{Z=1} ={X € A°}
only marginal information

sp! sl
factor models




Consequence:
a) M(t) —p1P1 Zx >t /I\/I t)dP?(z) + ps M3(t)

b) S = ZX,- < I(Z € D)FY(V)
= +1(Z € Dy)S5 7+ 1(Z € D3)S§

S5, = Zle ’:szl(U)' 55 7z ~ conditionally comonotone

,Z

Examples (mixture models)

X =1(Z,¢5)
Bernoulli mixture model (credit risk)
P(X=x|Z=2)=]]p(2)"(1 - pi(2))' i

mult. variance mixture model
X=pu+vWe, e~ N(0,X), W stochastic volatility



4. Ordering results for risk models

A) Subgroup structure models
subgroup models in: Bignozzi, Puccetti, Rii (2015) and
Puccetti, Rii, Small, Vanduffel (2015)

subgroups {1,...,d} = Ufle l;, risk vector X

lj I
A —
| | | | | |
[ [ [ [ [ |
Ordering
BPR: JZ < X positive dependence restriction results for

(or X < Z  negative dependence restriction)
< positive dependence ordering

(e-g- <uor Zc, Swesy Ssm, édcx)

Z independent subgroups, Zj, comonotonic

PRSV: {X;.} independent, within subgroups any dependence



stochastic ordering within subgroups and between
subgroups
Ri, Witting (2017)

X risk vector, Z comparison vector, split into subgroups

Yi=2 e Xi Wi=3>c,Z subgroup sums

Y~ G, Wi~H, Y=(Ya,...,Y), W= (W,..., W)
S=Yi Y, T=XLW

Ordering within subgroups: G; < H; (resp. G; > H;)

plus ordering of copulas: Cy < Cyy (resp. = or > ) between
subgroups

— leads to wide range of ordering results for risks and risk
bounds

— combination with partially specified factor assumptions
within subgroups

— worst | best cases in submodel classes

Ordering
results for
risk models



Stochastic Ordering

X=(Xt,....Xm), Y =(Y1,...,Ym)
X conditional increasing (Cl) if

Xi Tst XJ5 VJC{lvam}\{l}
X conditional increasing in sequence (CIS) if

Xitst (X1,...,Xi—1), Yi<m

X <wes Y  weakly conditional in sequence order if ot o
risk models
COV(]-(X,->X,-)> f(X;_H, ce ,Xm)) < COV(]-(Y,->x,-)7 f( Y,'_|_1, ceey Ym))
for all f 1

X weakly associated in sequence (WAS) if X+ <yes X

o PXi+1) <o PX(i+1)‘Xf>X", Vi,V X,

Xiv1) = (Xiz1, -, Xm)



Theorem (relations between orderings)

a) Cl= CIS= WA = WAS

)
b) V —Y, and X <wyes Y =X <m Y
) Vi:Xi<x Yi and X <pes Y = X <¢4x Y
d) IfCX =Cyis Cland X; < Y:, Vi then X <ues Y
e) Cx <sm Cy and Cy is Cl,

then X;i <cx Yi= X <wes Y

Ordering

results for
risk models

Remark
C), d) imp/ies: CX = Cy is CI, X,' <cx Y,
= X <gx Y (Miiller, Scarsini (2001))

ordering results — cx ordering of joint portf. sums



Elliptical Copulas

S ~ Eq(p, X, ) if ox(t) = et hd(tT5t)
= XZ 4+ RAU, ATA=Y, U~ unif(Sy_1) and RLU,
Y ~ correlation matrix of X

A € R4 M-matrix, if ajj < 0,Vi# j and principal minors
positive.

Proposition (Cl-property) Ordering
results for
risk models

a) X ~ N(0,X), then: X is Cl & ¥ ! is an M-matrix
b) X ~ E4(0,%,®F), ®R(t) = [o(LtTxt)dPR(r),
& ~ radial part of N(0,X)
Y~ M-matrix = X is Cl

normal case, Rii (1981)



Theorem (Dependence ordering in elliptical models)
X~ Eq(p1,21,®), Y ~ Eg(po, X2, P)
a) p1 < p2, X1 Sped L2 :>X<.cx Y

b) p1 = o, a,(J) <0,(,)7VI¢J, =0 vi,
then X <¢m Y

c) p1 = 2, O'I(J) () , Vi, j, then X <4 Y

a) Pan, Qiu, Hu (2016);

b) Block, Sampson (1988); Miiller, Scarsini (2000) normal case;

b), ¢) Ansari, Riischendorf (2019); Yin (2019) general case

Ordering
results for
risk models



Dependence structures within subgroups
C = Cy copula between subgroups fixed

Proposition

C = Cy = Cw is WAS (or CIS)
a) IfY; < W;, 1 <i<k, then

k k
S=) YisuT=) W
i=1 i=1

in particular: LTVaR,(T) < VaR,(S) < TVaR,(T)
b) If W; <« Yi.1<i<k, then

Ordering
results for
risk models

T <« S and TVaR,(T) < TVaR,(S)



