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ON CONDITIONAL STOCHASTIC ORDERING OF
DISTRIBUTIONS

LUDGER RUSCHENDOREF,* University of Miinster

Abstract

Conditional stochastic ordering is concerned with the stochastic ordering of a pair
of probability measures conditional on certain subsets or sub-o-algebras. Some basic
results of conditional stochastic ordering were proved by Whitt. We extend some of
Whitt’s results and prove a basic relation between stochastic ordering conditional on
subsets and stochastic ordering conditional on o-algebras. In the second part of the
paper we consider the ordering of conditional expectations. There are several
different formulations of this problem motivated by different types of applications.

MONOTONE LIKELIHOOD RATIO; MAXIMAL INEQUALITIES; ASSOCIATION

1. Introduction

The problem of conditional stochastic ordering of distributions is a natural and
well-motivated problem, and one can find in the literature a lot of examples and
applications for the conditional stochastic ordering. To mention a few of these
applications let X, Y be two life lengths. Instead of comparing only X and Y with
respect to the stochastic ordering =, say X= Y, in survival analysis it is more
useful to compare the conditional life length PXX==_ pYIY= for r=¢, Here
PXIXZ denotes the conditional distribution of X given that X 1.

In reliability, let X, Y be two systems whose reliability is to be compared.
Typically, their behaviour depends on the state of (a part of) the remaining
components say Z. So a useful comparison between X and Y is to compare the
conditional reliability probabilities, say for example PX|72“ = PY12=% where u is a
certain vector in {0, 1}* or even the conditional distributions PX1Z=_ P¥1Zas. In
some applications it will be difficult to specify the whole conditional distributions. In
these cases it might be more natural to compare only the conditional expectations,
say E(X | Z)=4E(Y | Z) or the conditional variances. If X is a vector random
variable, then it might be of interest to compare only the conditional distribution
functions or conditional survival functions, e.g. P(XZu |Z)=P(YZu|Z) as.,
u € R, which by some well-known results implies corresponding comparisons of the
system reliability. A weaker form of comparison (for k =2) is to consider the
conditional covariances E(X;X,|Z)=,E(Y,Y,|Z), or the covariances of the
conditional expectations E(X, | Z)E(X, | Z) =, E(Y, |Z)E(Y, | Z).

A general class of models where such questions arise is latent variable models,
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On conditional stochastic ordering of distributions 47

which have a wide range of applications. In Holland and Rosenbaum [5] some of the
applications to psychometrics, population genetics, factor analysis, response models
and reliability are discussed. In particular the question of conditional stochastic
dependence (positive or negative) is discussed in their paper. Questions of positive
stochastic dependence are a special case of conditional stochastic ordering. Consider
e.g. the positive orthant dependence (POD) of two random variables X, Y defined
by P(XZu, YZv)ZP(X Zu)P(Y Zv). This relation is equivalent to P(X =
u|YZv)ZP(XZu) i.e. to the conditional stochastic ordering relation PX/Y=v=_ pX
(we can write formally also PX = PX'IY3Y where X', Y are independent and X' has
the same distribution as X).

Some general results on conditional stochastic ordering were derived in several
papers of Whitt [12], [13], [14]. Conditional stochastic ordering has been considered
in the literature in particular for the stochastic ordering with respect to monotone
functions and for variability and dispersion type orderings (cf. [12], [13], [14], [7],
[2]). We shall discuss some general results relating the ordering of elementary
conditional probabilities to the ordering of the conditional distributions and derive
some bounds in problems which are motivated by the applications discussed above.

The framework of this paper is the following. On the Borel space (E, &) let
P, Q € M'(E, s{)—the set of probability measures—and let U c £, () be a subset
of the non-negative measurable real functions. The U-ordering =, on M'(E, ) is
defined by

1) P=,0 if fhdpgfhdg forall he U.

Let €c o be a subset of measurable sets. Then one defines the conditional
U-ordering =, ¢ by

@) P=y,4Q if P,=,Q0, forallAeg,

where P4(B):=P(ANB)/P(A) is the elementary conditional distribution for
P(A) >0, while we define [ hdP,=0 for P(A)=0, he U. If §={E}, then =, ,
is identical to =,. If €=A for some A€ o, then P=, 4Q is equivalent to
Pi=y,40a-

In Section 2 we derive some general results for the conditional U-ordering.
Section 3 contains some applications to the conditional stochastic ordering with
respect to monotone functions. Finally in Section 4 we consider the question of
stochastic ordering of conditional expectations and correlations.

2. Conditional ordering of distributions

For a sub-o-algebra B c o let Py denote the conditional distribution of P given
A. Define

(3) PQ §U QQ
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48 LUDGER RUSCHENDORF

if for any h € U there are versions hp of [ hdPg=Ep(h | B) and hg of Ey(h | B)
such that hp = hy[P + Q], i.e. hp = hy a.s. with respect to P + Q.

