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Abstract

We consider the optimal stopping of independent, discrete time sequences
X1,..., X, where m stops are allowed. The payoff is the sum of the stopped
values. Under the assumption of convergence of related imbedded point pro-
cesses to a Poisson process in the plane we derive approximatively optimal
stopping times and stopping values. The solutions are obtained via a system
of m differential equations of first order. As application we consider the case
that X; = ¢;Z; + d; with (Z;) i.i.d. in the domain of attraction of an ex-
treme value distribution. We obtain explicit results for stopping values and
approximative optimal stopping rules.
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1 Introduction

For discrete time sequences X1, ..., X, we consider the optimal stopping problem
with m allowed stops 1 < T} < --- < T}, < n. The aim is to choose the stopping
times T; such that the expectation of the sum of the stopped values is maximized,
ie.

m m
EY Xp,=swpE) X, (1.1)
i=1 i=1
over all stopping times 1 <7, < --- <7, < n.
It is essential to assume that < 7 < --- < 73,,. The case where inequality
constraints 73 < --- < 7, are assumed, reduces this problem to the one-stopping
problem. The optimal stopping times are then given by Ty} = --- = T,,,, where T}

is optimal for the one stopping problem.
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In some instances problem (1.1) has been solved in Saario (1992); Stadje (1985,
1990); Saario and Sakaguchi (1992) while an extension of the problem to vector
offers is considered in Sakaguchi (1973, 1978); Stadje (1985); Bruss and Ferguson
(1997); Bruss (2010). A solution of problem (1.1) as proposed in our paper is so
far not available in the literature. Applications of multiple stopping problems as
considered in this paper and some variations of them with additional constraints
are of interest in recent work on multi-exercise options as e.g. for swing options in
energy markets (see, e.g., Bender (2010)).

Our aim in this paper is to obtain approximative optimal solutions for gen-
eral independent sequences. We shall make use of the approach developed in [KR]
(2000a) and extended in [FR] (2011a).! The basic assumption in this approach is
the convergence of the imbedded 2-dimensional point processes

i=1
to some Poisson process N in the plane, where X" = Xib_ 4 is a scaled version of X;.

The scalings typically arise from the central limit theorem for maxima or related
point process convergence results. It is shown in these papers that the optimal one-
stopping problem of the (X;) can be approximatively obtained from the optimal
solution in the limit case of a Poisson process. The solution for the limit case is
given by a differential equation of first order.

This approach has been extended to m-stopping problems with max-payoff
where the aim is to maximize the expected value of the max of the stopped values,
ie.

Emax(Xr,,...,Xr,) = sup (1.3)

over all stopping sequences 1 < T, < --- < T,, in [FR] (2011b). Note that for
the max stopping problem we could also admit stopping times with inequality
constraints of the form T; < Tj,4.

For the max case an approximation result has been stated even for dependent
sequences. The present paper is concerned with a development of this method for
the sum case. Due to some technical problems with an extension of the discretiza-
tion technique — which was used in the max case — to the sum case for dependent
variables, we restrict in this paper to independent sequences.

In Section 2 we start with a necessary recursive formulation (optimality princi-
ple) for the optimal multiple stopping in the sum case. In Section 3 we describe the
solution of the m-stopping problem in the Poisson case. In Section 4 we establish
convergence of the discrete time m-stopping problem to the optimal m-stopping
of the continuous time Poisson process. As application we consider in Section 5
the case where X; = ¢;Z; + d; with (Z;) an i.i.d. sequence and with discount and
observation cost factors ¢;, d;. We obtain explicit solutions in the case that the
distribution F' of Z; is in the domain of attraction of a max-stable law.

1[KR] is the abbreviation for Kiihne and Riischendorf, [FR] the one for Faller and Riischendorf.
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2 Multiple stopping of finite sequences

For a finite discrete time sequence X7, ..., X, of not necessarily independent ran-
dom variables a version of the optimality equation can be stated as follows for the
m-stopping problem with payoff given by the sum.

Define by backwards induction for m € IN the sequence of optimal thresholds
inductively w.r.t. the underlying filtration (F;)1<i<n—m+1 by

m [p—
Wn_m+1 = —0

2.1
W= Bl(Xen + WIS VWL | FL i=nem0 D

and define the corresponding threshold stopping times 7;*(k) for 1 < m < n,
0<k<n—mby

(k) :=min{k <i<n-—m+1|X;+W ' >Ww"} (2.2)
T/ (k) == min{T;" (k) <i<n—m+L]| X; + W > W 2<0<m.