Remark

In particular
unknown dependence within subgroups, then

Xi; <sm Zi; = (F7H(Ui)jer
= Yi<aWi=) FH(U)
JEIi
I (Us,...,Ux) ~ Cis CIS,
Ordering

then: X Ssm Z and 5 SCX T r_eskults f:l)rl
partially specified risk factor models within subgroups e
Bernard, Rii, Vanduffel, Wang (2016)

X; = f;(Zf,¢;), j € I, partially specified risk factor models

= Yi=) X <o Wi=) Xiy

Jel; Jel; conditionally comonotone



Example

d risks, k independent subgroups /;
partially specified risk factor models within subgroups

half of X;: X; = (1 — U) 3 -1 +e
half of X;: X = p((1 = U)™/> = 1) + (1= p)(U; * = 1) +¢;

gj ~ Pareto(4),p € (0,1) oo
Cc=ct independent subgroups copula, C = Cy = Cyy results for

risk models

p=0.0 p=0.2 p=0.5 p=0.8 p=1.0
(MQ,WQ) (68; 392) (69; 367) (70; 349) (69; 368) (68; 391)

Sharp VaR bounds with marginal information only d = 100, o = 0.95.




Example (cont.)

p=20.0 p=02 p=05 p=038 p=10
k=1 b(TVaR,) (68; 474)  (69; 376)  (70;372)  (69; 384)  (68; 402)
b(TVaR%)  (72; 297) (72; 301) (71; 320) (69; 351) (68; 376)
b(VaR%) (132;263) (134;265) (145; 273) (164; 286) (182; 296)
k=2 b(TVaR.) (72;385) (74;295)  (74;295)  (74;301) (73; 313)
b(TVaRL)  (76;231)  (75;234) (75 247)  (74;260)  (73; 287)
b(VaR%) (121;209) (122;210) (130; 216) (146; 227) (158; 237)
k=5 b(TVaR,) (77; 305) (77; 222) (77; 226) (77; 229) (77; 234)
b(TVaRY)  (79;173)  (79; 174)  (78;183)  (77;197)  (77; 208)
b(VaR%) (110;161) (110;162) (116; 167) (125; 174) (133; 180)
k=10 b(TVaRs) (79; 266) (79; 186) (79; 193) (79; 193) (79; 195)
b(TVaRY)  (80; 144)  (80; 145)  (80; 151)  (79; 161)  (79; 169)
b(VaR%) (101;137) (102;138) (107; 141) (113;146) (119; 151)

VaR bounds with and without factor model information for various group

sizes, d = 100, a = 0.95, k = 1,2, 5, 10.

Ordering
results for
risk models



Dependence structure between subgroups
C=Cy, D=Cy
Proposition
a) C <wes D and Y; < W;, then
5= zkj Vi< T = ij Wi
i=1 i=1

in particular:
Ordering

LTVaRa(T) S Vara(S) S TVaRa(S) S TVaRa(T) results for
risk models
b) Wi, <ex Yi, D <wcs C, then

T <& S and TVaR,(T) < TVaR,(S).

Similar comparison also in terms of <gm, <gex



Example

General dependence within subgroups

a) unconstrained bounds

d =50 | (VaR,;VaR,)  (a;b)
o =0.95 (18;153)  (18; 154)
o = 0.99 (22; 298)  (22; 298)
a=0995 | (23;388)  (22; 389)
b) C <wes D = C* independent subgroups
k=2 k=5 k=10 k=25
a=095 |(20;116) (22; 82) (23; 64) (24;49)
a=0.99 | (23;200) (24;132) (24; 96) (25; 66)
o =0.995 | (24; 266) (24; 163) (25; 115) (25; 76)

negative dependence between groups

Ordering
results for
risk models



Example (cont.)