Lemma 1. If (B,),cn is a measurable partition of E and B = o({B,; n e N}), then
it holds that

“4) Py =y Q0p,, neNS Py =y 0g.

Proof. The proof is obvious from the formula

) f hdPy = gl ( f h dPB")lB", f hdQg = ,,21 ( f h dQBn)IBn.

To extend Lemma 1 to general sub-o-algebras we need the following lemma. An
index set T with a partial ordering = is called upwards filtering, if for any s, te T
there exists an element u € T with s Su and t S u. Let L(A)(ZL,()) denote the set
of all (non-negative) &f/-measurable real functions. Let 7> denote convergence in
probability.

Lemma 2. Let (T, =) be an upwards filtering index set and let f,, g,, f, g € £(A),
fim f, &p> & If ,=g[P], then there exist versions f of f (with respect to P) and
g of g (with respect to Q) such that

f=glP+0l
Proof. Assume at first that P << Q. By the £ —  characterization of continuity we
have: V&' >0:3e>0, e = ¢’, such that Q(A) < € implies P(A) < ¢'. By assumption
for 6 >0 there exists a t,s€ T such that Q(|lg,—g|>d6)<¢' for t=t, ,. By
continuity, therefore, P(|g, —g| > 0) <e for t=t, ,. Similarly, there exists 7, s€ T
such that for t=7, ,:P(|f,—f|>6)<e For t=t, , and t =7, ; we have P(f>
g+20)=P(f —fl>0)+P(lg —8|>0)=2¢e So we have f=g[P]. With A:=
{dP/dQ =0} and f :=f1,.+ g1, it holds that f,7> f and f Sg[P + Q].
In the general case let u:= P + Q and let
dP _dP/du
dQ dQ/du
denote the generalized likelihood ratio. Arguing with the continuity part of P with
respect to O we obtain as in the first part of the proof the existence of some versions
f of f (with respect to P) and & of g (with respect to Q) satisfying f =[P + Q].

Theorem 3. For U c £ ({P, Q}) and a sub-o-algebra B c A:
(6) P=,3Q impliesthat Pz =, Q.

Proof. Define T := {t=0({B;}); (B;) = B is a measurable partition of E}. T is
upwards filtering and by the L'-martingale convergence theorem (cf. [9], p. 95) for
f € Uit holds that: f,:= Ep(f| t)— Ep(f| B) in £'(P) and g, := E4(f | {)— Eo(f | B)
in £'(Q) implying that f,> Ep(f | B), 87> Eo(f | B). Since by Lemma 1, f,=
Ep(f | )= Eo(f | t)=g[P] we obtain from Lemma 2, Ep(f | B)=Ey(f | )[P],
where we identify Ep(f | 8) with a suitable version f as in Lemma 2.
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On conditional stochastic ordering of distributions 49

Remark 1.

(a) The converse direction in Theorem 3 is generally false. Take for example
B = o; then for any h € £L,(A), Ep(h | B)= Ey(h | B) holds, i.e. Pg =, Qg is trivial
but P= 5 Q obviously is not. The valid ‘equivalence’ formulation of Theorem 3 is:
P=y, 0 if and only if P¢=y Q¢ for all sub-o-algebras € = B. This equivalence
follows from Lemma 1.

(b) There is the following extension of Theorem 3 to certain generating systems.
Let Uc Z.({P, Q}) and let & c o satisfy the following two conditions:

1. By, B, € € implies that B,N B,, BN B3 € &,

2. There exists a sequence E, € € with E, 1 E.

If P=y ¢ Q, then Py =, Qg with B:= 0(%).

Proof. Define T := {t= o({B;}); (B;) = € is a measurable partition of E}. Then
by assumptions (a), (b) T #J, T is upwards filtering with o(U,.rt) = B. Now the
proof is analogous to that of Theorem 3.

Proposition 4.

(a) If P is a mixture, P = fg Py du(6), peM'(0©, €), and Py=, ¢Q for all
0€0O, then P=y 0.

(b) If T:(E, d)—>(E', '), P,:=P(-|T=y) is the conditional distribution,
then P, = ¢ Q for PT almost all y € E’ implies that P=,, ¢ Q.

Proof.
(a) For h € U the following holds:

fthA=;)—(—1A—5Lth=F(—IX)—L(Lth9)du(6)

_ P_(l;ﬁ L Po(a)( [ h dp,,,A) du(8) = Q(A).

(b) follows from (a).

Part (a) of Proposition 4 is a generalization of Theorem 2.4 in [12]. There are some
elementary bounds useful for conditional ordering.

Proposition 5. For he U c %,(H), B = o holds:
(a) fA,Bed, ANB=(, then

@ min (IthA’ IthB)éfthAugémax (fthA, fthB).