Then, as in the one-stopping problem it holds that (7"(k)) are optimal stopping
times.

Proposition 2.1 (Multiple stopping, sum case) (7;*(k)) are optimal m-
stopping times in the sum case in the sense that for all stopping times k < T} <
<< T < moat holds that

E > Xrpw | Fi| = E [XTlm(k) + Wiy | Fk} (2.3)
/=1
=W">E|Y Xz, | Fi| P as.
=1

Proof: The proof is by induction in m. Our extended induction hypothesis is that
for any F-stopping time S < n — m it holds that

E |3 Xy | Fs| = B | Xrps) + Wainls, | Fs| (2.4)
=1
=W§ >E | Xg, | Fs| Pas.
(=1

for all stopping times S < T7 < --- < T, < n.

In the xase m = 1 (2.4) is proved in [FR] (2011b, Remark 2.2). For the induction
stepm—>m+1let S<T) <---<T,s1 <n. By induction hypothesis we obtain

EXp + -+ Xr,,, | Fs] = ElXp, | Fs] + E[E[Xq, + -+ + Xg,,, | Fri] | Fol
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< BlXn | Fs] + ElXvper) + -+ Xopeny | Fs]
= E[Xq, + W | Fl.
This is maximized by choosing T to be the optimal one-stopping time of the
process (X; + W/™). This optimal stopping time is given from the case m = 1
by Ty = T/"™(S). In consequence the optimal stopping times for 1 < ¢ < m are
obtained by T;"(T7"+'(S)) = T;77"(S) and the maximizing value is given by W§*.
O

3 Optimal m-stopping of Poisson processes

We consider optimal m-stopping of a Poisson process N = ) (5, 4,) in the plane
restricted to some set M, = {(t,z) € [0,1] x R;z > ¢}. For the applications in
mind it is essential to consider the case where the intensity of N may be infinite
along the lower boundary of M..

As in [KR] (2000a) resp. [FR] (2011a) who consider the case m = 1 we assume
that the intensity measure p of N is a Radon measure on M, with the topology
on M, induced by the usual topology on [0, 1] x R. Thus any compact set A C M,

has only finitely many points. By convergence in distribution ‘N, % N on M. we
mean convergence in distribution of the restricted point processes.

We generally assume the boundedness condition
(B) E[(sup;, Y3)1] < . (3.1)

Let A, = o(N(-N[0,¢] x RN My;)), t € [0,1], denote the relevant filtration
of the point process N. A stopping time for N or N-stopping time is a mapping
T:Q —[0,1] with {T' <t} € A, for each t € [0, 1]. Denote by

Yr:=sup{Vy: 1< k< N(M;), T =17}, supl:=—o0,

the reward w.r.t. stopping time 7.

Analogously to the multiple stopping in the max case (see [FR] (2011b)) we
define the optimal m-stopping curves with guarantee ¢ by

u™(t) =sup{E[Yp Vet +Yq, Ve [t<Ti<---<T,<1}, te€0,1)

u™(1) :=mc

the supremum being over all stopping sequences. The order restrictions are inter-
preted as T; 1 < Ty on {T;_; <1} and T; =1 on {T;_; = 1}.

As in the previous work we also need the following conditions:

(S) Separability condition: u™(t) > cfort €0,1). (3.3)



Optimal multiple stopping: The sum case )

(D) Differentiability condition:
There exists a version of the density g of y on M., such that the intensity
function

G(t,y) == /Oog(t,z)dz (3.4)

is continuous on M, N[0, 1] x R.

Theorem 3.1 Let the Poisson process satisfy the boundedness condition (B) and
the separation condition (S).

a) If c € R, then it holds form € N and t € [0,1) that ¢ < u™(t) —u™ ' (t) < ul(2).
Further

u(t) = E [Yrpp Vet o4 Yome V(] (3.5)
=F [YT{”(t) V e+ Um_l(Tlm(t))]

with optimal stopping times given by

T1m<t> = inf{Tk >1 | Y. + Umil(Tk) > um(Tk)},
T(t) == inf{m, > T/, () | Vi + u™ () > ™ ()}, inf@:=1,

for2 <1 < m. u™ is the optimal stopping curve of the point process

k

with guarantee value me. Under the differentiability condition (D) for N, u™
solves the differential equation

0 /‘X’
—u"(t) = — G(t,y)d orte(0,1),
"0 ==[ . Gy ortel) 56

u™(1) = me.

b) If c = —oco and if (S) also holds for N*, 0 < k < m, then the statements in a)
extend to this case.