c) Upper bound D : Gauss copula resp. t-copula

k=2 k=5 k=10 k=25 A

Tab. A:  Cor=01 a=095 (20;119) (22;88) (22;73) (23 71) 58
=099 (23;214) (24 142) (24;116) (24;110) 130

o =00995 (24;271) (24;174) (24;135) (24;131) 174

Tab. B:  Corr=0.25 «=0.95 (20; 124)  (21; 98) (22; 86) (22; 78) 58
=099 (23;222) (24 161) (24;134) (24;115) 107

a=0095 (24;283) (24;197) (24;160) (25;135) 135

Tab.C:  Corr=05 a=095 (19;132) (20;116) (21;109) (21;105) 27
=099 (23;242) (24;200) (23;183) (24;172) 70

a=0995 (24;308) (24;248) (24;225) (25;210) 98

Tab. D: v =50, a=0095 (20;110) (22;89) (22;74) (23;63) 56
Corr=0.1 a=099 (23;215) (24;146) (24;114) (24;90) 125

o =00995 (24;274) (24 179) (24, 137) (25;105) 169

Tab. E: v=50, «a=095 (20;124) (21;99) (22;88) (23;80) 44
Corr=025 «=099 (23;224) (24;164) (24;139) (24;122) 102

0 =00995 (24;285) (24;202) (24;168) (24;144) 143

Tab. F: v=10, a=095 (20;125) (21;102) (21;93) (23;87) 38
Corr=0.25 a=0.99 (23;230) (23;177) (24;157) (24;144) 86
a=0995 (24;204) (24;223) (24;196) (24;177) 117

VaR bounds in subgroup model with Gauss copula in A, B, and C
and with t-copula in D, E, and F. A denotes the difference between
upper bounds for k =2 and k = 25.

Ordering
results for
risk models



Example (cont.)

d) Upper bound D : Clayton resp. Gumble copula

k=2 k=5 k=10 k =25 A

Tab. A: 9=1 a=095 (20;122) (22;94) (22;81) (23;71) 51
a=099 (23;216) (24;147) (24;116) (24;92) 124

a=0.995 (24;274) (24;179) (24;135) (25;103) 171

Tab. B: 9=3 «a=095 (20;130) (21;108) (21;98)  (22;90) 40
a=099 (23;227) (24;166) (24;138) (24;119) 108

a=0.995 (24;285) (24;198) (24;160) (25;132) 153

TabC: 9 =10 =095 (19;140) (20;128) (20;122) (20;118) 22
a=099 (23;244) (23;196) (23;176) (24;162) 82

a=0995 (24;304) (24;232) (24;202) (24;180) 124

Tab.D: 9=15 a=095 (19;140) (19;132) (20;129) (20;127) 13
a=099 (23;272) (23;258) (23;254) (23;250) 22

a=0995 (23;353) (23;338) (23;329) (23;327) 26

Tab. E: 9=3 a=095 (18;151) (18;150) (18;149) (18; 148) 3
a=099 (22;294) (22;290) (22;290) (22;289) 5

a=0995 (23;383) (23;379) (23;379) (23;375) 8

VaR bounds in subgroup model with Clayton copula in A, B, and C

and Gumbel copula in D and E.

Ordering
results for
risk models



B) General ordering results for risk models

B1) Elliptical models

sm, dcx ordering in elliptical models
= ordering in risk classes

classes of examples: Ansari, Rii (2019,2020, 2023)

1) Correlation bounds: M; = {X € E4(p, X, ®); X < ¥“}

Ordering
results for

Let Y ~ Ed(,l,L7 Zu, q)), then risk models
Theorem

If X € My then X <y Y.



2) Bounded partial correlations

Mz = {X € E4(0,%,0); T € M&,, |0y1:(-1)| < bi, Vi < j}
partial correlations corresponding to C-vine structure

Y(oij1:(i-1))

Oij1:(k—1) ‘= Oki1:(k—1)0kj,1:(k—1) )
k
+Uulk\/l Tiia kl)\/l Ol 1i(k—1)
Ordering
results for

and generalized correlations ~ = (o) by risk models

(2_1).Deﬁnefork:i—l,...,l

i =1, Ojj = 0ji = 0jj 1.0, i <], then:

PIES Mg’or and V):’ = (O-{j) € Mgor 3(0,‘]71;,',1)

such that (x) — X', i.e. 0y = 0.

If Y € E4(0, %, ®), then 0,11y is partial correlation and
identical to correlation of Y;, Y; | Y1,...,Yi1



Proposition

31 — 1 correspondence between M (ie. positive definite
correlation matrices) and generalized partial correlations of a
C-vine structure

Define recursively
ajji-1=>b;, 1<d-1

Aj k-1 = 3i,k71 +aik(l—af_y1), k<i—1  (xx)

a; .= a,'70 Ordering
results for
. . isk models
YU=(o4), of=1 ol=ajp;, [#] -
ij/ i ) ij IVE

Theorem
Let Y ~ E4(0, XY, ®), then: Y € My and for all X € Mj:

XSSmY

Remark: For partial correlations ~ D-vine recursion in (x) does
not lead to correlation matrix.