(b) With hp p:=essinfp Ep(h | B)15, hP:=esssupp Ep(h | B)15 and hg 5,
defined similarly it holds that:

@®) hQ,B—hggfthB—fth,,éhg—h,,,B.
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50 LUDGER RUSCHENDORF

(c) If L=dQ/dP is the generalized likelihood ratio, Ly := esssupp (L1;), then
for he U:

P(B
©) [ nagy=( ((B; Ly) [ haPy+ [ Wy d0s.
(d) If Px=yQs and heU implies Ey(h|B)lzelU for Be Ec B, then
[phdP=[,hdQ, Be&.

Proposition 6. For P € M\(E, &), h € £,(4) and A € o{ with P(A)ZP(h=t)>0
the following hold:

(a) Ph=, P{,,;,}, =, denoting stochastic order.
(b) JhdP = [hdPyz,.

Proof. (a)
P((hZu)NA) _P(hZu) _PhZu)
P(A) = P(A) ~ P(h=@)

for u>t. For u<t this inequality holds trivially. This implies part (b) by a
well-known integration by parts formula.

Py(h=Zu)=

= P(hgt)(h g u)

Remark 2. If h is monotonically non-decreasing on E =R’, then {h =t} is of the
form [u, ®) or (u, ©) with u=h"(t) the generalized inverse, i.e. the right open
intervals have the highest concentration. If & is unimodal, symmetric around zero,
then {h = t}—a symmetric interval around zero—has the highest concentration.

3. Conditional stochastic order
For E = R* and P, Q € M'(R¥, B*) define the MLR-ordering
(10 P=, 0,

if there exist versions p, g of the densities of P, Q with respect to a dominating
measure u, such that g(x)/p(x) is non-decreasing on the support of P+ Q. For
€cd =B and Uc £, (R', B") the set of all non-decreasing, non-negative func-
tions define the &-conditional stochastic order by

(11) P=¢.Q if P=y¢Q with U =UNZL({P, Q).

If €=B', then =g is called uniform conditional stochastic order (UCSO) in the
notation of Whitt [12]).

It is well known that P=, Q implies P =, Q for k = 1. Furthermore, the ordering
=, is ‘stable’ with respect to conditioning, i.e. P=, Q implies P, =, Q, if P(A) >0,
Q(A) >0 (this idea of finding sufficient conditions for =, which are stable with
respect to conditioning is one general idea in conditional ordering). As a
consequence one obtains part (a) of the following theorem which is due to Whitt
[12], Theorem 1.1. Part (b) follows from (a) and Theorem 3.
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On conditional stochastic ordering of distributions 51

Theorem 7. For P, Q e M'(R}, B') with P=<, Q holds:

(a) P—IB',SIQ’
(b) Py =, Qg for all sub-c-algebras B c B'.

The following result shows that the notion of uniform conditional stochastic order
on R is too strong, amplifying p. 117 of [12]. Let fu denote the measure with
density f with respect to pu.

Theorem 8. Let P, Q e M(R*, B*), P=fu, Q =gu, u o-finite equivalent to
P+ Q and P=g¢, Q. Then:

flx) _g(x)
(a )f(y) g(y) =~ [u®u]on {(x,y):xFyandyFx}.
(b) P=,
Proof.

(a) Let B, = o{B;,}, n €N, be the increasing system of o-algebras, generated by

-1
> ,2,,], =(y, -, ik)€Z" ForxeR* heN
let xe B, ,=:B, ,. For (x,y) such that neither x =y nor y =x, it holds for n =n,
that {zeIR" BweBx,,w1thz<w}ﬂB,,,—®and {zeR*;3weB, ,withz=Sw}N

B, ,=. With A, := B, , UB, , the assumption P, =, Q, forn= = = n, implies that
P(By.n) < Q(By.n)

pairwise disjoint dyadic intervals (

= =
(12) P(B.,)+P(B,,) 0(B..)+0B,,) "=
and also
P(Bx,n) s Q(Bx,n) n Z n
P(B.,)+P(B,,)” Q(B.. +Q(B,,)’ T
i.e.

P(Bx,n) - Q(BX,’I) Z
P(B,,) Q(B,)

By the martingale convergence theorem

_GPBw), . _dP
fomEf 1) =3 ([ Grdua o =S T3 10~ =3 10)

Similarly,

B;, d
&= Eue | B) =3 2 28 =d—f[ul.
This implies that
B0 on

Since by (12)
£:@) _ P(Bon) _ Q(Bu) _ 8n(x)
() P(B,,) Q(B,.) 8.(y)
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52 LUDGER RUSCHENDORF

it follows that

fx) _gkx)
== ® ul.
f(y) &(y) ®nl
(b) The proof of (b) is similar now using that for x=y, x#y, B,,=B,,
g(x) _g(»)

elementwise) for n=n, implying that ® s. O =y}
( ) o implying f()f()[u u] as. on {x=y}

Remark 3. Part (a) of Theorem 8 essentially implies that for equivalent
distributions uniform conditional stochastic order implies that the common support
of P, Q is totally ordered. Whitt [12], Theorem 1.3, gives a valid proof of part (b)
for continuous densities. In the general case in Whitt’s proof it is not clear that the
continuous approximating densities can be chosen in a way such that the conditional
stochastic order is preserved.