Proof: The proof is by induction in m. The induction hypothesis is extended to
EYmg Vet -+ Yrme Ve =Eu™S) > EYn Vet -+ Yg, V

forall S < Ty < --- < T,,. The case m = 1 is proved in [FR] (2011b, Prop. 3.1).
For the induction step m — m + 1 let S be an N stopping time. Then for S <
Ty < --- <T,+1 <1 holds by the induction hypotheses

EYrVe+...+Yr,, V]
= E[?Tl VC]+E[?T2VC+"'+7Tm+1VC]
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< ENYpVd+EY gy Vet o+ Yomm Vd
= E[Yq, Ve+u™(T)). (3.7)

To solve the one-stopping problem in (3.7) we apply Proposition 3.1 from [FR]
(2011a) with v(t, z) := z 4+ u(t), Z := c¢. We have to establish for ¢ € [0,1) the
separation condition i.e. the existence of a stopping time 7" > t with

EYrVe+u™T)] > c+u™(t). (3.8)

For ¢ = —oo this is fulfilled by the separation condition for N™.
For ¢ € R! we choose T := T{"(t) and obtain by induction hypothesis

EYrVe+u™T)] = E[YrVe+u" T+ Eu™(T) —u™ (T)]
= u"(t) + E[u™(T) — u™ *(T)].

Since by induction hypothesis u™(s) — u™ (s) > ¢ for s € [0,1) we just have to
show that P(T" < 1) > 0. To this aim note that

P(T < 1) = P(H’Tk >t Yk > U,m(Tk) - Um_l(’fk))
= P(N(Mym_ym— N (t,1] x R) > 1)
=1—exp(—pu(Mym_m-10(t,1] x R)) >0

if and only if p(Mym_ym—1 N (¢,1]x) > 0. Since v™ — u™ ! < w and p(M, N (¢,1] x
R) > 0 this is the case. From u(M, N (t,1] x R) = ft fu (s,9)dyds = 0 we could
conclude that u'(s) = 0 for all s € [t, 1] in contradlctlon to (S).

Thus we can apply Proposition 3.1 in [FR] (2011a) for the case m = 1 and obtain
that the optimal stopping time in (3.7) is given by T7""'(S). The optimality of the
stopping times T;"*'(S) then follows from the recursive equation T;"(T7")(S)) =

T;24(S), see Proposition 2.1. O

Remark 3.2 The differential equations in (3.6) for the optimal stopping curves
have been derived in the special case that G(t,y) = A1 — F(y)) in Saario (1992).
This concerns the case where an i.i.d.-sequence of random variables with d.f. F' is
observed at random time points from a homogeneous Poisson process with inten-
sity X. In our general case we have to deal with the problem that we have infinitely
many points along the lower boundary points.

Remark 3.3 (Calculation of optimal m-stopping curves) In the case that
the intensity function G is separable i.e. of the form G(t,y) = a(t)H (y) explicit so-
lutions of the optimality differential equations in (3.6) can be obtained from classical
results on differential equations in separate variables (see [KR] (2000a, Prop. 2.6)).
In [FR] (2011a) explicit solutions of (3.6) in the case m = 1 have been found for
intensity functions of the form

Glty) = H (%) v() (3.9)
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and G(t,y) = H(y —v(t))v'(¢). (3.10)

This observation extends also to m-stopping problems and yields the following

explicit results:

a)

b)

d)

Let G satisfy (3.9) and consider the case C1) in [FR] (2011b) with v monoton-
ically nonincreasing, v(1) = 0 and with R(x) := x — f H(y)dy = 0 for some
x > 0. Then it holds that ¢ = 0 and we obtain for m € N

u™(t) = rpo(t), (3.11)

where r,, > ry,_1 > 0 solve the equation

Tm = / H(y)dy, withry:=0. (3.12)

m—Tm—1
Thus the system of differential equations in (3.6) reduces to the much simpler
equations in (3.12).