3) Ordering of worst cases in partially specified risk
factor models (PSFM), elliptical specifications
L= (i} f)’ E2(07Z7¢) = E2(0797¢)

Mz = {X : 3Z riskfactor, (X;, Z) ~ E»(0, 0;, P)}
X1 Xo L. Xi Xy

Ordering
Z results for

MY model with transformed marginals F; ek medet
M(a,b) = ab+ V1—aVI- B2, Xf, = Fyly (V)

X5 cond. comonotone risk vector



Proposition (Worst case risk model)
1) X5 e Ms
2) X <sm X§ for all X € M3
1, =

3) X5~ E4(0,X,9), X = (i), 0jj =
) BOEO) =) {M(@;,QJ), i

cond. com. is elliptic
.. ,
Similar result for M3 S

results for
risk models

Theorem (Ordering of worst case models)
(Xia Z) ~ E2(07 Oi, (D), (\/Ia Z) ~ E2(07 Q:a CD)
XE <sm ch < M(Qia Qj) < M(Qi’a Qj’)a Vi, j

comparison of cond. com.



PSFM, partial specifications from elliptical models with
different generators and bounds on the correlations, marginals
have upper bounds in convex order

4) Lower and upper bounds on correlations
Let M(01,02) >0, b >0, Z ~ Xg41

d+1.
5@1792 e {z S Mc(;t , 0’,7d+1 S Q]_ < Q2 < Uj,d+17
1 S I S P <J S d} Ordering

results for
risk models

® a given generator

My ={X:3Z,(X,Z) € Egra(p, L, V), X € S,
Ve (Drank():)v R2,\IJ <st R2,d>}

elliptical model with bounds on correlations



PSFM with correlation bounds
Additional flexible marginal classes
For n € @5, satisfying positive dependence condition Cl

0= M(o1, 02)

Co = {C € Cy; C copula of Ex(0,r,n),r < o1}
D% = {C € Cy; C copula of Ex(0,r,n),r > 02}

Ordering

For given F; ¢ F! results for

risk models

Fi={FiF <o Fi}

Ms ={X:3Z,Fx, € Fi, Cx,,z € C®, CXJ-,Z € Do,
1<i<p<j<d}

PSF elliptical factor model with bounds on correlations



Define ¥ = (a,'j)

1 l,j<porp<ij<dori=j=d+1
M(o1,00) 1<i<p<j<d,1<j<p<i<d
o —
! 01 1<i<p,j=d+lorl<j<p,i=d+1
02 1<i<dj=d+lorp<j<di=d+1
Theorem
1) For (X,Z) ~ Eqi1(p, X, ®) holds o

risk models

XeMygand Y <qx X, VY € My

2) For (X', Z') € E441(0,X,n), n Cl, define
W= (F,-_l(Fx;(Xi’))). Then it holds:

W e Msand Y <4 W forall Y € Mg



B2) General factor models Ansari, Rii (2020, 2023)

s-product of copulas D' € &, 1< i < d; (Bt)eefo,1) C Ed»
g D' (1) :/ B.(9:D*(u1, t), .., 02D (ug, ) dt
0

continuous case, extension of Durante, Klement (2007) for
d=2

— Sklar Theorem for completely specified factor models
— Ordering result w.r.t. conditional copulas

Proposition

/f(Bt), (Ct) and Bt = Ct, vVt
< = Ko, Suos Ssms Sdex

then kgD’ < ¥ D'

Ordering
results for
risk models



Ordering results w.r.t. specifications

B = (B:) componentwise convex copula.

Theorem (Ordering for componentwise convex copulas
B = (B:))

IfD' <, E', 1 <i<d, then
*}gD' <gm KgE'
several variants: <go, <jo, ... s

particular ordering conditions: Schur ordering, § e &
- . risk models
ordering,componentwise concave copulas . ..

methods: Ky-Fan-Lorentz-Theorem, mass transfer theory,
Miiller; Meyer and Strulovici

application to: positive, negative dependent copula products;
leads to :ordering results in subfamilies of factor models



Conclusion

@ Risk bounds with marginal information, portfolio vectors ~
L2-mass transportation; determine worst case w.r.t. general law
invariant convex risk measures

@ Risk bounds with marginal information can be calculated,
typically (too) wide

Various reductions by including additional information
@ Higher dimensional marginals (reduced bounds)

@ Variance constraints, higher order moment constraints
good reduction, when constraints are small enough

Conclusion

@ partial independence structure (combined with variance
information)
— strong reduction of dependence uncertainty ,realistic bounds

@ partially specified risk factor models,good reduction

@ ordering results — worst case models in general classes of factor
models
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