Let % denote the set of all lattices in R* and define for P, Q < u= ®%, u; with
densities p, q:

(13) P=,Q if p(x)q(y)=p(xay)g(xvy) forallx,y
(cf. Karlin and Rinott [6]). Then =, is stable by conditioning

14 P=, 0> P,=, 04 forallAe ¥

and, as =, — =, (cf. 1.19 of Karlin and Rinott [6]),

(15) PS,03P<,.0,

(cf. Theorem 2.3 of Whitt [13]). ‘
Define P to be MTP, if P=, P. Whitt proves also the following partial converse
of (15). If P or Q is MTP,, then:

(16) PS, Q©Ps,,05PS, 0.

P is called associated if [ fgdP = ([ fdP)(f gdP) for all non-decreasing f, g such
that the integrals exist. We have the following characterization of association.

Lemma 9. Let P € M'(R*, B*), then P is associated iff for any Q € M'(R*, B*),
Q < P and P=, Q implies that P=,, Q.

Proof. Association of P is equivalent to the condition that [ fgdP = [ fdP [ gdP
for all f, g =0 non-decreasing integrable with respect to P. Defining h =g/f g dP
and Q = hP the measure with density /# with respect to P we see that P is associated
iff [fdQ = [ fdP for all Q =hP with hf.

Proposition 10. Let € c B, and let P be associated, conditionally on € (i.e. P, is
associated for Ae €). f P<Q and P=, Q, then P=4 , Q.

Proof. Since =, is stable with respect to conditioning, Proposition 10 follows from
Lemma 9.
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On conditional stochastic ordering of distributions 53

If P is MTP,, then P is associated conditionally on &£. But the MTP, property is
much stronger than association (consider e.g. the case of normal distributions where
association is equivalent with positive correlation while the MTP, property is
equivalent to the condition that the inverse of the covariance matrix =7! is an
M-matrix). Note that Proposition 10 does not need the assumption of dominated-
ness by a product measure which is crucial for the application of the #,-ordering and
the MTP, property.

4. Ordering of conditional expectations

If one is not able to compare the whole conditional distributions, it may be possible
in some cases to compare or bound conditional expectations E(X | %), conditional
covariances E(XY | 8) (assuming EX = EY = 0) or products of conditional expecta-
tions E(X | B)E(Y | B).

For a real random variable X € £'(P) on (Q, s/, P) define the Hardy-Littlewood
maximal function
@17 H()=E(X | X >1).

Then H is right continuous, monotonically non-decreasing on the support of P* and
(18) EX=H(t)=esssup X.
P
By Proposition 6,
(19) sup { f XdPy;Aed, P(A)ZP(X = t)} — H(r).

The function H(t) has an interesting property also for the formulation of sharp
bounds for the set of conditional expectations {E(X | 8); B c &}. Define
E(X -
M(u):= inf _(____x_)+
x<u u—x

Theorem 11. (cf. Blackwell and Dubins [1], Dubins and Gilat [3], Meilijson and
Nadas [8]).

(a) For any sub-o-algebra 3 c A,

(20) P(E(X | B)Zu)= M(u).
(b) For u € (EX, ess supp X] define xo:= H '(u) =inf {t: H(t) Z u}, then:

1) P(X >xo) = E—(ux—:—;i"—)ig P(X Zx,) = P(H(X) Z u).
(c) E(X | BY=,H(X) for any Bc A.
(d) M(u) = P(H(X)Z u)=sup {P(E(X | B) Zu); B o}, Yu.
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54 LUDGER RUSCHENDORF

Remark 4.
(a) The proof of the crucial inequality in Theorem 11 is simple. By the Markov
and Jensen inequality with @(¢) := (¢t —x),,
Eg(EX|®)) _Ep(X) _E(X-x).

PEX | B)Zu)SP(p(EX | B) Z o)) S ————"=———=—"—

(b) From representation results for the convex ordering <. (the ordering with
respect to convex functions) it is known (cf. [3], [10], [11]) that
{PEXI®; B ot} = {Q e M'(R', BY); Q <. P¥)

= {P¥; (Y, X) is a martingale}.

Therefore, Theorem 11 gives the least upper bound (with respect to =) for the set
of all probability measures which are smaller than P* with respect to <.. Trivially,
the bound in Theorem 11 is also valid and sharp for {Q € M'(R?, B'); O <., P*},
where <, is the ordering with respect to convex monotone functions (cf. [9]). For
p >1 it follows from the Doob inequality that

(22)

< P
@3) IHCON, S 21X,

(cf. [3]). It is interesting to remind that Blackwell and Dubins [1] showed that the
upper bound is even valid (and sharp) for the maxima of martingales in countable
time implying in particular sharp prophet inequalities for martingale sequences.