If G satisfies (3.9) and consider the case C2) in [FR] (2011b) with v monotoni-
cally nondecreasing, v(1) = oo and assume that R(r) = 0 for some —oo < r < 0,
where

R(z) = x—l—/ H(y)dy, x € (—00,00)
R(—o0) := lim R(x

x]—00

Then it holds that c = —o0 and
u™(t) =rpo(t), meN.
Here rp, < rpp_1 < 0 are solutions of the equations

0
Ty = —/ H(y)dy, ro:=0. (3.13)

m—Tm—1

Let G satisfy (3.10) and consider the case C3) in [FR] (2011b) with a = —oc.
Then ¢ = —o0 and

u™(t) = rpo(t), (3.14)
where r, < r,m_1 < 0 solve the equations
T'm = / H(y)dy, ry:=0. (3.15)

Also the case of intensity functions of the form

0 if 55 =t
1 2

Z(_ﬁ + d) if % <t
with v(t) := t*"« as treated in Example 3.5 in [FR] (2011a) allows a solution
in the m-stopping case since the processes N™ = N[ satisfy the separation

condition. This case will also appear in our examples in Section 5. For details
see Faller (2009).

Gealt,y) = { (3.16)
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4 Approximation of m-stopping problems

The aim of this section is to prove that the discrete time m-stopping problem can be
approximated by the m-stopping problem of the limit model given by the Poisson
process N. The general assumption in this section is that N, = > " | 5( i xm) AN
on M, and also the separation condition (S) for the transformed Poisson processes
N*¥, 0 < k < m—1, as defined in Theorem 3.1. The proof is based on a discretization
technique. Due to technical difficulties we assume in this section that (X!")i<i<n
are independent — an extension to non independent sequences however seems to be

possible. Let F™ denote the canonical discrete filtrations.
Define W*° := 0 and inductively for m € N, W™, ..., W™ .| the sequence

’ n—m-

of optimal thresholds of the processes (X7 +W/"" ) cicn_m41. For t € [0,1] define

T = {WG;?}, e 02,

u
" 0, if t € [2m=d ]

Thus for m € N and ¢ € [0, 22=1)

n

un'(t) = sup{E[Xq"w1 + -4+ X7 ]

tin<h<...<T,<n
F™ stopping times
= EXgpm 0+ Xy
with optimal m-stopping times given by
T () :=min{tn <i <n—m+1| X +ul (L) > ul (L)},
T (1) := min{T"7"(t) <i <n—m+1| X"+ (L) > ul (L))}

for 2 <1 < m. Then as in (2.3) the following recursive representation holds:

W(E) = B [ Xy + ! (T—m(“ﬂ . telo1), (4.1)

n n

and u;" is decreasing in m.
We need the following integrability conditions:
(U) Uniform integrability condition:
The (M) with M, := max;<, X" are uniformly integrable and
Elimsup, M,f < cc.

(Ly) Uniform integrability from below: B
For any m € IN there exists a sequence v : [0, 1] — R with v* — v —u
pointwise, u" := 0, such that the threshold stopping times

m—1

Trm(t) == min{tn <i <n—m+1| X > o7(1)},
T () o= min{T 7 (8) <i <n—m+ 1| X7 >op (D)), 2<i<m,
satisfy that

st nooo
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For the m-stopping problem condition (L. ) is not needed for all m € IN but

we need this uniform integrability condition for time points £ < m — 1. In fact
condition (L, ) implies uniform integrability of <X R oo+ X ) (see

7 () T (1) ) neN
Faller (2009)). We denote by 7,"™ := T,”™(0) and T;" := 1;7(0) the optimal m-
stopping times of (X") resp.of N.

Theorem 4.1 (Convergence of m-stopping problems) Assume point pro-
cess convergence N, L N on M. and the uniform integrability condition (U).

If c € R then assume that X, E) c,asn — oo fori =0,....m—1. If c= o0
then condition (L.) is assumed to hold. Then it holds:

(a) um () — um(t), telo,1].

n

(b) Convergence of optimal stopping times and values holds

(Tln,m n

d m Xr
no Tl"’m)1§lgm = (1", Y g V chicicm.