Later on in this section we shall improve the bounds in (20), (21) and (c) and (d)
of Theorem 11 under additional restrictions on the sub-o-algebras. These restric-
tions are partially motivated by the following consideration of bounds for E(XY | %)
respectively for E(X | B)E(Y | B) for sub-c-algebras Bc o for real random
variables X, Y.

We first note that integrability of XY, equivalently, of E(XY | 8) does generally
not imply integrability of E(X | B)E(Y | 8) and conversely. The reason is that the
choice of 8 may introduce strong dependence entailing that large values of X are
combined with large values of Y.

Example 1.

(a) Let X, Y e £'(P) be independent, identically distributed, then XY € #'(P)
and EXY=EXEY=(EX)>. Let T:=X+Y and %:=0(T)—the generated
o-algebra. Then E(X |B)=E(X|T)=iT=E(Y|T) and E(X|®B)E(Y|%B)=
1(X + Y)% The product of the conditional expectations is, therefore, integrable if
and only if X, Y € £?(P) and then it holds that
(24) (EX)*=EXY=SEE(X | B)E(Y | B) =3EX*+ 3(EX)>

(b) Similarly, if X, Y € £'(P) are i.i.d. with d.f. F symmetric around zero and
D:=X-Y, then E(X |D)=4X-Y), E(Y|X —Y)=—4(X —Y) and, therefore,
(25) E(X | D)E(Y |D)=—¥X - Y)’,
which is integrable if and only if X € £2(P).
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On conditional stochastic ordering of distributions 55

(c) Let A}, - -+, Ar € A, k=, be a partition of Q and B = 0(A4,, A,, - - -, Ap).
Then

(26) E(X | BE(Y | B) =§P(Ai)'2( L 4XdP)( L | de)l,.,.

is integrable if X, Y are integrable. So XY is not necessarily integrable.
(d) Some implications are valid in more special cases:

1 1
(d1) If p,qe[l,] are -conjugate, ;+5=1 and Xe%”, Ye% then

E(X | B)E(Y | B) € &' for any B.
(d2) If B is large in the sense that 3 > o(X) or B> o(Y), then XY € £ if and
only if E(X | B)E(Y | B) € £.

Define for a fixed sub-o-algebra 8 c o the conditional distribution functions
Fa(x):=P(X=x|%B), Ga(x):=P(Y=x | B)
and Hg(x,y):=P(X=x,Y=y|%B).

We now vary the dependence structure but fix the conditioning o-algebra 2.

)]

Proposition 12.

(a) E(XY | B)=E(X | B)E(Y | B) = [[ (Ha(x, y) - Fa(x)Ga(y) dx dy a.s. with
respect to P.

(b) [6Fa'(w)Ga'(1—u) du=E(XY | B) = [3 Fa'(1)Ga'(u) du.

Proof.

(a) This follows from the covariance representation formula of Hoeffding applied
to the conditional distributions.

(b) For the conditional distributions the Frechét bounds imply that

(28)  (Fa(x) + Gg(y) — 1), = Hg(x, y) = min (Fa(x), Ga(y)) for x, y e R".

Again by the Hoeffding formula this implies the corresponding inequality for the
expectations. Since (Fgz(x)+ Gg(y)—1)., min (Fg(x), Gx(y)) are the d.f.’s of
(Fa'(U), Gz'(1 - U)) or (Fz'(U), Gg'(U)), where U is uniformly distributed on
[0, 1], (b) follows.

Remark 5.

(a) In particular, the condition

(29) Hg(x, y)(Z)Fz(x)Ga(y) for #a.a. x,y
i.e. conditional positive (negative) quadrant dependence, implies that
(30) E(XY | B)(Z)E(X | B)E(Y | B).

Part (b) of Proposition 12 gives exactly the range of possible values of E(XY | ) if
* the conditional distributions F, Gg are fixed. The case of conditional independence
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56 LUDGER RUSCHENDORF

‘corresponds’ to

(31) E(X | B)E(Y | B) = ( L P du)( L 'Gaw du)

lying somewhere between the bounds and each intermediate point is possible.
In  particular, the conditions -—®<E(f;Fz'(u)Gz'(1-u)du) and
E(f}Fg'(u)Gz'(u) du) <, imply that XY € &".

(b) A useful condition to imply that Hg(x, y) = Fz(x)Fz(y) is to apply the
multivariate total positivity (MTP,) ordering (cf. (13)) to the conditional distribu-
tions. If fz(x, y) is a density of Hg with respect to u =, ® u,, then the condition

(32) fa(z1)fa(22) S fa(z1 v 2)fa(z1 A 22)

for all z;, z, € R? implies that Hg is associated and, therefore, Hg is positive
quadrant dependent i.e. Hg(x, y) Z Fz(x)Gg(y), Vx, y e R'.

Example 2. Let X be distributed on (0,») and let Y:=1/X. For any sub-o-
algebra 3B of the Borel o-algebra,

(33) Ga(y)=P(Y=y| %)=P(X§§ ‘ %)“‘FQ(G) _)

(the minus sign denoting the left-hand limit). _
1 1
For any  Sx Ha(r,y)=P(XSx,YSy|®)= P(;éXéx | B) = Fa(x) -

FQ(G) —) éFg,(x)(l - F@(G) —)) = Fz(x)Gg(y). Therefore, forany Bc o, X, Y

are conditional negative quadrant dependent. By Proposition 12

EX | BEY | B) =1~ [ [ (Halx, y) - Fa(2)Ga(y)) dx dy

=1- [ F“((D ~) 1 - Faw)) dx dy
(34) ((Ty)=x}
[ mfin(() )
= E(XY | B)=1.

While Proposition 12 gives relevant bounds if one fixes the sub-o-algebra 8 = o
but varies the dependence structure between X and Y, we now fix the joint
distribution P“*'¥) but vary the o-algebras B c &. Define

M(X,Y):=sup E(E(X | B)E(Y | B)) = sup EXE(Y | B),
(35) RBcA BcA
m(X, Y):= ;ng E(E(X | B)E(Y | B)).
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On conditional stochastic ordering of distributions 57

Remark 5. The problem of determining M and m is related to a problem
considered by Dubins and Pitman [4], namely deriving (sharp) upper bounds for
E max,<;=, E(X | #), 0SX =1, EX =p, the bounds depending only on p and n.
In this paper one also finds a motivation for this kind of problem. Sharp lower
bounds for E max,s;<, E(X | %;) are trivial as are sharp upper bounds for
ETI7-, E(X | %:). The question of lower bounds for E [I7-, E(X | %;) remains open
(cf. [4], p. 224).

Proposition 13. If E(X | X + Y)=E(Y | X +Y), then
(36) M(X, Y)=3iE(X +Y),
which is attained for 8 =o(X +Y).

Proof. By the geometric-arithmetic mean and the Jensen inequality for any
B oA, EX|BEY | B)=YEX|B)+E(Y | B)=HEX+Y|B)*=1E(X +
Y)?| ®). Therefore, EE(X |®)E(Y|®B)=iE(X+Y)>. By our assumption
EX|X+Y)=E(Y|X+Y)=%X+Y), and, therefore, equality holds.

Remark 7.

(a) If P¥V = P*X) then E(X | X+ Y)=E(Y | X +Y).

(b) The o-algebra B=o0(X +Y) does not always produce large conditional
correlation. For example, let P*V{(1, 0)} = P*¥{(0,2)} =4, then: E(X | X +
Y) =1x+y-1p E(Y|X +Y)=21xsy—2 and, therefore, E(X | X + Y)E(Y | X +
Y) =0, while EXEY =3}, which is attained for the trivial o-algebra 8 = {¢, Q}.

(c) If X = U is uniformly distributed on [0,1] and Y =1— U, then X + Y =1 and
the proof of Proposition 13 yields:

(37 M(U, 1 - U) =} with equality for B= {¢, [0, 1]}.

Proposition 14. Assume that X, Y=0, Y = ¢(U), X = y(U).

(a) If @, y are monotonically non-decreasing, then M(X, Y) = EXY.

(b) If @ is monotonically non-increasing, y monotonically non-decreasing, then
m(X, Y)=EXY.

Proof.

(a) A well-known rearrangement argument shows that E(y(U)@(U)| %)=
E(y(U) | B)E(p(U) | B) and, therefore, EE(X | B)E(Y | B) = EXY.

(b) is proved analogously.

Proposition 15. Let X, Y=0 and ¢:[0, ©)— R, be measurable, ¢(0)=0, ¢
monotonically non-decreasing with generalized inverse ¢~ '. Define the Young
functions ¢(x):= [§ @(u) du, ¢(x):= [{ ¢ '(u) du, then

(@) A:=EE(X | B)E(Y | B)=SB:=E¢(X)+ Ey(E(Y | B))=C:=E¢(X)+
Ey(Y).

(b) A=B if and only if E(Y | B) = ¢(X).

(c) fY=¢@(X), then M(X, Y) = E¢p(X) + Ey(Y).
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58 LUDGER RUSCHENDORF

Proof. Since EE(X | B)E(Y | B)=EXE(Y | #), (a) and (b) follow from the
Young inequality. (c) follows from (a), (b) and the Jensen inequality.

The results and examples so far suggest to look for o-algebras % such that
E(Y | 3B) = @(X), @]. But it is easy to construct examples where an ‘optimal’ & is
not of this type. From Theorem 11 and (28) we obtain the following general bound
for the survival function of (X, E(Y | )).

Proposition 16. With H(y):=E(Y | Y Zy):

(a) P(XZx, E(Y | B)Zy) =P(Fx '(U)Zx, Fr(x)(U)Zy)=min {Fx(x), Fu(»)},
x, y € R'; U denoting a random variable distributed uniformly on (0, 1), Fx(x), Fy(y,
denoting the survival functions of X, H(Y).