(¢) If c € R, then

A

TP =min{l <i<n—m+ 1] X +a™ 7 (5) > u"(5)},
T =min{ T <i<n—m+1| X +u" (L) >u™ (L)} 2<i<m,

define an asymptotically optimal sequence of m-stopping times, i.e.
EIX nm + 4+ XZwm] = u™(0) forn — oo.
1

i
If c = —o0 the same holds true for

TP = min{l <i<n—m+1|X"> ")},
T = minf T <i<n—m+ 1| X[ >0 (D)), 2<i<m,

with v the functions appearing in condition (L.).
Proof: We consider first the case ¢ € R. The proof is by induction in m. The case

m = 1 follows from [FR] (2011a). For the induction step m — 1 — m note that by
(4.1)

m . n m—1 (T () m—1 (T () m—1 (T ()

2 (0) = B [Xgpngy + (0] 4 p [t (20 ot (B0
Since by induction hypothesis 4! — 4™~! uniformly, the second term converges
to zero. The first term is smaller than or equal to the optimal stopping curve of
Yoy 5(i7xn+um_1( ) in ¢. This however converges by the case m = 1 to the optimal

4
n
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stopping curve u™ of N™ = ", 6, v, +um—1(r,)) With guarantee value mc which is
given in Theorem 3.1. In consequence we obtain

limsup u* (t) < u(t).

For the converse direction note that

uy' () = E[X%”’m(t) Tt XT@Z&””(t)]
with the stopping times
"™ (t) :=min{tn < i < n—m|X!+u" (L) > u" (L)},
TP () = min{ TP (1) < i < n—m o+ 1| X+ um(2) > w0 ) 2 << m.

As in the convergence theorem for multiple threshold stopping times in the max
case (see Proposition 5.1. of [FR] (2011b)) we obtain convergence of the threshold
stopping times in the sum case

E[XGnmpy Vet ot Xinmy V]

— E[YTlm(t) Vet -+ YTTrnn(t) V C] = Um<t)

1
The assumption X Locfori=n—m+ 1,...,n then implies that
E[X%z,m(t) + - —i—X”nm(t)] — u™(t).

This implies convergence
upt(t) — u™(t).

In the case ¢ = —oo, we denote for x > —oo by
up'(t,x) :=sup{E[Xp Va4 -+ Xp Va] |[t<Ty <---<Tp,, <1}

the optimal stopping curve with guarantee value z (instead of ¢). Analogously we
define u™(t, z). Then from the first part of the proof

u™(t) < um(t,z) "= um(t x).

By the separation condition (S) holding true for N™ we obtain convergence of
u™(t,x) to u™(t) for x — —oo (compare the corresponding result in [FR] (2011a)
in the case m = 1). For the converse direction note that

(®)
with the stopping times based on the approximative threshold sequences v)" in
condition (L, ). By uniform integrability the right hand side converges to u™(t).
Thus we obtain u]"'(t) — u™(t).

b) and c) follow from an extension of the proof of Proposition 2.4 in [KR]
(2000a). O
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5 Optimal m-stopping of i.i.d. sequences with
discount and observation costs

As application we study in this section the optimal m-stopping of i.i.d. sequences
with discount and observation costs. In the case m = 1 this problem has been
considered in various degree of generality in Kennedy and Kertz (1990, 1991), [KR]
(2000b), and [FR] (2011a). m-stopping in the max case has been considered in [FR]
(2011b).

Let (Z;)ien be an ii.d. sequence with d.f. F' in the domain of attraction of an
extreme value distribution G, thus for some constants a,, > 0, b, € R

n(l — F(a,z + b)) — —logG(z), =€ R. (5.1)

Consider X; = ¢;Z; +d; the sequence with discount and observation factors, ¢; > 0,
d; € R and both sequences monotonically nondecreasing or nonincreasing. For
convergence of the corresponding imbedded point processes

No= 0, xi 5.2
iZ:; (%7X1&nbn) ( )

the following choices of a,,, b, turn out to be appropriate:
(n = Colp, by =0 for F € D(®,) or F € D(¥,), 53)

(p i= Cplp, b, = cyb, +d, for F € D(A),

where ®,, ¥,, A are the Fréchet, Weibull, and Gumbel distributions and a,,, b,
are the corresponding normalizations in (5.1). We give further conditions on ¢;,
d; to establish point process convergence in (5.2). Related conditions are given in

Haan and Verkaade (1987) in the treatment of i.i.d. sequences with trends resp. in
[KR] (2000D).

In the following ¢ denotes some general constant and not as before the guarantee
value. The guarantee value of N is in case ®, given by 0 and in cases ¥,, A given
generally by —co. We state the optimality results for all three cases. Based on
the characterization of optimal solutions for the limiting Poisson case and on the
approximation result we obtain explicit results for the optimal stopping curves
(using Remark 3.3) and also explicit approximative stopping sequences. We first
consider the case of Fréchet limits.