(b) EXE(Y | B)= [} Fx'w)Fiityu) du.

Proof. P(X Zx, E(Y|®)Zy)<sup {u((x,y), ®); ueM(P¥, PE¥I®)) =
sup {u[(x, y), ®); ue€M(P¥, PHM)}, where M(P, Q) denotes the measures with
marginals P, Q; the last inequality following from Theorem 11. Now (a) follows
from the Frechét bounds, while (b) is a consequence of (a).

The bounds in Proposition 16 for EE(X | B)E(Y | 8) are typically too large. By
Propositions 14 and 15, they are quite good if X and Y are approximately similarly
ordered. This leads to the question whether for the determination of M(X, Y) one
can restrict to sub-o-algebras & such that X and E(Y | %) are similarly ordered.

The next example shows that M(X, Y) in general is not identical to

(38) M(X, Y):=sup {EXE(Y | B); B< o, X and E(Y | B) are similarly ordered}.

Example 3. Let (Q, &, P)=([0, 1), [0, 1)B’, }.1) and X=p3+31g1, Y=
3104+ 13- Then M(X,Y)=EXE(Y | B*)=4, where #*=0{[0,3)U[} 1)}
while the optimal monotone solution is %= {¢, [0, 1)} which yields M(X, Y) =
EXE(Y|B)=¥<%=MX,Y).

If X= Z -1%;1p, is a discrete random variable, B;€ &, then for an optimal
solution %* satlsfylng M(X, Y)=EXE(Y | #*) we can restrict to sub-c-algebras of
o{B;,j=1,---,K}.

Proposition 17. If X =YK, x; 1p, is discrete, K= and B*=0{A4,, A,, ",
A,.}, (A;) pairwise disjoint, is an optimal o-algebra satisfying EXE(Y | 98*)—
M(X,Y), thenfori<j=M
E(X |A)<E(X|4;) implies E(Y|A)SE(Y|A4),

(39
ie. E(X|%®*), E(Y|®*) are similarly ordered.

Proof. Let p;=P(A;)>0, a,=E(X | A,), b;=E(Y | A,) and assume that a; <a;
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On conditional stochastic ordering of distributions 59

and b; <b;, without loss of generality assume that i =1, j =2. Then

1
=—— +
E(XlAIUAz) pl+p2(p1a1 P2a>),

E(Y|AUAy) =

1

b, + p,b,).
P1+P2(Pl 1T P2 2)
Therefore,

(p1+P2)E(X |ALUA)E(Y |A;UA,)

1
=p T (p1ay + p2a2)(p1by + p2b2)
1 2

1
=p +p (pla1by + p1p:bs+ pipsbias + plash,)
1+ D

>

Pitp [piab, + p1pa(aiby + ayby) + p3ash,)
1+p2

=p1 s [(p1+ P2)P1a1by + (p1 + p2)p2ash,]

=E[E(X |A)E(Y | A)14,+ E(X | A)E(Y | A)1,),

the inequality following from a,b,+a,b,<a,b,+a,b,. With %B:=0(A;U
A,, As, - -+, Ay) a contradiction to the optimality of %B* follows.

It is not difficult but a bit technical to extend Proposition 17 to the general
non-discrete case. We next evaluate M(X, Y) explicitly, in this way sharpening the
bound of Theorem 11 considerably under the additional hypothesis that X and
E(Y | B) are similarly ordered.

Assume in the first case that X, Y are defined on [0, 1) with P =A' and assume
that X is monotonically increasing. We also assume that a, =0<a,<---<a,=11is
a partition of [0,1) such that Y(u)=y, for ue€la;, a;,,). Define a sequence
ji>)>>+++>ji=1by:

ji=int{jSn: E(Y | [g, a,)) = sup B(Y | [4, a,)]

(40) J2:=inf {f<j13 E(Y I [a), a;,)) = §l<l£ E(Y I [a;, aj:))} if j;>1

Ji:=inf {f <ji-1: E(Y | la), a;,_)) = S<‘]1P E(Y | [a: ajl-I))}’ if ji-1>1
t<J1-1

jk = 1’
define B* = o{[a;,, a,), [a;,, a;), - - -, [0, a;,_)} and

k
(41) Y*=E(Y|®*)= ZIYf lig, 4,y With y*:=E(Y|[a; a;_)).

ajl -
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60 LUDGER RUSCHENDORF

Y* is monotonically non-decreasing and Y* has the following uniform optimality
property independently from the special non-decreasing X.

Theorem 18. If Y = E(Y | %) is monotonically non-decreasing on [0, 1] and Y* is
defined as in (41), then

(42) YP=, Y*P,
YP denoting the measure with density ¥ with respect to P = Ayj0,1- Equivalently,

(43) f XYdP= f XY*dP=M(X,Y)

for all X :[0, 1]— R monotonically non-decreasing.

Proof. Since Y =E(Y | %) is monotonically non-decreasing, we can assume
without loss of generality that 8= o{[a,, a,,,,), 1=Si=r—1}, where 1=s5,<s,<
- - + <§,41 = n. By definition of Y* it holds that

f l Y*(u) dP(u) = j 1 Y(v)dP(v), 1=i=k,

aj;

and, furthermore, for any u € [a,_,, a;) it holds that

i+12 )
(44) f " Y*(v) dP(v) Z f " Y(v) dP(v),
since
1 j; i
= =Y*
P f YW )=, —— [ Y0 dPe) = 1'0)
for v € [a;,,,, a;). Therefore, in particular for u = a, it holds that
1 1 1

(45) f Y*(v) dP(v) = f Y(v) dP(v) = f Y(v) dP(v).

This implies that [. Y*(v) dP(v)Z [. Y(v) dP(v) as follows from the following
argument. If g, <a,<u<v<a;<a,, and

Ji+1

1 1
f Y(v) dP(v) > f Y*(v) dP(v),
then in case that ¥(v) > Y*(v) we also would have that

1 1
j Y(v) dP(v) > f Y*(v) dP(v)
in contradiction to (45). But if ¥(v) = Y*(v), then also Y(v)=Y(v') = Y*(v') for

a;,=v'<a,,, and we would have

f ' Yy dP)> j ' Y w)dP@),

541 41
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On conditional stochastic ordering of distributions 61

again a contradiction to (45). In the case that g;

i <dg<u<a
in a similar way. This completes the proof.

1+1

< a; W€ Can argue

So in the class of monotonically non-decreasing elements E(Y | %) we found one
element Y* = E(Y | *) such that Y*P is the largest one with respect to stochastic
order. If we denote Y*(v) =y for v €[aj, a;.,), 1=j=n, and similarly Y(v) =3,
for any Y = E(Y | %), then we get the following corollary.

' 1

Corollary 19. Assume that P([a;, a;,,)) = pe 1=j=n-—1, and define Ay:={y =
O, -+ Ju); 3B with Y=E(Y|B)], Y|la; a;+1) =5;}. Then with respect to
Schur-ordering =, y* = (y1, - - -, y») is the largest element of A;.

Obviously the smallest element of A; with respect to =, is (¥, - - -, y) with
y:=EY. It is now also obvious how to construct decreasing elements ¥ = E(Y | %)
and how to minimize

(45) j XYdPz f XY.dP, with Y,=E(Y|%,),

with respect to this class, namely, by defining the sequence 0=j, =j, - - in (46)
increasing from the left to the right.

We next extend our construction to the case that X = Y7, x;1, is finite discrete
on (Q, &, P), x;,=---=x, and y;:=E(Y | X =x;)=E(Y| B;) arranges Y in the
order of X by conditioning. Define

jii=inf{jSn: E(Y |XZx)= sup E(Y|X Zx,)}

(48) B*=0{X€lx;,x,], X€lx;,, x;), -}, Y*:=E(Y|B*),

then Y* and X are similarly ordered, i.e. X(w)<X(w')=>Y*(w)=Y*(w’') and
Y*(w)<Y*(w')>X(w)=X(w'). With the same arguments as in the proof of
Theorem 18 we obtain the following.

Theorem 19. If Y = E(Y | %) is similarly ordered as X, then for all j:

(49) f YdP= Y* dP
X Z=x; XZx;
and, in particular,

(50) f XYVdP= f XY*dP=M(X, Y).
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62 LUDGER RUSCHENDORF

By a limiting argument one can extend the construction of Y* to non-discrete
random variables X using the inequalities:

sup E(YE(X | B)) - sup E(YE(X | B))| = sup |EYE(X — X | B)|

SeE|Y| if | X-X|=Ze

But since this construction is not very explicit it may be more useful to construct a
somewhat larger majorant which is not necessarily monotonically non-decreasing.
For X, Y real and ¢ € R! define

(51) G({t)=sup E(Y |sS X =¥);
<t

then we have the following quite obvious result.

Proposition 20. If X, Y=0, and ¥ = E(Y | ®) is similarly ordered as X, then for
all x

(52) YdrP= G(X)dP.
X=x X=x
In particular,

(53) f XYdP= f XG(X) dP.

Again there are also antitone versions of (51). Obviously, G(X) = X* in the cases
where we have defined X*. On the other hand G(X) is smaller than the ‘sharp’
stochastic bound H(X) considered in Proposition 16, or Theorem 11 respectively.
So in the case where we can assume that the ordering of E(Y | %) is the same as the
ordering of X we obtain a strong improvement of the crude stochastic bounds in
Proposition 16 (or Theorem 11), while in the general case (without restricting the
conditional information %) our proposed construction method seems to be quite
good if the orderings of X, Y are not ‘too much’ in an opposite direction i.e. if the
correlation is not very negative. These kind of assumptions seem to be realistic, e.g.
in examples concerning the reliability of systems where the positive dependence of
two components should not be too much destroyed by additional information on the
system.
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