Theorem 5.1 Let F' € D(®,) with a > 1 and F(0) =0 (i.e. Z; > 0 P-a.s.). We
assume that b, = 0 and also assume

dn n
—d, Eltn)

Cnln Cn

—t¢ Vtel0,1]
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with constants ¢, d € R, and further that ¢, does not converge to 0. Also let ¢ > —é
and assume that the function R : (d,00) — R,

(x —d)~*, z € (d,0), (5.4)
has no zero point.

a) Then

BXgpn + - + Xpgeo]

- = u™(0) > 0, (5.5)

where u™(t) is the optimal m-stopping curve of the Poisson process N with
intensity function

G(t,y) =t (y — dthri)_o‘ =H (%) z;’((;f)) on M,

i.e. u™ are solutions of the differential equations in (3.6) (c.f. Remark 3.3).

Here v(t) := ot H(z) == 25 (x —d)™ and f(t) — Jpett

b) T =min{l1<i<n-m+1:X;> an(u™(L) —um (L))},
Tzn’m := min{ TZT <i<n—-m+4¥l:X;> dn(um_lﬂ(%) —u™ (L)),

2 < ¢ < m, are asmptotically optimal m-stopping times, i.e. the limit in (5.5)
15 attained also for these sequences.

The next result concerns the Weibull limit case.

Theorem 5.2 Let F € D(V,) with a > 0 and F(0) = 1 (i.e. Z; < 0 P-a.s.).
Further let a,, L 0 and b, = 0, and

dn n
—d, Clin)

—t°, Vtel0,1]
Cnn, Cn

for constants ¢, d € R. If d,, > 0, then assume that either (d,)nen is monotonically
nondecreasing or c,a, does not converge to 0.

a) If ¢ < é and d < 0, then it holds

EI:XTin,m —|— . e _|_ XTr'r;.L,m]

N

an

— ul"(0) < 0. (5.6)
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b) If ¢ > é and the function R: R — R

Rlz) = {“’ yr=zd (5.7)

T — aiﬂljca(—x +d)*t i < d,

has no zero point then (5.6) holds with u";(0) > 0. Here ug(t) is the optimal m-

A

stopping curve of the Poisson process N = c.d With intensity function G= Ged
given in (3.16).

¢) Let (wy,) be an increasing sequence w, < 0 such that n(1 — F(w,)) — < (e.g.

67

1
w, = — (O‘T“) *ay,). Define functions v* by

_ Yoo (t) wi(1—tyn)

'Ugb (t) : Uo o (t) a,

+Yea(t) = 726(0),
with y7y(t) = uly(t) — u’gfd_l(t). Then the m-stopping times defined by

PMi=min{l <i<n-—m+1:X; > a,0)(4)},
;" = min{ T;_T <i<n-m+4¥:X;> &n’yffd*eﬂ(i A X enm )}

n’an” Iy

for 2 < 0 < m, are asymptotically optimal, i.e. convergence as in (5.6) does also
hold for them.

The final result concerns the Gumbel case.

Theorem 5.3 Let F' € D(A) and assume

- (1 e J) — clog(t), TN dlog(t) Vte|0,1]

Qn Cn Cnln

for some constants ¢, d € R. Assume also that (¢;)nen and (d,)nen are monoton-
ically nondecreasing and that c +d < 1. Then it holds:

a) E[XT{”” + o Xypnm]| = by,

Qn

5 u™(0), (5.8)

where w™(t) is the optimal m-stopping curve of the Poisson process N with
intensity function

Glt,y) = e ¥t on[0,1] x R.

(u™) are solutions of the differential equations in (3.6) (c.f. Remark 3.3).
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b) Let (wy,)new be an increasing sequence with lim, o n(l — F(w,)) = 1 (e.g.
Wy, = by,). Let (V") be defined as

v (t) == UJL(+7:—6” + (u™(t) —u™ H(t)) — log(1 — ).

Then
Tln,m :mm{lgzgn—m+1X1>dnU;n<%)+Bn}a
T = min{ T7 <i<n—m+0: X, > a1 (1) +b,}

n

define an asymptotically optimal sequence of m-stopping times, i.e. convergence
as in (5.8) holds for them.

Proof: The proof can be given similarly to the proof of Theorems 3.1-3.3 in [FR]
(2011a) in the case m = 1 using the approximation Theorem 4.1. For details of the

proof of the uniform integrability condition we refer to Faller (2009, p. 101-107).
O
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